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❖  Large Momentum Effective Theory (LaMET)
❖  Light-cone distribution extracted in  limitP3 → ∞

❖  well constrainedx ∈ [0.2,0.8]
❖  Matching kernel

❖ Need  well constrained to get the momentsx ∈ [−1,1]

𝒪(z2Λ2
QCD)

❖  Short Distance Expansion  inferred from OPE→
❖  Reliable for  fmz ≲ 0.3

❖  Matching kernel
❖  Utilize multiple momentum boosts to extract Mellin moments
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❖  As  increases, higher statistics neededP3

❖  Calculate 2pt and 3pt Correlation functions at 
both  and +P3 −P3

* †Pion Kaon

⟨N(P) |N(P)⟩

⟨N(Pf ) |Ψ̄(z) Γ 𝒲(z,0)Ψ(0) |N(Pi)⟩

❖  Large  needed to ensure ground state is 
extracted

ts

❖  Kaon requires less statistics since signal is 
∼ e−m

❖   decreased for larger  to ensure good signal 
to noise ratio
ts P3
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❖  Reconstruct the valence distribution
⟨xn⟩ = ∫

1

0

xn+α(1 − x)β

B(α + 1,β + 1)
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Lattice Methodology
Fixed  Analysisz
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Matrix Elements: Pion

❖  Good signal to noise ratio
❖  Increased statistics for larger  still present larger errorP3

❖  Real part becomes more narrow as momentum increases
❖  Imaginary part has a larger peak as momentum increases
❖  Symmetrized by Ff

M(−z ⋅ P) = Ff*
M (z ⋅ P)
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Matrix Elements: Kaon
u

s

❖  Good signal to noise ratio

❖  Increased statistics for larger 
 still present larger errorP3

❖  Similar trends as the pion

❖  More accurate than the pion

❖  Calculation of the up-quark 
and strange-quark separately 

❖  Symmetrized by 
Ff

M(−z ⋅ P) = Ff*
M (z ⋅ P)
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Double Ratio: Pion

❖  Good signal to noise ratio
❖  Large  noisier and deviates between 1.66 and 2.07 GeV ν P3 =

❖  However this out outside the acceptable  regionz
❖  Real part decays towards zero
❖  Real part at  expected to be 1 sinceν = 0 ⟨x0⟩ = ∫

1

−1
dx q(x) = 1
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Double Ratio: Kaon
u

s

❖ Better signal to noise ratio 
than the pion

❖ Similar trends as the pion



13

Fixed  Analysis:  Testz nmax
ℳ(ν, z2) =

∞

∑
n=0

(iν)n

n!
Cn(μ2z2)⟨xn⟩

❖ Real and imaginary parts fit 
separately
❖ Real part → ⟨x2m⟩
❖ Imaginary part → ⟨x2m+1⟩

❖ Stability as  increasesnmax

❖  for the real partnmax = 6
❖  for the imaginary partnmax = 5
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Fixed  Analysis: NLO vs NNLO z Cn
❖ Moments extracted from NLO and 

NNLO Wilson coefficients have a 
minimal shift

❖ Nontrivial dependence of the 
moments

z−

❖ No plateau until large  valuesz

❖ Higher moments stabilize with larger z

❖ Indication we need to implement 
combined  and  fitsP3 z
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Combined  and  Analysis: rangesP3 z z−
❖ Moments extracted from NLO 

and NNLO Wilson coefficients 
have a minimal shift

❖ Avoid  due to 
discretization effects

zmin = a

❖ Inclusion of higher  allows for 
higher moments

z

❖ Systematics in different choices 
of  and zmin zmax

❖ Final results are a weighted 
average of  and 

 with 
zmin ∈ [3a,4a]

zmax ∈ [4a,6a]
zmax − zmin ≥ a
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Combined  and  Analysis: rangesP3 z z−
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Combined  and  Analysis: rangesP3 z z−
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Combined  and  Analysis: Final ResultsP3 z

❖ Moments at both NLO and NNLO accuracy have a small difference between results
❖ PDFs decay to zero as x → 1

❖ As  increases, larger weight is given to higher , causing the moment to be close 
to zero

n x

❖ The strange-quark in the kaon has larger moments at each n
❖ This indicates the strange quark carries more of the hadron momentum than the 

up-quark
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n (μ2
0 , z2)( αs(μ0)

αs(μ) )
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CNNLOevo
n (μ2, z2) = CNNLO

n (μ2
0 , z2)e

−γ(0)
n
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ln( αs(μ)
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n
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− γ(0)
n
β0 ) ln( 4πβ0 + β1αs(μ)

4πβ0 + β1αs(μ0) )
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❖ Less dependence on  for NNLOevoκ
❖  requires larger  to agree with the fixed  results at NLOevo⟨x2⟩ κ μ

❖ NNLOevo consistent with fixed  results μ

DGLAP Evolution



Results Comparison
⟨x⟩u

π ⟨x2⟩u
π ⟨x3⟩u

π ⟨x4⟩u
π

This Work

Joó et al., 2019
Gao et al., 2026
Joó et al., 2019
Lin et al., 2021

Gao et al., 2020

}
}

OPE

PDF Fit }
}

μ = 2.4 GeV

μ = 3.2 GeV

Statistical + Systematics
Statistical

❖ Good agreement with other calculation
❖ Not a 1:1 comparison due to different 

pion masses, lattice spacing, etc.

21



Results Comparison
❖ Odd  give moments related to n qv2s

❖ ⟨x2m+1⟩ ≈ ⟨x2m+1⟩v
❖ Focusing only on connected diagrams, treat sea contribution as negligible 

μ = 5.2 GeV
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SU(3) Symmetry Breaking

23

❖ Pion and kaon up-quark are similar with statistical fluctuations
❖ Up to 4% difference from unity

❖ Flavor dependence much stronger in comparison of up-quark and strange-quark
❖ Deviation from unity becomes stronger as  increases, but lower moments give a 

more robust conclusion
n

❖ Consistent with previous studies
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SU(3) Symmetry Breaking
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Summary and Future Work

25

❖ Calculate Mellin moments at NLO and NNLO accuracy

❖ Utilize combined  and  fitsP3 z

❖ Test perturbative accuracy through DGLAP evolution at NLO and NNLO accuracy

❖ Extract up to ⟨x6⟩
❖ Reconstruct valence distribution

❖ Test SU(3) symmetry breaking
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❖ Utilize combined  and  fitsP3 z

❖ Test perturbative accuracy through DGLAP evolution at NLO and NNLO accuracy

❖ Extract up to ⟨x6⟩
❖ Reconstruct valence distribution
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❖ Continue work to Generalized Form Factors
❖ Take continuum limit
❖ Implement Neural Networks
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Wilson Coefficient Derivation
❖ Focusing only on NLO accuracy, start with known matching relation

ℳ(ν, z2) = 𝒬(ν, μ2) +
αsCF

2π ∫
1

0
du ln (z2μ2 e2γE+1

4 ) ( 1 + u2

u − 1 )
+

+ (4
ln(1 − u)

u − 1
− 2(u − 1))

+
𝒬(uν, μ2)

∫ dx [ f(x)]+g(x) = ∫ dx f(x)(g(x) − g(1))
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ℳ(ν, z2) = 𝒬(ν, μ2) +
αsCF

2π ∫
1

0
du ln (z2μ2 e2γE+1

4 ) ( 1 + u2

u − 1 )
+

+ (4
ln(1 − u)

u − 1
− 2(u − 1))

+
𝒬(uν, μ2)

∫ dx [ f(x)]+g(x) = ∫ dx f(x)(g(x) − g(1))
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Wilson Coefficient Derivation

❖ Note that  is the Fourier transform on the light-cone PDF𝒬

𝒬(ν, μ2) = ∫
1

−1
dx eiνxq(x, μ2) =

∞

∑
n=0

(iν)n

n!
⟨xn⟩

❖ Focusing only on NLO accuracy, start with known matching relation

ℳ(ν, z2) = 𝒬(ν, μ2) +
αsCF

2π ∫
1

0
du ln (z2μ2 e2γE+1

4 ) ( 1 + u2

u − 1 )
+

+ (4
ln(1 − u)

u − 1
− 2(u − 1))

+
𝒬(uν, μ2)

∫ dx [ f(x)]+g(x) = ∫ dx f(x)(g(x) − g(1))

❖ Substitute in and apply plus prescription

ℳ(ν, z2) =
∞

∑
n=0

(iν)n

n!
⟨xn⟩ 1 +

αsCF

2π ∫
1

0
du ln (z2μ2 e2γE+1

4 ) ( 1 + u2

u − 1 ) + (4
ln(1 − u)

u − 1
− 2(u − 1)) (un − 1)



28

Wilson Coefficient Derivation

❖ Note that  is the Fourier transform on the light-cone PDF𝒬

𝒬(ν, μ2) = ∫
1

−1
dx eiνxq(x, μ2) =

∞

∑
n=0

(iν)n

n!
⟨xn⟩

❖ Focusing only on NLO accuracy, start with known matching relation

ℳ(ν, z2) = 𝒬(ν, μ2) +
αsCF

2π ∫
1

0
du ln (z2μ2 e2γE+1

4 ) ( 1 + u2

u − 1 )
+

+ (4
ln(1 − u)

u − 1
− 2(u − 1))

+
𝒬(uν, μ2)

∫ dx [ f(x)]+g(x) = ∫ dx f(x)(g(x) − g(1))
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∑
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(iν)n
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0
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4 ) ( 1 + u2

u − 1 ) + (4
ln(1 − u)

u − 1
− 2(u − 1)) (un − 1)

❖ Solve the integrals

ℳ(ν, z2) =
∞

∑
n=0

(iν)n

n!
⟨xn⟩[1 +

αsCF

2π [ln (z2μ2 e2γE+1

4 ) (Hn + Hn+2 −
3
2 ) + 2 ( 1

n + 1
−

1
n + 2

− H2
n − H(2)

n )]]
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DGLAP Evolution Derivation
❖ Start with the evolution equation for Wilson coefficients

ln ( Cn(μ)
Cn(μ0) ) = ∫

αs(μ)

αs(μ0)
d(αs(μ′￼))

γn(αs(μ′￼))
β(αs(μ′￼))
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❖ Start with the evolution equation for Wilson coefficients

ln ( Cn(μ)
Cn(μ0) ) = ∫

αs(μ)

αs(μ0)
d(αs(μ′￼))

γn(αs(μ′￼))
β(αs(μ′￼))

❖ Use the expansions of the anomalous dimension  and  function(γn) β

γn = ∑
i=0

( αs

4π )
i+1

γ(i)
n , β = − αs ∑

i=0
( αs

4π )
i+1

βi
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❖ Start with the evolution equation for Wilson coefficients

ln ( Cn(μ)
Cn(μ0) ) = ∫

αs(μ)

αs(μ0)
d(αs(μ′￼))

γn(αs(μ′￼))
β(αs(μ′￼))

❖ Use the expansions of the anomalous dimension  and  function(γn) β

γn = ∑
i=0

( αs

4π )
i+1

γ(i)
n , β = − αs ∑

i=0
( αs

4π )
i+1

βi

❖ Substitute the order you want into the integral and solve
❖ NLOevo

ln ( Cn(μ)
Cn(μ0) ) = ∫

αs(μ)

αs(μ0)
d(αs(μ′￼))

−γ(0)
n

αs(μ′￼)β0
=

−γ(0)
n

β0
ln ( αs(μ)

αs(μ0) )
❖ NNLOevo

ln ( Cn(μ)
Cn(μ0) ) = ∫

αs(μ)

αs(μ0)
d(αs(μ′￼))

αs

4π γ(0)
n +

α2
s

(4π)2 γ(1)
n

− α2
s

4π β0 − α3
s

(4π)2 β1

= −
γ(0)

n

β0
ln ( αs(μ)

αs(μ0) ) − ( γ(1)
n

β1
−

γ(0)
n

β0 ) ln ( 4πβ0 + β1αs(μ)
4πβ0 + β1αs(μ0) )


