HIgh precision nucleon matrix elements
pased on the unbiased estimate of
all-to-all fermion propagators
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High precision
hadron structure
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o |attice QCD calculations of hadron
structure have reached the precision
frontier, driven by a variety of recent
theoretical innovations;

» Technical improvement from lattice
become more important to satisfy the
increasing need, plus the control on
kinds of sub-leading corrections.
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Correlation function and its uncertainty

2pt in the rest frame

Uncertainty

» Hadrons should be boosted to large

* SNR deceases exponentially on t

momenta in the framework of
LaMET:
for nucleon;

Even worse for the boosted
nucleon.

t (fm)

Correlation function and its uncertainty

High precision
LaMET calculations

 Both momentum smearing and boosted
interpolator can be helpful;

e SNR canbe much better at small t, if the
excited state contamination can be
efficiently suppressed.
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Backg round Excited state

contaminations
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Blending method Projected local operator

* The “blending” method projects the identity matrix
iInto exact low momentum modes plus stochastic
samples of high momentum modes:

dim & N,+Ng

I= ) [V)Vil~ Y Qg ¢, where
Vi

{¢i}l’=el = {V,’{la°°'9V,’{Ne97]19°“97]]\73t}'

e The quark bilinear local current without momentum

transfer, O = Jd%@(x)l“q(x), can be projected

onto the blending space:
0; = Qﬁ”Jd%(cbi(z) T | p(2))y = QT | | | 1 | |

1 fork <N,
QW = ¢ G4imo,
N

fork > N, .
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Blending method

* The quark bilinear local current with momentum
transfer, O = Jd3xeix'p9(x)rq(x), can also be

projected onto the blending space:

6,2 Q2T | (g0l | o).

* The quark bilinear non-local current without
momentum transfer,

O = Jd3xQ(x) Ux,x + ) 'g(x + z), can also be
projected onto the blending space:

0. = ngz)l”Jd%(qbi(x) | U(x, x + 2) | p(x + 2))-

Y

More general projected operators
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for the other cases,
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Blending method

* Then the correlation function can be projected to the
subspace of those modes:

1
Y (SO0 DS W)y = Y (e Si0uSy ) O()

X,Y,2,W i,j.k,l st

with the projected propagators

5i = Jd3 zd°w(p () | S(z, w) | (W)

and also the projected operators @ij;

* Thus the hadron matrix element with kinds of high
order diagrams (disconnected quark diagram,
QED correction, iso-spin breaking effect et al.) can
be extracted through the blending method.

O

Basic idea

=

x 1

<Z>

@

X O —
QED ~ 37

-~ 1%

AQCD

/Z.C.Hu, J.H. Wang et. al., arXiv:2505.01719




Blending method

CHPOICH () =1
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 All-to-all propagator
can be approximated
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* The high momentum
mode turns out to be
important in the full
correlation functions
and can not be
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CLQCD ensembles
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CLQCD ensembles
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The blending method also allows us to

investigate the GEVP with the Nz and Nz
states;

But the impact from the Nz turns out to be

small for g~¢, compared with the Naj, state

even though the previous one has lower energy.

J.H. Wang et al. [CLQCD], arXiv:2511.02326
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e Thecostata ~ 0.05 fmis ~16x of that at a ~ 0.10 fm with the same V;
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« Current FLAG “green star” grade requires 3 different lattice spacing a with
164P29 64 | 128 0.038 290 ) )
two of them smaller than 0.1 fm, and a;,, . /a~. > 2.

* Such a requirement can be satisfied efficiently using the ensembles at

relatively heavy m_ ~ 300 MeV. J.H. Wang et al. [CLQCD], arXiv:2511.02326




Systematic uncertainties
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e Simple a* form for the O(a)-improved clover fermion action, cg
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()2

(3) a3

e a2 + a3 form for higher order correction, 5> a2 + c&>)a3;

(2) 2 (3) 3 ()4

e a’ + a® + a* form for even higher order correction, cg’'a’ + co’a® + cq ' a’;

e Simple a* form with the data at a < 0.1 fm only;

e a? form with additional alog(ug) term for the residual ac, effect, el )alog(uo) +cPq 2,

e alog(ug) + a® + a° form for higher order correction, c,

e Most conservative alog(ug) + a? + a® + a* form, ¢! )alog(u ) + cPa? + ¢

(1 )alog(uo) —i—c( ) 2 4 (3)a3

(3)a3 n c(4) 4

Continuum extrapolation

The systematic uncertainty from
the continuum extrapolation is
estimated based on the CDF of
different fit ansatz with the AIC
weight
exXp [—%()51'2 + 21, par — ni,data)]

; = ;

ZJ- eXp [_%()(] + 21, par — j,data)]

The alog(uy) x aa, term is
introduced in some of the ansatz

to estimate the O(aa,) effect in
the quark bilinear operator, after
the O(a) is removed by the

mass-dependent vector current
normalization.

J.H. Wang et al. [CLQCD], arXiv:2511.02326




Systematic uncertainties

chiral extrapolation
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« The costatm_ =~ 135 MeV is ~4x of that at m_ ~ 310 MeV, and requires
Ensemble L T a(fm) M additional 4x statistics to reach similar precision;
C48P14 48 | 96 0.105 135 « Current FLAG “green star” grade requires 3 different m_with m_ . < 200 MeV
C64P14 64 | 96 | 0.105 135 in the chiral extrapolation, orm_ .,..; = 135+ 10 MeV and m_ ..., < 200 MeV.
F64P13 64 | 128 | 0.077 134 ) ;

* Such a requirement can be satisfied efficiently using the ensembles at the

coarsest lattice spacing.

J.H. Wang et al. [CLQCD], arXiv:2511.02326




Systematic uncertainties
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Infinite volume extrapolation
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« Thecostat L ~ 5 fmis 8x of thatat L ~ 2.5 fm, and yPT
suggests an e "% pehavior with m_L > 3;

« Current FLAG “green star” grade requires m_L ~ 3.2 with m_ ~
135 MeV, or at least three L in the infinite volume extrapolation.

* Such a requirement can be satisfied efficiently using the
ensembles at the coarsest lattice spacing and or heavier 1 _;

J.H. Wang et al. [CLQCD], arXiv:2511.02326




Systematic uncertainties
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J.H. Wang et al. [CLQCD], arXiv:2511.02326

* Best parameter combinations to constraint the finite
volume effects at different lattice spacing and light

quark masses;

* Much better signal at physical pion mass compared to

all the previous results.




Systematic uncertainties
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- We use a general finite volume effect (FVE) model m!(m_L)'?e "L with i, j € [—2,2] in the AIC
average to estimate the systematic uncertainty from FVE;

e The HBYPT ansatz corresponds to i = 2,7 = — 1 which has a suppressed weight in the average;

+  Eventually we give g2 = 1.0264[77],,(53)g((13),(46)y(01),(28), (04),, ana

CD
gg

T

= 1.106[43],6((31)50(03),,(28)y(01), (08 (08),..

J.H. Wang et al. [CLQCD], arXiv:2511.02326




u—d

8sT Cost compatison

Collaborations| Ensemble L T a(fm) m,(MeV)| ncg gs gr Inversions In;rgrsmn fox ourg;;remsmn ot
ETMC(2020) |cB211.072.64 64 128 0.08 139 | 750 |1.35(17) 0.939(027)| L.71M | 32M 02M
RQCD(2023) D452 64 128 0.076 156 |1000|-0.6(3.0) 0.870(110)| 0.01M |364M 11M
PNDME(2023)| a09m130 64 96 0.09 138 [1290/1.05(23) 1.010(006)| 1.8M |103M 4.2M
This Work | F64P13 64 128 0.078 134 | 46 |1.00(03) 0.998(004)| 0.39M |0.39M 0.39M

« Comparison based on the physical point ensembles with L=64 and a~0.08 fm;

 The blending method can reach similar precision with 6 to 877 times fewer inversion;

 Much more efficient usage of the configuration given limited statistics.

 Using the 2-state fit with the optimal interpolator can achieve even higher precision, compared to

most conservative 3-state fit we used here.

J.H. Wang et al. [CLQCD], arXiv:2511.02326




Related prediction

Proton-neutron

mass difference

% Nucleon isovector charges are well-studied by many collaborations: Recent results by
* RQCD: 47 CLS ensembles at 6 a~(0.038-0.098) fm, mz~(480-130) MeV and multiple L.
* ETMC: 4 ensembles at 4 a~(0.08-0.05) fm and m;~140 MeV
* CLQCD: 16 Clover ensembles ar 4 a~(0.105-0.052) fm, m,~(340-134) MeV and
multiple L
- - u—d .
gy gt~ » Most precise prediction on g¢ -~ so far;
ETMC25¢ —a— 1 Ermczs| | ’
PNDME23¢ [ | PNDME23} s
CLOCD25! . ey . . .
roooad] | cLacpas, - « One can have more precise prediction on m, —
RQCD25¢
Mainz24} o ]
CDSF/UKQCD ainz24} e " " l/t_d
acoseruKen)| —— | Mainz24 based on our prediction of gg -
NME21¢ ] CSSM 23 "
¥QCD21} |  NME21}
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“Hadron Structure in the Context of the EIC Program?,
Constantia Alexandrou, Lattice 2025 Plenary talk
om, Om m_~ Om . .
_ n P n P ED,,,isoQCD __ u—d ED,,,isoQCD
mn—mp—mu( ) + m ) + 6% n, Q = (my; — m,)gg + 6% n, Q
om, Om, om; 0Omy
— len 47(2015)1452
= 1-51[0-28]tot(16)stat(23)sys MeV From BMWc, Science 347(2015)145
= 1.60[0.23],,,(11), (13);55(16)gep MeV From CLQCD, arXiv:2511.02326

m, " —m;’ =1.293 MeV

i

ISB : Flavor lattice average group, 2411.04268

QED: BMWc, Science 347(2015)1452



Summary

* The blending method provides an efficient choice to obtain
the projected propagators which can be used for general —_ -
PUrpoSeE; —
1.2? o o . ::: S o . . .
| N T R * The current-involved interpolator basis is very
PPt esaagy . H | w helpful to suppress the major excited state
osb | i b G contamination, in all the cases we investigated.
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* With diminishing statistical uncertainties, the finite o i |
volume effect constitutes a systematic error that merits 0.8}
more careful consideration. .
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