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Q Motivation & Goal: Parton Distribution Functions
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Parton Distribution Functions

oe

Hadron structure and light-cone matrix elements
> hadron structure functions:

universal, non-perturbative inner structure of hadrons

> parton distribution functions (PDF):
collinear momentum fraction £ of partons in hadron

(&) = [ dz e P (P2 )y Wz« 0)(0)|P)

[Schwartz 2014]
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Parton Distribution Functions

oe
Hadron structure and light-cone matrix elements
> hadron structure functions:

universal, non-perturbative inner structure of hadrons Euclidean

> parton distribution functions (PDF):
collinear momentum fraction £ of partons in hadron

time
o
T
o
|

fu (g):fdz‘e‘i5P+z_<P|z/_)(z_)'y+W(z_<—0)¢(0)|P) -1 0 1

> integration along light-front direction z~
> lattice QCD in euclidean space: light cone — point

» indirect methods (e.g. LaMET): very successful in certain regimes,
but challenges in others (e.g. soft partons)
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oe
Hadron structure and light-cone matrix elements
> hadron structure functions:

universal, non-perturbative inner structure of hadrons Euclidean

> parton distribution functions (PDF):
collinear momentum fraction £ of partons in hadron

time
o
T
o
|

T -1 ;
W () = [ dz e (P[i(z )y Wz < 0)i(0)|P) 0
space
> integration along light-front direction z~
Minkowski
> lattice QCD in euclidean space: light cone — point 1
) "E}
» indirect methods (e.g. LaMET): very successful in certain regimes, g 0 @
but challenges in others (e.g. soft partons) )
» Hamiltonian formalism: light cone in Minkowski space -1 0 1
space

» — use tensor network states/quantum devices
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Q Method: Tensor Network States
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Tensor Networks

[py=" > VI W5 @|n)®... 8 |sy)

> generic state scales exponentially
S1,525--+,SN
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Tensor Networks

[py=" > VI W5 @|n)®... 8 |sy)

> generic state scales exponentially
S1,525--+,SN

> tensor network state as ansatz

\Uslsz...s,v — Z A]'.,Sl . A?,Sz . A3,S3 AN,SN
i Lo A

» 1d: matrix product state (MPS) 5 oz izl in-1
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Tensor Networks

= Y U )0 5) @ ... 8 |sy)

> generic state scales exponentially [)
51,52;--+,SN

> tensor network state as ansatz

D
\Uslsz...s,v ~N A]'.,Sl . A?,Sz . A3,S3 AN,SN
E it el A

» 1d: matrix product state (MPS) (T foz izl in-1
> truncation to bond dimenion D Q_Q_Q_Q_Q_Q

- 1 1 1 1 1 1

1 1 1 1 1 1

> polynomial resource scaling
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Tensor Networks

= Y U )0 5) @ ... 8 |sy)

> generic state scales exponentially [)
51,52;--+,SN

> tensor network state as ansatz

D
WSSy Z A?,s1 A2’52 A3’S3 AN,SN
5 n 1,02 2,3 """ NiN—y
ix}=1

» 1d: matrix product state (MPS)
» truncation to bond dimenion D
> polynomial resource scaling

» good approximation for ground states and
low excited states [Hastings 2007]
ground states
> no sampling, fundamentally different
systematics compared to Monte Carlo
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Efficient Tensor Network operations

> Find groundstate and excited states

min| £ 7] E]—E]—E]—EZI—EZI—EZI/Q_Q_Q_Q—Q_Q
O-O-O0-0-O0-0

> Apply operators / time evolution

| | | | | |
ow-| [ | —e-7YYYY?

> Calculate overlap
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© Application: Schwinger Model
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Parton Distribution Functions or Network States Schwinger Model
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Schwinger model [Schwinger 1962; Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry
> fermion couples to gauge boson — partons

> bound states — hadrons [Baiuls et al. 2013]

> scattering — PDF [Dai et al. 1995]

— 1
L=V(i)- gAfm)\lle Fu F' =Aogp Fuv =0,A, - 0,A,

_ - 1 .
H =iV~ (0 - igAl)\Il+m\U\U+§E2 + Ao (gVTV + p- 0,E)
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Schwinger model [Schwinger 1962; Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry
> fermion couples to gauge boson — partons

> bound states — hadrons [Baiuls et al. 2013]

> scattering — PDF [Dai et al. 1995]

- 1
L=V(ij- gAfm)\UfZ Fo F"~Agp Fo =0,A, - 0,A,
— - 1 ,
H =iy (0 - igAl)\Il+m\U\U+§E2 + Ao (gVTV + p- 0,E)

> on the lattice:

[] [] [] [] []

1 1 1 1
1 L]_ 1 L2 1 L3 1 L4 1 L5 1
S0 51 2 53 S4 S5
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Schwinger Model
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Schwinger model [Schwinger 1962; Hamer et al. 1997]

» quantum electrodynamics in 1+1 dimensions, U(1) symmetry
> fermion couples to gauge boson — partons

> bound states — hadrons [Baiuls et al. 2013]

> scattering — PDF [Dai et al. 1995]

— 1
L=V(i)- gAfm)\lle Fu F' =Aogp Fuv =0,A, - 0,A,

_ - 1 .
H =iV~ (0 - igAl)\Il+m\U\U+§E2 + Ao (gVTV + p- 0,E)

QF\/\K\/\Q

> on the lattice:
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Lightfront matrix elements

(PW(z )y W(z" < 0)W(0)|P)
> (P|lo" (27 ) W00 (0)[P) + ...
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

= (Plo" (27 )W;-o0 (0)[P) +... o[ \ T ~

> lightcone
— small time- and space-like steps

1

> time evolution:

e—iTH ~ (e—iérHEa e—i67’H

oe @=10THIL ) Nz

> spatial evolution:
change electric field along the path

L,

time t [lattice units]
S
T
oy
|

—move static charges 0 W i
| | | | | | | | |

CD:CD:CD:CD:CD:() 0 2 4 6 8 10
: S : : : position d [lattice units]
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

= (Plo" (27 )W;-o0 (0)[P) +... o[ \ T ~

> lightcone
— small time- and space-like steps

1

> time evolution:

e—iTH ~ (e—iérHEa e—i67’H

oe @=10THIL ) Nz

> spatial evolution:
change electric field along the path
—move static charges

L,

time t [lattice units]
S
T
oy
|

1 | 1 | 1 | 1 | 1
0 2 4 6 8 10
position d [lattice units]
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

= (Plo" (27 )W;-o0 (0)[P) +... o[ \ T ~

> lightcone
— small time- and space-like steps

1

> time evolution:

e—iTH ~ (e—iérHEa e—i67’H

oe @=10THIL ) Nz

L,

> spatial evolution:
change electric field along the path
—move static charges

Q ﬂQ\ ﬂf\ 7\ 7\ Q C L 0
NS 0 2 4 6 8 10
‘ ‘ ‘ ‘ ‘ ‘ position d [lattice units]

time t [lattice units]
S
T
oy
|
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)
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— small time- and space-like steps
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> time evolution:
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> spatial evolution:
change electric field along the path
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Lightfront matrix elements

(PlW(z7)y"W(z~ < 0)W(0)|P)

= (Plo" (27 )W;-o0 (0)[P) +... o[ \ T ~

> lightcone
— small time- and space-like steps

1

> time evolution:

e—iTH ~ (e—iérHEa e—i67’H

oe @=10THIL ) Nz

L,

> spatial evolution:
change electric field along the path
—move static charges

Q ﬂQ\ m m ﬂ.‘_\ Q | | | | | | | | |
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Parton Distribution Fur e e States
0@000000

Results: matrix elements

i =10; x = 100; D = 80; N = 100; V = 100

T T T T T T
¥ n
51 - 5| "‘.‘ :5f i
o X
Aoihf
= )(’f :)f l: l‘l X
= ,".,'::' Vox X
e S R AR S
\é/ ¥ ,,' R R
= (] :I' ’I(' kx
RN
% :I |||
5| 1 5] T 1
u X
| | | |

| |
-2 -1 0 1 2 -2 -1 0 1 2
light-front distance z‘/\/ 8x light-front distance z‘/\/ 8x
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Results: PDF

/= 10; x = 100; D = 80; N = 100; V = 100

6 I T T T T T T T T =
X
4 R observations:
x ‘\‘ » £ >0: fy ~ symmetric
P around £ =0.5
1
2o b *\ | > antifermion PDF from
& X \5< negative ¢:
2 X
S OpeRR KK 2565 2 X XXX XK IAVIVIVIVEY,
T i VI () = (=€)
A\
o X
-2 ‘\x ‘ | > observed symmetry
|‘ ,' —)f;(f):fw(g)
\ )é = meson v*
-4+ \ ,' N
X 1
\l
b3
1 -

= | | | | | | | |
-08 -06 -04-02 0 02 04 06 08 1

Bjorken parameter &
Cracow, Poland 9 July 2026 13 /20
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Results: PDF

/= 10; x = 100; D = 80; N = 100; ¥/ = 100

6%

4%

PDF fy (&)

= | |

1

T T T T

1 1 1

-1 -0.8 -06 -04 -0.2 O

02 0
Bjorken parameter ¢

| | |
4 06 0.3

observations:

» £>0: fy ~ symmetric

around ¢ =0.5
> antifermion PDF from
negative &:

£(6) = ~F (=€)
> observed symmetry

= f5(8) = £(§)

= meson v~
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Parton Distribution Functions

Results: PDF

/= 10; x = 100; D = 80; N = 100; ¥/ = 100

6* I

I I T T T

= our work
=== [Mo and Perry 1993]

PDF fy (&)

1 1 1 1

| | |
-04-02 0 02 04 06 0.8

Bjorken parameter &

Results
[e]e] le]ele]ele]

observations:
» £>0: fy ~ symmetric

around ¢ =0.5
> antifermion PDF from
negative &:

£(6) = ~F (=€)
> observed symmetry

= f5(8) = £u(§)

= meson v~
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Results: PDF
D =80; Ny =100
T T I
14 m (LX) |
“ = M =40 (380,1000) observations:
121 m= 20 (280,400) 11 > £>0: fy ~ symmetric
m— 11 =10 (100,100) around € = 0.5
| — =5 (150,25) || )
AlO — M =2.5 (400,25) » antifermion PDF from
N negative &:
> 8| |
S
(&) = -1, (-
s | | AGEEACH)
> observed symmetry
41 8 = 15(8) = £(€)
= meson v*
2 n > peak broadens with
decreasing fermion mass v
O | | |
0 0.25 0.5 0.75 1

Bjorken péra meter &
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Results: N -dependence

i =10; x = 100; V =100; D = 80
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[e]e]e] lelelele]
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O N, =2 i

N, =10 ..,

o N, =20 ™

A N, =50 > 6.95 - ‘,‘

F N, =100 - \

+ N =200 | = ¥
=== N, > oo fitl | E Y
— N, > oo fit2 6.9\ \|

N, — oo fit3 E
¥
"

6.85 ‘

|
0 005 0.1
1/N,

=== fitl: 6.9805 +0.0179N,% - 600.9051N*
— fit2: Im(6.9800exp (—6.4460iN,2d))
fit3: Im(6.9800exp (—6.4411iN;%d))
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Parton Distribution Fun

Results: N -dependence — too small

i =10; x = 100; V =100; D = 80

[e]e]e] lelelele]
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= 6.95 |- ‘\‘ .
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2 Y
£
= 69| 'n_{
Y
{
L)
3
"
| |
0.85, 0.05 0.1
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=== fitl: 6.9805 +0.0179N,% - 600.9051N*
— fit2: Im(6.9800exp (—6.4460iN,2d))
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3 PIPITi M N, — oo fit3
c ob.QH :H - —> 00 1t
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L -1 1

Manuel Schneider

fit3: Im(6.9800exp (—6.4411iN;%d))
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Results
Results: x-dependence
= 10; V = 100; D = 80; N+ = 100
6 T T T _1 I -
- x= 88 5.44 .
X =
41 —!— x =100 O N
—0— x = 200 _ 5.42
k= x = 300 o
21 —=x=600 | 5 >4 N
o -o-x=1000 | 7 1
~ : @ 538} -
= 0“ === x — oo fitl
% — X —> 00 fit2
o 5.36 - -
2
344 ‘ =
53 0 0.05 0.1
4 1/\/§
— fit: 5.4465 — 0.4737/\/x
—6_1 _6 c (‘) 0‘5 @ extrapolation x —» oo
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[e]e]ele] lelele)
Results: x-dependence — too small

= 10; V = 100; D = 80; N+ = 100

° | | ‘ -©-x=10 5.44
x =80
|| 8= x=100
o x = 200 A5.42
—A— x =300 i~
|| == x = 600 e
-&- x = 1000 <
“e= x> oo fitl | £ 538 B
— x> 00 fit2
5.36 | .
5.34 L T

|
0 0.05 0.1
N 1/\/}

— fit: 5.4465 — 0.4737/\/x
® extrapolation x — oo
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Results: N-dependence

Re(fu (£))

T

m =10; x = 100; D = 80; N+ = 100 6
‘ : 1[=e= N =80
== N = 100 5.8
N =120 .
—— N =140 5.6
== N = 160 >
—— N =200 T54
=== N = oo fitl
—_— N > oo fit2 5.2
N — oo fit3
5
Il Il Il
0 0.01 0.01 0.02
1/N

- == fitl: 6.0674 — 68.4080/N
— fit2: 5.7901 - 3865.5/ N>

® extrapolation N — oo

fit3: 5.8944 — 25.4653/N — 2441.7/ N?
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Results: PDF [*preliminary]

T T T
14 B m=40*% |
= 20*
12 E=m=10 =
7,':"7:5*
10 E=m=25% |

S

2 8 |

w / \‘

d \ )
4l i
oL |
0 I _ I - I
0 0.25 0.5 0.75 1

momentum fraction &
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Lightcone Distribution Amplitude (LCDA) [preliminary]

LCDA: decay or hadronization

7T0

7 > q(u)g(1-u) - vy

6 (u) = [ dz"e" = (0] () y s W (2 < 0)(0)| P)
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Lightcone Distribution Amplitude (LCDA) [preliminary]

10
Eem=40
LCDA: decay or hadronization m =20
81 Fem=10 [
-
S 6l E==m=25 |
<
5 |
O 4 - | { e
) |
> q(u)g(1-u) >y J L
0 —
0 0.25 0.75 1

momentum fract|on u

6 (u) = [ dz"e" = (0] () y s W (2 < 0 (0)| P)
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Summary

Summary: Q0000

@ 1 1 1 1 1 1

PDF — universal structure of hadrons 3 \72 !
- —a—

Euclidean space: lightcone — point t @ N N

X 5| o
> = use tensor network states / quantum devices

v

v

» Schwinger model:
fermion- and anti-fermion-PDF for the vector meson

Outlook:
> further lightcone observables

[=]- : 5| |
[arXiv:2504.07508] |

| |
- -1 -0.5 0 0.5 1
[arXiv:2409.16996] Bjorken parameter &

» same analysis for QCD @
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Lcu-dependence: truncation of electric field

/M =10; x = 100; V = 100; D = 80; Ny = 100

Let =1
Loyt =2
Lot =4
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Loyt =12
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Results: Entanglement entropy

i =10; x = 120; D = 80; N = 100; V = 100, odd startsite
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Light-cone structure
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Spin formulation of the Schwinger Model

— 1
L=V(i}- gA—m)\IJ—Z Fu F' = Agp

. _—
H=—iV~y" (0, - igAl)lll+m\U\U+§E2 +Ao (gWTV + p - O, E)

Legendre transformation
(E = Fo1)

00000800

Manuel Schneider Parton structure from Hamiltonian lattice gauge theory @ LaMET 2026, Cracow, Poland

9 July 2026

26 / 20



Backup

00000800

Spin formulation of the Schwinger Model

— 1
L=V(i}- gA—m)\IJ—Z Fu F' = Agp

. "
H =-i0H (0 - igAl)W+mW\U+§E2M

temporal Gauge: Ay =0
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Spin formulation of the Schwinger Model
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Spin formulation of the Schwinger Model
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- 1 : : : ' :
L :\U(/& - g,A—m)\IJ—fFM,/F“V - A(),() 1 Ll 1 L2 1 L3 1 L4 1 L5 1
4 S0 S1 S S3 Sy S5

H =iV (o) - igAl)W+m\TJ\U+}E2M
:,L (¢T><¢n+l ¢n+1><¢n)+m Z( 1 CbT @n+7 Z L2

2a
_ = + - - + T 1 1 n Z L2
_2aZ(UnUn+1+Un+1an)+2 Z[ +( ) Z
Gauss's law: 1 n
(X: 212u_Lrg Ln_Ln—lenzi[(_l) +Jn]+q”
a ’ ag

Manuel Schneider Parton structure from Hamiltonian lattice gauge theory @ LaMET 2026, Cracow, Poland 9 July 2026 26 / 20



Backup

[e]e]e]e]

Spin formulation of the Schwinger Model
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Time evolution with MPS
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Lattice forumlation of PDF

PDF for lattice spin model:
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