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TMD definition in QCD

* Beam function: * Soft function :

Hadronic matrix element Vacuum matrix element

B(x. by €, yp —
ﬁ'(xa bTa M, ) = lim ZUV(€9lu? ) im l(x 7- €5 Yp yB)
e—0 \/SC](bT, 632()7” _ yB))
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TMD definition in QCD

* Beam function: * Soft function :

Hadronic matrix element Vacuum matrix element

B(x, by, €,yp — yp)

S, by, p, 0) = lim Zyyy(e, 1, ) lim
=0 \/S4(br, €.2(y, — ¥p))
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TMDs from LaMET

* Beam function (in Collins’ scheme): * Quasi beam function :

Collins’ book, 2011

tcone direction

Lorentz boost and L = «
<

Yp—Yp = Yp

ntOg) = O, 0,) = (—e5,1,0)

Spacelike but close-to-lightcone
(yg = — o0) Wilson lines, not
calculable on the lattice @

Equal-time Wilson lines, directly
calculable on the latticew

Ebert, Schindler, Stewart and YZ, JHEP 04 (2022).
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Soft function (in Collins’ scheme)

* Not directly calculable, but has the asymptotic behavior:

Collins-Soper kernel

Yn~YB™ — —
257 S (b 1) @200 p)br)

!

Reduced soft factor

» S.(bs, ) can be extracted from a meson form factor:
)i F(by, P?) = (n(=P) | j(br)jr(0) [ z(P))

P>m

2" S (by. 1) dedx’ O (x, by, P, )@, by, P, p)
O: quasi-TMD wave function

e Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020);
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Factorization formula for the quasi-TMDs
(Subtracted) quasi-TMDPDF:

ﬁ('x’ bT’ H, ) . llm lim€—>0 Z[B}V(G’ M)Bi(xa bT? €, yP o yB)

\/S4br, 1,203, = yp)) \/hmeéo 78 (br, €, 4. )S4(by, €,2(, — vg))

Differing from the TMDPDF by the order of UV renormalization
and P* — oo limit, which can be matched in LaMET:

(2xP?)?

- - 1
Fip by, pt, P/ S/ (b, 1) = exp [Eyg(u, b,)In

X ﬁ’/p(xv bT’ H, C)

e Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020);
e Ebert, Stewart, YZ, PRD99 (2019), JHEPO9 (2019);
e Ebert, Schindler, Stewart and YZ, JHEP 04 (2022).
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Some key systematics in lattice calculation

Staple-shaped Wilson line W ;
M +nz % I %
i 200 Trgd
L>T C|\|] -0.5 % 2 é %
= R
§ ~1.0
q; (2" + b") ‘%\@ 150 O a=015fm O ¢=012fm
- A a=0.09 fm
qi(2") B I
0.2 0.4 0.6
n > {b%, b}, xP*> 1/b; br [fm]

- Gauge link induces statistical noise, while signal is exponentially suppressed
at large by due to Wilson line self-energy;

- Complex operator mixings due to the breaking of symmetries by the staple;

- Additional systematics due to multiple scales {b*, by, i1} involved.
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Quasi-TMD in the Coulomb gauge

£ Z P (™ db ixP*b* AW
feobr, Py =— | —— e""P(Pp(b)y "y (0) | P)
Pr)__ 4n 7. A0
Quasi-PDF Quasi-TMD
:
b= ‘ ..........
— by I
o ® © o Y.
P P
—> —>
X. Gao, W.-Y. Liu and YZ, PRD 109 (2024). YZ, PRL 133 (2024).
“Universality Class” GA) =0, G(A) = AO,AZ, V- A,A+

e Y. Hatta, X. Ji, and YZ, PRD 89 (2014);
* X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).

YONG ZHAO, 07/08/2026



Quasi-TMD under the infinite boost

£ Z P (% db ixPb* AN
fO, b, Prp)y=— | —— " (Pp)y'w(0) | P)
Pt o am V-A=0
PDF TMD
b=
B >
“Universality Class” GA) =0, G(A) = AO,AZ, V- A,A+

e Y. Hatta, X. Ji, and YZ, PRD 89 (2014);
* X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).
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Quasi-TMD under the infinite boost

Gauge-invariant extension of the Coulomb gauge:

e P. A. M. Dirac, Can. J. Phys. 33 (1955);
e M. Lavelle and D. McMullan, Phys. Rept. 297 (1997).

¥ (x) = U (Op(x), V- [UCZ’ U-' + iUCVU;] =0
g

Under arbitrary compact gauge transformation U(x),
w(0) = Up(x), Ue— UU™Y, W) —» o), we®yy'ye — weBy've

Compact perturbative solution:

o0 - \N 1 - B
Uczz(lg) ©, w=-——V-A

“~ n! V? ’
% = % (6 (w]iﬁwl) — [ﬁwl, ff]) ,
Ut =1
V-A=0
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Quasi-TMD under the infinite boost

* Infinite boost limit along the z direction:

: VAW [ K i |[k2A%k) + k- A (k)]
—V- - A)=i|——e¢ :
V2 J @n k2 + k2 o
" d*k . k* N
~B y g~k > 2A+(k)
J Ezﬂ) (kf) + € Principle-value (P.V.) prescription:
1| * kt 1 1 1
= — J +J dn~ AT(x",n7,x)) = — — Tt .
2 ) Jieeo- (k)2 +€2 2 |kt+ie kT —ie
1 i ) Past Future
= AT (x) pointing  pointing
o+
pv
1 ( 1 1 \
)
ASEN ...(—((—A+)A+>A+>...A+ Path-ordered integral
n! o, o, ot
pv \ pv pv )

Foo
. N s 7 2 Infinite “P.V. prescribed”
Ue — SPexp |—ig ‘; dy"AT(y")| = W,(x, F o07) light-like Wilson line
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Factorization formula

Factorization of the quasi beam function (derived with SCET):

B, by, u, P = | COP ) PB, by, oy xPHYSAUD, L )+ O(Agep! PO

“...”, UV and rapidity scales

B (x, bl, u, PZ) e Soft and collinear modes

Quasi beam function: « Gribov ambiguities

Zero-bin-subtracted beam function:  B(x, b, ...,xP™"), 0<x<1

e (Hard) collinear modes only ;
¢ No Gribov ambiguity Sn (bL)

Quasi-zero-bin: 5% = (0|7 [$](b )V (b UO)S,0)] 0 @/
e Soft modes only MO)

e Gribov ambiguities

Not directly calculable
on the lattice
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Factorization formula

B(x,b,,u, P?) = | >B(x,by, ..., xPT)SUb,, .. )+ O(Agep/ PY)

Physical (or subtracted) TMDPDF:

p ~ Collins-Soper scale
x,b ,u,l)=Bxb,,...xPHSH,,.... N y
f( 1 //l C) ( 1 ) ( 1 yn) é, _ 2(xP+)2e_2yn

l Standard soft factor
- )
Gribov ambiguities B(X, bJ—"M’PZ) — | |2f(x b U 5) + 0(/1)
cancel! Sc(by,u,y,) b
- y,
Quasi soft factor: = B(Nx, b 1. 7) = | exp l}/C(b L, In 2Py
$ (b - Sob,,...) Sc(by, 1,0) 2 _
oL = ) X f(x, by, 1, &) + O(A)

Same form as the gauge-invariant quasi-TMD factorization

In SC(b_]_’ M, yn) — yé‘(bl, /’t)

n
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One-loop quasi soft function

* Collins regulator:  # = (nf,n7,nd) = (1, —e™10)),  yo>1,

ng = (n;, ng,nj) = (—ezyB,l,Ol) , yp <K —1
. SYb ., u, a,C
Sob,u,y,) = lim AOpidn) Y1 -2y)L,
ya—o0 S(by, 1y Y4 — Vi) 2m
biu’ers
L,=1In 1
* 1] regulator: _ [_ g |n-o™"
W, pél exp - n-A,©0)
~ Se(b ., u, a,C
SC(bJ_"u’yn) = lim C( LK yA) =1+ FLb yn — O
YA 0 S(bj_a Hs YA — yn) 2r

Rapidity regulator independent!
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Quasi soft factor

Can be extracted from the same meson form factor:
F(b,,P*) = (n(—=P)|j(b))j»0) | n(P))

— J' d.xldX2

X ¢T(X1a b, u, P, Y )P(xy, by, p, PT, - V)
d(x, by,u, P9 . xP* xP*

)C

NCINTR'S 7 Iz

>¢pV('x’ bJ_a /’la P+9 yn)

F(bJ_’ PZ) —_ deldX2

o PG b1 P9 dy by, P
SC(br, w) = 1/[S(by, 1,0)12 SAb,1,0)  SAby,u0)
qS(x, by, u, P*): Coulomb gauge quasi-TMD wave function ¢

¢* = ¢ due to the P.V. prescription
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Lattice calculation

* N,=2+1 HotQCD configurations with the Highly Improved
Staggered Quark (HISQ) action;

- Lattice spacing a=0.06 fm;
- Lattice volume, 483x64;

» Valence pion mass, 670 MeV.

Observable # of configs PZmax

Form factor 100 2.58 GeV

Quasi-TMD WF 553 4.30 GeV
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Form factor

* Generated with kinematically enhanced pion interpolators

R. Zhang, A. Grebe, D. Hackett, M. Wagman and YZ, PRD 112 (2025) 5, L051502.

i [ P*=258GeV
061 ) LPC, P?=2.15GeV |
' I - T LPC, P*=258 GeV
_ ] LPC, P?=3.01GeV
S 0.4f o
-
= -
~ ¥
0.2t e
0.0f - . . o o B T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
b [fm]

LPC, JHEP 08 (2023) 172, MILC ensembles, a=0.12, 0.10 fm, pion mass 310 MeV.
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Quasi-TMD wave function
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Quasi-TMD Wave function
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Intrinsic soft factor
* Renormalized quasi-TMD WF:

ébl‘atio (Z bh. Pz //t) _ @O (Z, bla PZ, a) _ (;bM_ (Z, bJ_, PZ’IM)
RGLEI @Y (Z=O,bJ_,PZ=O;a) ( O,bJ_,PZ=O;,u)

2
Srdop s ) = SMS(b 5 ) - ‘ ™M (2 =0,b,, P*=0;p)

* At small b,

: —a 2
S70b 3 1) = SYS(bys ) | ol )|

Co(b7, 1): Wilson coefficient of zero momentum matrix element

YONG ZHAO, 07/08/2026
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Intrinsic soft factor

* Convolutional integral:

1 1
F(bJ_’ PZ) —_ S;atio(bT, //l) J' dxl J' d.Xz
0 0

% ggratiO(xl, bJ_,//t, Pz)q;ratiO(xz’ bj_nua Pz)

* Extrapolating the end-point regions of the quasi-TMDWF

2.01 P.=3.44 GeV 1 2.01 P.=3.87 GeV 2.01 P. =430 GeV
P,=3.44 GeV, extrapolated P,=3.87 GeV, extrapolated P,=4.30 GeV, extrapolated
1.5 1 1.5 1 1.5
< < 5
< < <
Il Il Il
- 1.0 1 - 1.0 T - 1.0
< < <
= = =
S gS)] v
0.5 1 0.5 1 0.5r
0.0 . : : . T 0.0 . : : . T 0.0 . : : . T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
X
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Intrinsic soft factor

* Evolving all quasi-TMD WFs to Pz=2.58 GeV using the calculated
CS kernel;

* Numerical integration within 0.05 < x < 0.95 with small cutoff
effects.

- 1-100p Fix PWF=3.87 GGV, PFF=2.58 GeV
15 —== 1-loop RGR LL | Pwr=4.30GeV, Prr=2.58 GeV
: | Pwrp=3.44 GeV, Pr=2.58 GeV ¥  Final results
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Summary

"he Coulomb-gauge quasi-TMDs provide a new way to calculate

"MDs from lattice QCD;

* The operator definition of the quasi-soft factor is derived using
SCET:

* The quasi-soft factor (or intrinsic soft function) can be obtained from
the same form factor in the traditional approach;

* A fine lattice, heavy quark mass calculation of the intrinsic soft
function shows nice agreement with perturbation theory at small bT.

* Future improvement: physical quark masses, continuum limit,
higher-order perturbative corrections, etc.
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