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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)
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Hadronic matrix element Vacuum matrix element

fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV(ϵ, μ, ζ) lim
yB→−∞

Bi(x, bT, ϵ, yP − yB)
Sq(bT, ϵ,2(yn − yB))

Collins-Soper scale: ζ = 2(xP+e−yn)2 = 4x2m2
Ne2(yP−yn) Rapidity divergence regulator

n(2yn)

n2
b = 0

Rapidity : yB =
1
2

ln
n+

b

n−
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= − ∞
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)
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fi(x, bT, μ, ζ) = lim
ϵ→0

ZUV(ϵ, μ, ζ) lim
yB→−∞

Bi(x, bT, ϵ, yP − yB)
Sq(bT, ϵ,2(yn − yB))

Collins-Soper scale: ζ = 2(xP+e−yn)2 = 4x2m2
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• Beam function (in Collins’ scheme):

TMDs from LaMET
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• Quasi beam function :
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Figure 2.1: Graphs of the Wilson line structure ,@(1⇠ , 0) of the unsubtracted TMD PDF 5
0 (u)
8/? (left) and

of , (1)) for the soft function (
0
=0=1

(right), defined in Eqs. (2.37) and (2.38). The Wilson lines (solid)
extend to infinity in the directions indicated. Adapted from [107].

Here the brackets [· · · ]� denote that the operators inside are considered with an additional
rapidity regulator �, where the details on methods for how this is done are left to Sec. 2.4
below. Note that by Poincaré invariance, the proton matrix element in Eq. (2.37) only depends
on the difference 1

⇠ � 0 = 1
⇠ of the positions of the quark fields. In parts of the literature,

the correlator is defined as #̄0
8
(0),@(0, 1⇠)✏

+

2 #0
8
(1⇠), which thus is related to our convention

by 1
⇠ ! �1⇠. In particular, this also reverses the sign in the Fourier transform.

In Eqs. (2.37) and (2.38) we have 1
⇠ = (0, 1�, b)), and the staple shaped Wilson lines

,@(1⇠, 0) and , (1)) are defined by products of straight line segments,

,@(1⇠, 0) = ,[0 ! �1=1 ! �1=1 + b) ! 1]
= ,=1

(1⇠;�1, 0),
1̂)

�
�1=1 ; 0, 1)

�
,=1

(0⇠; 0,�1) , (2.39)

, (1)) = ,[0 ! �1=1 ! �1=1 + b) ! b) ! �1=0 + b) ! �1=0 ! 0]
= ,=0

(1) ; 0,�1),=1
(1) ;�1, 0),

1̂)

(�1=1 ; 0, 1))
⇥,=1

(0; 0,�1),=0
(0;�1, 0),

1̂)

(�1=0 ; 1) , 0) , (2.40)

with 1̂
⇠
)
= 1

⇠
)
/1) . For later use we also define a generalized version of the first product of

Wilson lines, where we take G
⇠ = (0, G�, x)) and H

⇠ = (0, H�, y)) as the two endpoints,

,@(G⇠, H⇠) = ,[G ! �1=1 + G ! �1=1 + H ! H]
= ,=1

(G⇠;�1, 0),�̂

�
�1=

⇠
1
+ H

⇠
)
; 0, |x) � y) |

�
,=1

(H⇠; 0,�1) , (2.41)

and here �̂⇠ = (G) � H))⇠/|x) � y) |. Here the Wilson line along a generic path ✏ is defined by
the path-ordered exponential

,[✏] = % exp

�8 60

π
✏

dG⇠�20
⇠ (G) C2

�
, (2.42)
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t
z

q

q

bz

L

nb
Lorentz boost and L → ∞

Equal-time Wilson lines, directly 
calculable on the lattice🙂

nμ
b (yB) = (n+

b , n−
b , 0⃗⊥) = (−e2yB,1,0⃗⊥)

Spacelike but close-to-lightcone 
( ) Wilson lines, not 

calculable on the lattice ☹
yB → − ∞

Lightcone direction

Ebert, Schindler, Stewart and YZ, JHEP 04 (2022). 

Collins’ book, 2011

yP − yB = yP̃
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• Not directly calculable, but has the asymptotic behavior:


•  can be extracted from a meson form factor:Sr(bT, μ)

Soft function (in Collins’ scheme)

4

• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020);

H
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t
z

tz
nb(2yB) n(2yn)

yn−yB→∞
⟶ Sr(bT, μ) e−2(yn−yB)γζ(bT,μ)

: quasi-TMD wave functionΦ

Reduced soft factor

Collins-Soper kernel

F(bT, Pz) = ⟨π(−P) | j1(bT)j2(0) |π(P)⟩

Pz≫mπ= Sr(bT, μ)∫ dxdx′￼ H(x, x′￼, μ)Φ†(x, bT, Pz, μ)Φ(x′￼, bT, Pz, μ)
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(Subtracted) quasi-TMDPDF:


Differing from the TMDPDF by the order of UV renormalization 
and  limit, which can be matched in LaMET:Pz → ∞

Factorization formula for the quasi-TMDs

5

f̃i(x, bT, μ, yP̃ = yn − yB)
Sq(bT, μ,2(yn − yB))

= lim
−yB≫1

limϵ→0 Z B
UV(ϵ, μ)Bi(x, bT, ϵ, yP − yB)

limϵ→0 ZS
UV(bT, ϵ, μ, 2(yn − yB))Sq(bT, ϵ,2(yn − yB))

× fi/p(x, bT, μ, ζ){1 + 𝒪[ 1
(xP̃zbT)2

,
Λ2

QCD

(xP̃z)2 ]}
f̃i/p(x, bT, μ, P̃z) SI(bT, μ) = C(μ, xP̃z) exp[ 1

2
γζ(μ, bT)ln

(2xP̃z)2

ζ ]

• Ji, Liu and Liu, NPB 955 (2020),  PLB 811 (2020); 
• Ebert, Stewart, YZ, PRD99 (2019), JHEP09 (2019); 
• Ebert, Schindler, Stewart and YZ, JHEP 04 (2022).
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Some key systematics in lattice calculation
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dependent terms2. In practice, estimators for di�erent
{P z

1 , P z
2 } are largely consistent, and as such the data

is insu�cient to constrain momentum-dependent power
corrections.

Instead, the CS kernel on each ensemble is de-
termined as a bootstrap-level weighted average of
Re

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

over � œ {“4“5, “3“5}, all
available combinations of {P z

1 , P z
2 }, and x œ [0.3, 0.7],

with weights proportional to the inverse variance, just
as done in Ref. [35]. These Pz-, �-, and x-averaged CS
kernel constraints, denoted “MS

q (bT , µ, a), should agree
with the CS kernel up to discretization e�ects. The results
(including a fit to a parameterization of the CS kernel
and the leading a/bT discretization e�ects, as discussed
in the next section), are shown in Fig. 2.

Additionally, an analogous analysis of
Im

#
“̂MS

� (bT , µ, x, P z
1 , P z

2 , a)
$

can be performed. As
the CS kernel is purely real, significant deviation of
the resulting numerical results from zero would provide
an indication of systematic uncertainties beyond those
that are quantified in this calculation. This analysis is
presented in the Supplementary Material. Including the
uNNLL matching of Ref. [35] and recent devlopments [82]
accounting for a linear infrared renormalon in the
imaginary part of the matching coe�cient for the
quasi-TMD WF, there is no evidence in the numerical
data for significant additional unconstrained systematic
uncertainties.

Parameterization: The Lattice QCD constraints on
the CS kernel are fit to the parameterization of Ref. [40],
with the addition of terms accounting for lattice discretiza-
tion e�ects proportional to a/bT , a2/b2

T :

“param.
q (bT , µ, a; BNP, c0, c1; k1, k2) = ≠2Dres(bú, µ)

≠ 2DNP(bT ; BNP, c0, c1) + k1
a

bT
+ k2

a2

b2
T

,
(6)

where3
Dres is the resummed leading power expression for

the CS kernel computed in the operator product expan-
sion, evolved to scale µ, and the parameterization of the
remaining nonperturbative piece is

DNP(bT ; BNP) = bT bú
5
c0 + c1 ln

3
bú

BNP

46
, (7)

2 Specifically such corrections would be proportional to terms
such as a/bT , a2/b2

T , 1
ln(P z

1 /P z
2 )

Ë
1

b2
T

(P z
1 )2 ≠ 1

b2
T

(P z
2 )2

È
,

�2

ln(P z
1 /P z

2 )

Ë
1

(P z
1 )2 ≠ 1

(P z
2 )2

È
, 1

ln(P z
1 /P z

2 )
#
a(P z

1 ≠ P z
2 )

$
,

1
ln(P z

1 /P z
2 )

#
a2(P z

1 )2 ≠ a2(P z
2 )

$
, . . .

3 Dres is given explicitly in the Supplementary Material.
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FIG. 2. [Upper] Averaged CS kernel estimators computed on
each ensemble, including a fit to a parameterization of the CS
kernel plus O(a/bT ) discretization e�ects, as described in the
text. The colored dashed curves correspond to “param

q (bT , µ, a),
with the best-fit values of (BNP, c0, c1, k1, k2) as described in
the text, at each corresponding value of a, while the solid black
curve shows the result at a = 0. [Lower] Lattice QCD con-
straints on the CS kernel, with O(a/bT ) artefacts subtracted
as defined in the text, and the best-fit parameterization of the
CS kernel fit to the lattice results shown as a solid black curve
with the 1‡ uncertainty band shown as a shaded red region.

and

bú(bT ; BNP) = bTÚ
1 + b2

T

B2
NP

. (8)

The expression of Eq. (6) is thus a three-parameter
(BNP, c0, c1) parameterization of the CS kernel, with an
additional two parameters (k1, k2) modeling lattice dis-
cretization e�ects.

The lattice QCD constraints on the CS kernel, for
each of the three values of a used in the numerical
calculations, are fit simultaneously to Eq. (6) to yield
(BNP, c0, c1, k1, k2). To diagnose overfitting, additional
fits are performed in which subsets of the model parame-
ters are held fixed at reference values, namely c1 = k1 =
k2 = 0 and BNP = 2 GeV, while others are optimized.
The Akaike Information Criterion (AIC) [83] is used to

2

II. QUASI TMDPDFS AND THE
COLLINS-SOPER KERNEL

The quark Collins-Soper kernel �q
⇣ (µ, bT ) can be com-

puted in lattice QCD from a ratio of nonsinglet quasi
TMDPDFs f̃TMD

ns
at di↵erent hadron momenta (taken in

the z-direction) P z
i � ⇤QCD [26, 27, 32]:

�q
⇣ (µ, bT ) =

1

ln(P z
1
/P z

2
)

⇥ ln
CTMD

ns
(µ, xP z

2
) f̃TMD

ns
(x,~bT , µ, P z

1
)

CTMD
ns

(µ, xP z
1
) f̃TMD

ns
(x,~bT , µ, P z

2
)

+ O

⇣ 1

(xP zbT )2
,

⇤2

QCD

(xP z)2

⌘
. (1)

The perturbative matching coe�cient CTMD
ns

relates
the quasi TMDPDFs, which are defined in terms of
Euclidean-space matrix elements as detailed below, to
the corresponding light-cone TMDPDFs through a fac-
torization theorem based on an expansion in powers of
the nucleon momentum [26, 27, 31, 32]. Additional non-
perturbative factors related to the soft sector [27, 30] can-
cel in the ratio; recently exploratory lattice QCD studies
of these factors have been performed [20, 22] following
the approach proposed in Refs. [31, 32]. The flavor non-
singlet unpolarized quark quasi TMDPDF is defined as
f̃TMD
ns

= f̃TMD
u � f̃TMD

d , where

f̃TMD

i

�
x,~bT , µ, P z

�
⌘ lim

a!0
⌘!1

Z
dbz

2⇡
e�ibz(xP z

)
Z

MS

�4�
(µ, bz, a)

⇥
P z

E~P

B̃�

i

�
bz,~bT , a, ⌘, P z

�
�̃S (bT , a, ⌘) . (2)

Here a denotes the lattice spacing, and E~P =
q

~P 2 + m2

h

where ~P = P z~ez is the hadron three-momentum and mh

is the hadron mass. The factor ZMS

�4�
(µ, bz, a), where � is

a Dirac matrix label, renormalizes the quasi TMDPDF
and matches it to the MS scheme at scale µ [18, 28, 34],
and the quasi soft factor �̃S [26, 27, 29, 30] and quasi
beam function B̃�

i are both calculable in lattice QCD.
Summation over � is implied, accounting for operator
mixing between quasi TMDPDFs with di↵erent Dirac
structures resulting from the breaking of rotational and
chiral symmetries in lattice QCD calculations [18, 34–
36]. Mixing with gluon operators is neglected in Eq. (2),
but cancels in the nonsinglet combination of quasi TMD-
PDFs. It should be noted that the choice of the Dirac
structure �4 in Eq. (2) is not unique; the quasi TMDPDF
with Dirac structure �3 can also be boosted onto �+ and
thus be matched to the spin-independent TMDPDF in
the infinite-momentum limit (in that case, the factor of
P z/E~P in Eq. (2) is replaced by 1). While the notation
is specialized to �4 for clarity throughout this exposition,
numerical results are presented for both choices of Dirac
structure in Sec. III.

T
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z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

qi(z
µ + bµ)

<latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit>

T
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FIG. 1. Diagrammatic representation of the Wilson line in-
cluded in the operators Oi

�(b
µ, zµ, ⌘), see Eq. (4).

The quasi beam function B̃�

i is defined as the matrix el-
ement of a nonlocal quark bilinear operator with a staple-
shaped Wilson line in a boosted hadron state:

B̃�

i (bz,~bT , a, ⌘, P z) =
D
h(P z)

��Oi
�
(bµ, 0, ⌘)

��h(P z)
E

, (3)

where h(P z) denotes the state of hadron h with
four-momentum Pµ = (0, 0, P z, E~P ). The operator
O

i
�
(bµ, 0, ⌘), depicted in Fig. 1, is defined as

O
i
�
(bµ, zµ, ⌘) ⌘ q̄i(z

µ + bµ)
�

2
Wẑ(z

µ + bµ; ⌘ � bz)

⇥ W †

T (zµ + ⌘ẑ; bT )W †

ẑ (zµ; ⌘)qi(z
µ)

⌘ q̄i(z
µ + bµ)

�

2
fW (⌘; bµ; zµ)qi(z

µ), (4)

where bµ = (~bT , bz, 0), and W↵̂(xµ; ⌘) denotes a Wilson
line beginning at xµ with length ⌘ in the direction of ↵̂.
The subscript T denotes that the associated Wilson line
is in a direction transverse to ẑµ = (0, 0, 1, 0).

In practice, it is useful to define a dimensionless ‘bare’
nonsinglet quasi beam function:

Bbare

�
(bz,~bT , a, ⌘, P z) ⌘

1

2E~P

⇣
B̃�

u (bz,~bT , a, ⌘, P z)

�B̃�

d (bz,~bT , a, ⌘, P z)
⌘

, (5)

as well as a modified MS-renormalized quasi beam func-
tion BMS

�
[19]:

BMS

�4 (µ, bz,~bT , a, ⌘, P z) ⌘ ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

�
(bz,~bT , a, ⌘, P z). (6)

Compared with the standard MS-renormalized quasi
beam function, this definition includes the additional fac-
tor R̃, described further below. The renormalization fac-
tor ZMS

O�4�
is defined as the product of a regularization-

independent momentum subtraction scheme (RI0/MOM)

factor ZRI
0/MOM

O�4�
and a perturbative matching factor to

the MS scheme, R
MS

O�4�
, which has been calculated at

next-to-leading order in continuum perturbation theory

Staple-shaped Wilson line

• Gauge link induces statistical noise, while signal is exponentially suppressed 
at large  due to Wilson line self-energy;

• Complex operator mixings due to the breaking of symmetries by the staple;

• Additional systematics due to multiple scales  involved.

bT

{bz, bT, η}

η ≫ {bz, bT}, xPz ≫ 1/bT
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f̃(x, bT, Pz, μ) =
Pz

Pt ∫
∞

−∞

dbz

4π
eixPzbz⟨P | ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩

P

bz

P

bz

bT

Quasi-PDF Quasi-TMD

YZ, PRL 133 (2024).X. Gao, W.-Y. Liu and YZ, PRD 109 (2024).

G(A) = 0, G(A) = A0, Az, ∇ ⋅ A, A+“Universality Class” 
• Y. Hatta, X. Ji, and YZ, PRD 89 (2014); 
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).
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P

b−

P

b−

bT

PDF TMD

✗ ✔︎

f̃(x, bT, Pz, μ) =
Pz

Pt ∫
∞

−∞

dbz

4π
eixPzbz⟨P | ψ̄(b⃗)γtψ(0)

∇⋅A=0
|P⟩

G(A) = 0, G(A) = A0, Az, ∇ ⋅ A, A+“Universality Class” 
• Y. Hatta, X. Ji, and YZ, PRD 89 (2014); 
• X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, RMP 93 (2021).
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Gauge-invariant extension of the Coulomb gauge:

ΨC(x) ≡ UC(x)ψ(x), ⃗∇ ⋅ [UC
⃗A U−1

C +
i
g

UC
⃗∇ U−1

C ] = 0

Compact perturbative solution:

UC =
∞

∑
n=0

(ig)n

n!
ωn

Plugging the above into Eq. (5), we have order by order in g

r2
!!!1 = �~r · ~A ,

1

2!
r2

!!!2 = ~r ·
⇣
!!!

†
1
~r!!!1

⌘
� [~r!!!1, · ~A] ,

1

3!
r2

!!!3 =
1

2
~r ·

⇣
�!!!†

2
~r!!!1 +!!!

†
1
~r!!!2

⌘
�

⇥
�!!!

†
1
~r!!!1 +

1

2
~r!!!2, · ~A

⇤
,

. . .

1

(n+ 1)!
r2

!!!n+1 =
nX

m=0

1

m!

(�1)m

(n�m)!

⇢
1

m+ 1
~r ·

⇣
!!!

†
m+1

~r!!!n�m

⌘
�

h
!!!

†
m
~r!!!n�m, · ~A

i�
,

. . . (9)

For compact gauge fields and transformations, we have the unique solutions

!!!1 = � 1

r2
~r · ~A ,

!!!2

2!
=

1

r2

⇣
~r ·

⇣
!!!

†
1
~r!!!1

⌘
� [~r!!!1, · ~A]

⌘
,

!!!3

3!
=

1

r2

✓
1

2
~r ·

⇣
�!!!†

2
~r!!!1 +!!!

†
1
~r!!!2

⌘
�

⇥
�!!!

†
1
~r!!!1 +

1

2
~r!!!2, · ~A

⇤◆
,

. . .

!!!n+1

(n+ 1)!
=

1

r2

nX

m=0

1

m!

(�1)m

(n�m)!

⇢
1

m+ 1
~r ·

⇣
!!!

†
m+1

~r!!!n�m

⌘
�

h
!!!

†
m
~r!!!n�m, · ~A

i�
,

. . . (10)

II. Infinite boost limit

In this section, we demonstrate that UC approaches the light-cone Wilson line under an

infinite Lorentz boost along the z direction. Note that the purpose of studying this limit is

to identify the leading-power operator in the e↵ective theory expansion of the quasi-TMD

correlator, so the Lorentz transformation is performed at classical level. This is in the same

spirit as deriving the leading-power HQET or SCET Lagrangian in the infinite heavy quark

mass or collinear limit.

At classical level the operator can always be expressed interchangeably between coordi-

nate and momentum spaces through a Fourier transform,

1

r2
~r · ~A(x) = �i

Z
d
4
k

(2⇡)4
e
�ik·x 1

~k2
~k · ~̃A(k) . (11)

3

…

Under arbitrary compact gauge transformation ,U(x)
ψ(x) → Uψ(x), UC → UCU−1, ΨC(x) → ΨC(x), ψ̄C(b⃗)γtψC → ψ̄C(b⃗)γtψC

UC(A)
⃗∇⋅ ⃗A =0

= 1

• P. A. M. Dirac, Can. J. Phys. 33 (1955); 
• M. Lavelle and D. McMullan, Phys. Rept. 297 (1997).
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Quasi-TMD under the infinite boost

10

• Infinite boost limit along the z direction:
−

1
∇2

⃗∇ ⋅ ⃗A (x) = i∫
d4k

(2π)4
e−ik⋅x 1

k2
z + k2

⊥
[kzÃz(k) + k⊥ ⋅ Ã⊥(k)]

≈ i∫
d4k

(2π)4
e−ik⋅x k+

(k+)2 + ϵ2
Ã+(k)

=
1
2 [∫

x−

−∞−

+ ∫
x−

+∞− ] dη− A+(x+, η−, x⊥)
k+

(k+)2 + ϵ2
=

1
2 [ 1

k+ + iϵ
+

1
k+ − iϵ ]

Past 
pointing

Future 
pointing

Principle-value (P.V.) prescription:

≡
1

∂+
pv

A+(x)

ωn

n!
→

1
∂+

pv
…( 1

∂+
pv (( 1

∂+
pv

A+)A+) A+)…A+

UC → 𝒫 exp [−ig∫
∓∞−

x−

dy−A+(y−)] ≡ W†
n(x, ∓ ∞−)

Path-ordered integral

Infinite “P.V. prescribed” 
light-like Wilson line
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Factorization of the quasi beam function (derived with SCET):

Factorization formula

11

B̃(x, b⊥, μ, P̃z) = |C(xP̃+/μ) |2 B(x, b⊥, …, xP̃+)S0
C(b⊥, …)+O(ΛQCD/P̃z)

S0
C =

1
Nc

⟨0 |T [S†
n(b⊥)(Us

C)†(b⊥)Us
C(0)Sn(0)] |0⟩

Not directly calculable 
on the lattice

U†
C(b⊥)

UC(0)

Quasi-zero-bin:

S†
n(b⊥)

Sn(0)

Quasi beam function: B̃(x, b⊥, μ, P̃z)

Zero-bin-subtracted beam function: B(x, b⊥, …, xP̃+) , 0 < x < 1

• Soft and collinear modes 
• Gribov ambiguities

• (Hard) collinear modes only 
• No Gribov ambiguity

• Soft modes only 
• Gribov ambiguities

“…”, UV and rapidity scales
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Factorization formula

12

f(x, b⊥, μ, ζ̃) = B(x, b⊥, …, xP̃+)S(b⊥, …, yn)

Physical (or subtracted) TMDPDF:

ζ̃ = 2(xP̃+)2e−2yn

Collins-Soper scale

B̃(x, b⊥, μ, P̃z)
S̃C(b⊥, μ, yn)

= |C(xP̃+/μ) |2 f(x, b⊥, μ, ζ̃) + O(λ)

S̃C(b⊥, μ, yn) ≡
S0

C(b⊥, …)
S(b⊥, …, yn)

Quasi soft factor:

Same form as the gauge-invariant quasi-TMD factorization
d

dyn
ln S̃C(b⊥, μ, yn) = γζ(b⊥, μ)

⇒
B̃(x, b⊥, μ, P̃z)

S̃C(b⊥, μ,0)
= |C(xP̃+/μ) |2 exp [ 1

2
γζ(b⊥, μ)ln

2(xP̃+)2

ζ ]
× f(x, b⊥, μ, ζ) + O(λ)

Standard soft factor

B̃(x, b⊥, μ, P̃z) = |C(xP̃+/μ) |2 B(x, b⊥, …, xP̃+)S0
C(b⊥, …)+O(ΛQCD/Pz)

Gribov ambiguities 
cancel!
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• Collins regulator:


•  regulator:η

One-loop quasi soft function

13

S̃C(b⊥, μ, yn) ≡ lim
yA→∞

S0
C(b⊥, μ, yA)

S(b⊥, μ, yA − yn)
= 1 +

αsCF

2π
(1 − 2yn)Lb

nμ
A = (n+

A , n−
A , n⊥

A ) = (1, − e−2yA,0⊥) , yA ≫ 1 ,

nμ
B = (n+

B , n−
B , n⊥

A ) = (−e2yB,1,0⊥) , yB ≪ − 1

Wn = ∑
perm

exp [−
g

n̄ ⋅ ∂
| n̄ ⋅ ∂ |−η

vη
n̄ ⋅ An(0)]

S̃C(b⊥, μ, yn) ≡ lim
yA→∞

S0
C(b⊥, μ, yA)

S(b⊥, μ, yA − yn)
= 1 +

αsCF

2π
Lb yn = 0

Lb = ln
b2

T μ2e2γE

4

Rapidity regulator independent!
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Quasi soft factor

14

F(b⊥, Pz) = ∫ dx1dx2
HF(x1, x2, Pz, μ)

C(x1)C(x2)C(x̄1)C(x̄2)

×
ϕ̃(x1, b⊥, μ, Pz)

S̃C(b⊥, μ,0)
ϕ̃(x2, b⊥, μ, Pz)

S̃C(b⊥, μ,0)

Can be extracted from the same meson form factor:

: Coulomb gauge quasi-TMD wave functionϕ̃(x, bT, μ, Pz) ✔︎

Hard kernel: known at 1-loop

 due to the P.V. prescriptionϕ* = ϕ

F(b⊥, Pz) = ⟨π(−P) | j1(b⊥)j2(0) |π(P)⟩

= ∫ dx1dx2 HF(x1, x2, Pz, μ)

× ϕ†(x1, b⊥, μ, P+, yn)ϕ(x2, b⊥, μ, P+, − yn)

ϕ̃(x, b⊥, μ, Pz)
S̃(b⊥, μ, yn)

= C( xP+

μ )C( x̄P+

μ )ϕpv(x, b⊥, μ, P+, yn)

SC
I (bT, μ) = 1/[S̃C(bT, μ,0)]2
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Lattice calculation

15

• Nf=2+1 HotQCD configurations with the Highly Improved 
Staggered Quark (HISQ) action;


• Lattice spacing a=0.06 fm;

• Lattice volume, 483x64;

• Valence pion mass, 670 MeV.

Observable # of configs Pzmax

Form factor 100 2.58 GeV

Quasi-TMD WF 553 4.30 GeV
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• Generated with kinematically enhanced pion interpolators

Form factor

16

17

FIG. 17. Quasi-TMDWF of pion in the momentum space. From left to right, the hadron momenta are P z = 3.44, 3.87 and
4.30 GeV. The small bumps in the right panel are caused by the small non-zero tails in the coordinate space, primarily manifest
at large b→.

FIG. 18. The e!ective mass of two-point function, where
(5, 5) means using ω5 for both source and sink, and (Z5 →
X5, Z5 + X5) means using ωzω5 → ωxω5 and ωzω5 + ωxω5

for source and sink, respectively. The latter choice of the
interpolating operator was proposed in Ref. [105] to enhance
the SNR and suppress excited-state contamination when the
hadron momentum is large.

FIG. 19. The final results of form factor F is given by averag-
ing over form factors of four gamma structures following the
Fierz rearrangement [60]. The form factor results calculated
on MILC ensembles with 2+1+1-flavor with HISQ action [87]
in Ref. [65] are plotted in the figure for comparison.

Here zn = →n|ω†
|!↑ is the same overlap amplitude defined

in Sec. IV, Fnm = →n| q̄ (b→)”q (b→) q̄(0)”q(0) |m↑ is the
matrix element, and An = →!| q̄(0)(εzε5 + εxε5)q(0) |n↑
is the amplitude with a local insertion current. When

both the tsep and ϑ are large enough, we can keep the
first two energy states and approximate the ratio as

RF (tsep, ϑ) ↓
↔4Nc

1 + (P t/P z)2

↗
F00

|A0|
2

1 + c1 ·
(
e↑!E·(tsep↑ω) + e↑!E·ω)

1 + c2 · e↑!E·tsep/2
,

(D2)

where the amplitude can be expanded as A0 =
ifεP z. According to Eq. (15), the ground state ma-
trix element of the form factor correlator is F00 =
F 0f2

ε

(
(P z)2 + (P t)2

)
/(↔4Nc), where F 0 is the bare

form factor. In the limit tsep ↘ ≃, the ratio RF (tsep, t)
asymptotically converges to the bare form factor F 0.
Therefore, we employed the two-state fit of RF to extract
the bare form factor F 0, with more details provided in
App. E. Note that the fit results of F 0 need to be mul-
tiplied by an extra volume factor Vol = L3

t
due to the

lattice setup of wall source.
To suppress the higher-twist e#ects, we applied the

Fierz rearrangement [60] to combine di#erent ” struc-
tures in Eq. (15). Ignoring the renormalization factor
ZA/ZV , the final results of the form factor is given as

F (b→, P
z) =

1

4

[
F (b→, P

z,” = εxε5) + F (b→, P
z,” = εyε5)

+F (b→, P
z,” = εx) + F (b→, P

z,” = εy)] ,

(D3)

which is plotted in Fig. 19. The form factor results cal-
culated on MILC ensembles with lattice spacing 0.12 fm
and HISQ action [87] in Ref. [65] are plotted in the figure
for comparison. The small deviation can be caused by the
systematics of the lattice in di#erent ensembles, such as
discretization e#ects, as well as the di#erent choices of
gamma structure for the two-point function.

Appendix E: Ground state fit

We have performed a fully correlated Bayesian analy-
sis of the two-point and three-point correlation functions
to extract the bare matrix element h̃0

”(x, b→, P
z;µ) de-

fined in Eq. (2), F 0 (b→, P1, P2,”,”↓) defined in Eq. (15)

R. Zhang, A. Grebe, D. Hackett, M. Wagman and YZ, PRD 112 (2025) 5, L051502.

LPC, JHEP 08 (2023) 172, MILC ensembles, a=0.12, 0.10 fm, pion mass 310 MeV.
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Quasi-TMD wave function

17

16

FIG. 15. From left to right, the ratios of quasi-TMDWF to two-point functions Rω̃ with hadron momentum P z = 3.44, 3.87
and 4.30 GeV are shown as functions of tsep. The upper and lower panels are for the cases with with (b→, z) = (1, 4) a and
(b→, z) = (3, 5) a, repectively. The colored bands are joint fit results.

FIG. 16. Bare matrix elements of quasi-TMDWF in the coordinate space. The non-zero-momentum correlators extracted from
two-state joint fits of C2pt and Cω̃, while the zero-momentum correlators are extracted from one-state fit of Cω̃. All bare matrix
elements are normalized using the mean value of the local matrix element.

both source and sink, the e!ective mass from the new in-
terpolating operator is plotted in Fig. 18. It can be seen
that the new interpolating operator leads to better SNR
and faster convergence to the ground state. The di!er-
ence between the two-point function of ωtω5 and ωzω5 is
estimated by a factor of P t/P z in the denominator of
Eq. (16). Thus, the ratio in Eq. (16) can be expressed in

terms of a spectral decomposition as

RF (tsep, ε) =
→4Nc

1 + (P t/P z)2
CF (tsep, ε)

|C2pt (tsep/2)|
2

=
→4Nc

1 + (P t/P z)2
”n,m

znFnmz
→
m

4EnEm
· e→En(tsep→ω)e→Emω

∣∣∣”n

z→
n

2En
An · e→Entsep/2

∣∣∣
2 .

(D1)
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Quasi-TMD Wave function
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FIG. 17. Quasi-TMDWF of pion in the momentum space. From left to right, the hadron momenta are P z = 3.44, 3.87 and
4.30 GeV. The small bumps in the right panel are caused by the small non-zero tails in the coordinate space, primarily manifest
at large b→.

FIG. 18. The e!ective mass of two-point function, where
(5, 5) means using ω5 for both source and sink, and (Z5 →
X5, Z5 + X5) means using ωzω5 → ωxω5 and ωzω5 + ωxω5

for source and sink, respectively. The latter choice of the
interpolating operator was proposed in Ref. [105] to enhance
the SNR and suppress excited-state contamination when the
hadron momentum is large.

FIG. 19. The final results of form factor F is given by averag-
ing over form factors of four gamma structures following the
Fierz rearrangement [60]. The form factor results calculated
on MILC ensembles with 2+1+1-flavor with HISQ action [87]
in Ref. [65] are plotted in the figure for comparison.

Here zn = →n|ω†
|!↑ is the same overlap amplitude defined

in Sec. IV, Fnm = →n| q̄ (b→)”q (b→) q̄(0)”q(0) |m↑ is the
matrix element, and An = →!| q̄(0)(εzε5 + εxε5)q(0) |n↑
is the amplitude with a local insertion current. When

both the tsep and ϑ are large enough, we can keep the
first two energy states and approximate the ratio as

RF (tsep, ϑ) ↓
↔4Nc

1 + (P t/P z)2

↗
F00

|A0|
2

1 + c1 ·
(
e↑!E·(tsep↑ω) + e↑!E·ω)

1 + c2 · e↑!E·tsep/2
,

(D2)

where the amplitude can be expanded as A0 =
ifεP z. According to Eq. (15), the ground state ma-
trix element of the form factor correlator is F00 =
F 0f2

ε

(
(P z)2 + (P t)2

)
/(↔4Nc), where F 0 is the bare

form factor. In the limit tsep ↘ ≃, the ratio RF (tsep, t)
asymptotically converges to the bare form factor F 0.
Therefore, we employed the two-state fit of RF to extract
the bare form factor F 0, with more details provided in
App. E. Note that the fit results of F 0 need to be mul-
tiplied by an extra volume factor Vol = L3

t
due to the

lattice setup of wall source.
To suppress the higher-twist e#ects, we applied the

Fierz rearrangement [60] to combine di#erent ” struc-
tures in Eq. (15). Ignoring the renormalization factor
ZA/ZV , the final results of the form factor is given as

F (b→, P
z) =

1

4

[
F (b→, P

z,” = εxε5) + F (b→, P
z,” = εyε5)

+F (b→, P
z,” = εx) + F (b→, P

z,” = εy)] ,

(D3)

which is plotted in Fig. 19. The form factor results cal-
culated on MILC ensembles with lattice spacing 0.12 fm
and HISQ action [87] in Ref. [65] are plotted in the figure
for comparison. The small deviation can be caused by the
systematics of the lattice in di#erent ensembles, such as
discretization e#ects, as well as the di#erent choices of
gamma structure for the two-point function.

Appendix E: Ground state fit

We have performed a fully correlated Bayesian analy-
sis of the two-point and three-point correlation functions
to extract the bare matrix element h̃0

”(x, b→, P
z;µ) de-

fined in Eq. (2), F 0 (b→, P1, P2,”,”↓) defined in Eq. (15)



YONG ZHAO, 07/08/2026

Collins-Soper kernel

19

8

zext = 0.78 fm is the starting point of extrapolation and
zmax = 1.2 fm is the largest longitudinal separation of
quasi-TMD. It is expected that z > zext is large enough to
see the exponential decay behavior of quasi-TMD. In ad-
dition, the comparison of TMDPDF using di!erent zext
can be found in App. F. The extrapolation range is indi-
cated by the two red dashed lines in Fig. 4. After apply-
ing this extrapolation, the uncertainty bands smoothly
converge to zero, mitigating non-physical fluctuations.

V. PION VALENCE QUARK TMDPDF

As shown in the factorization formula Eq. (9), the com-
putation of the unpolarized pion valence-quark TMD-
PDF relies on three key inputs: the Collins-Soper (CS)
kernel, the intrinsic soft function, and the quasi-TMD
beam function matrix elements discussed in Sec. IV. In
this section, we present the numerical results for each of
these components and, ultimately, the extracted unpo-
larized valence TMDWF and TMDPDF of the pion.

FIG. 5. The ratio ωMS(b→, P1, P2;µ), as defined in Eq. (14), of
combinations of momentum nz

1/n
z
2. The results at µ = 2 GeV

for b→ = 2a (upper panel) and b→ = 8a (lower panel) are
presented.

A. The Collins-Soper kernel

The CS kernel can be extracted from the ratio of
quasi-TMDWFs with di!erent momenta, as described

in Eq. (14). The bare matrix elements of the quasi-
TMDWFs are extracted in App. C, which follows the
same strategy as in Ref. [68]. For the matching proce-
dure, we use the fixed-order one-loop results for the CG
matching coe”cient CTMD and the corresponding hard
kernel Hω, as provided in Ref. [80]. Furthermore, we ac-
count for large logarithmic terms in the hard kernel by
applying renormalization group evolution to improve the
accuracy of the perturbative matching up to NLL; details
on this resummation can be found in App. A.

Fig. 5 shows the ratio ωMS(b→, P1, P2;µ), as defined
in Eq. (14), which is extracted from di!erent combina-
tions of momentum nz

1/n
z

2. The results are consistent
across di!erent momentum ratios within the uncertainty
bands. However, a slight x dependence and variations
between di!erent momentum ratios suggest the presence
of power corrections, since the pion mass mε = 670
MeV is quite heavy, contributing to systematic uncer-
tainties. To estimate these uncertainties, we select two
sets of closely spaced momentum values: nz

1/n
z

2 = 8/9
and nz

1/n
z

2 = 9/10. Within each Jackknife sample, we
collect two momentum pairs and include all data points
over the interval x → [0.34, 0.66]. The mean value ↑ω↓i
and the standard deviation εi are then calculated for each
Jackknife sample i. The final mean value, along with the
corresponding statistical and systematic uncertainties, is
estimated as follows:

Mean = Avg[↑ω↓i]

Stat = Std[↑ω↓i] ·
√
Ns ↔ 1

Sys = Avg[εi] ,

(34)

where “Avg” means taking the average and “Std” means
taking the standard deviation, the factor

↗
Ns ↔ 1 arises

from the Jackknife resampling procedure.

FIG. 6. The CS kernel at µ = 2 GeV in this work is presented
using red points with error bars. The 3-loop perturbative re-
sults [94, 95] for the CS kernel are denoted as N3LO and
N3LL in the figure. The CS kernels from recent phenomeno-
logical parameterizations of experimental data are shown
from MAP22 [19], IFY23 [20], ART23 [23], MAP24FI [25],
EEC24 [96], PB24 [97], MAPNN25 [98] and ART25 [26]. In
addition, some recent lattice calculations are presented from
LPC23 [65], ASWZ24 [67] and DWF24 [68].
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kernel, the intrinsic soft function, and the quasi-TMD
beam function matrix elements discussed in Sec. IV. In
this section, we present the numerical results for each of
these components and, ultimately, the extracted unpo-
larized valence TMDWF and TMDPDF of the pion.
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TMDWFs are extracted in App. C, which follows the
same strategy as in Ref. [68]. For the matching proce-
dure, we use the fixed-order one-loop results for the CG
matching coe”cient CTMD and the corresponding hard
kernel Hω, as provided in Ref. [80]. Furthermore, we ac-
count for large logarithmic terms in the hard kernel by
applying renormalization group evolution to improve the
accuracy of the perturbative matching up to NLL; details
on this resummation can be found in App. A.

Fig. 5 shows the ratio ωMS(b→, P1, P2;µ), as defined
in Eq. (14), which is extracted from di!erent combina-
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2. The results are consistent
across di!erent momentum ratios within the uncertainty
bands. However, a slight x dependence and variations
between di!erent momentum ratios suggest the presence
of power corrections, since the pion mass mε = 670
MeV is quite heavy, contributing to systematic uncer-
tainties. To estimate these uncertainties, we select two
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• Renormalized quasi-TMD WF:


• At small bT,

Intrinsic soft factor

20

φ̃ratio (z, b⊥, Pz; μ) =
φ̃0 (z, b⊥, Pz; a)

φ̃0 (z = 0,b⊥, Pz = 0; a)
=

φ̃MS (z, b⊥, Pz; μ)
φ̃MS (z = 0,b⊥, Pz = 0; μ)

Sratio
I (b⊥; μ) = SMS

I (b⊥; μ) ⋅ φ̃MS (z = 0,b⊥, Pz = 0; μ)
2

Sratio
I (b⊥; μ) = SMS

I (b⊥; μ) C0(bT, μ)
2

: Wilson coefficient of zero momentum matrix elementC0(bT, μ)
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• Convolutional integral:


• Extrapolating the end-point regions of the quasi-TMDWF

Intrinsic soft factor

21

F(b⊥, Pz) = Sratio
I (bT, μ)∫

1

0
dx1 ∫

1

0
dx2

HF(x1, x2, Pz, μ)
C(x1)C(x2)C(x̄1)C(x̄2)

× ϕ̃ratio(x1, b⊥, μ, Pz)ϕ̃ratio(x2, b⊥, μ, Pz)

10

FIG. 7. Extrapolations of reduced quasi-TMDWF using Eq. (35). From left to right, the three panels correspond to hadron
momenta P z = 3.44, 3.87 and 4.30 GeV, respectively. All of three cases are evolved to PFF = 2.58 GeV using the rapidity
evolution of quasi-TMDWF. The shaded red bands indicate the regions constitute the input for the extrapolation fit.

FIG. 8. Intrinsic soft function in CG at µ = 2 GeV in the ratio
scheme, for di!erent hadron momentum pairs of the quasi-
TMDWF, PWF, and form factor, PFF. The final results are
shown as red points with error bars (see text for details). The
corresponding one-loop fixed-order perturbative results are
the red dashed line, and the one-loop RG-resummed (RGR)
perturbative results are the blue dashed line.

where the CS scale is evolved from ω0 = (2xP z)2 and
ω̄0 to ω = (2xPfix)2 and ω̄ using the CS kernel extracted
from quasi-TMDWFs.

The final results for the TMDWF at yn = 0, Pfix =
4.30 GeV, and µ = 2 GeV are shown in Fig. 9 as a
function of the momentum fraction x for three di!erent
hadron momenta. Two representative transverse separa-
tions, b→ = 4a (upper panel) and b→ = 8a (lower panel),
are selected for illustration. As can be seen, the variation
between di!erent momenta remains mild in the moder-
ate x region, demonstrating the validity of power expan-
sion in large P z within the quasi-TMD framework, where
power corrections are small. The shaded gray bands
(x < 0.11 and x > 0.89) indicate the endpoint regions
where the estimated combined systematics are greater
than 30%. The combined systematics include the varia-
tion of scales and power corrections, which are estimated
by the variation of the initial scale µ0 of the RGR pro-
cedure by a factor of

→
2 and the spread in the central

values of the TMDWFs with di!erent momenta, respec-
tively. More detailed discussion can be found in App. G.

FIG. 9. The light-cone pion TMDWF at yn = 0, Pfix = 4.30
GeV and µ = 2 GeV of di!erent hadron momenta, P z, as
the functions of momentum fraction, x, and for two trans-
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panel). The shaded gray bands (x < 0.11 and x > 0.89)
indicate the endpoint regions where the estimated combined
systematics are larger than 30%. The detailed estimation of
the systematics is explained in App. G.

D. Pion TMDPDF in b→ and k→ space

The combination of the CG kernel, intrinsic soft func-
tion, and renormalized quasi-TMD beam functions en-
ables the extraction of the light-cone TMDPDF using
the factorization formula in Eq. (9). The final results for
the TMDPDF at ω = µ2 = 4 GeV2 are shown in Fig. 10
as a function of the momentum fraction x for three dif-
ferent hadron momenta. Two representative transverse
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• Evolving all quasi-TMD WFs to Pz=2.58 GeV using the calculated 
CS kernel;


• Numerical integration within 0.05 < x < 0.95 with small cutoff 
effects.

Intrinsic soft factor
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FIG. 7. Extrapolations of reduced quasi-TMDWF using Eq. (35). From left to right, the three panels correspond to hadron
momenta P z = 3.44, 3.87 and 4.30 GeV, respectively. All of three cases are evolved to PFF = 2.58 GeV using the rapidity
evolution of quasi-TMDWF. The shaded red bands indicate the regions constitute the input for the extrapolation fit.

FIG. 8. Intrinsic soft function in CG at µ = 2 GeV in the ratio
scheme, for di!erent hadron momentum pairs of the quasi-
TMDWF, PWF, and form factor, PFF. The final results are
shown as red points with error bars (see text for details). The
corresponding one-loop fixed-order perturbative results are
the red dashed line, and the one-loop RG-resummed (RGR)
perturbative results are the blue dashed line.

where the CS scale is evolved from ω0 = (2xP z)2 and
ω̄0 to ω = (2xPfix)2 and ω̄ using the CS kernel extracted
from quasi-TMDWFs.

The final results for the TMDWF at yn = 0, Pfix =
4.30 GeV, and µ = 2 GeV are shown in Fig. 9 as a
function of the momentum fraction x for three di!erent
hadron momenta. Two representative transverse separa-
tions, b→ = 4a (upper panel) and b→ = 8a (lower panel),
are selected for illustration. As can be seen, the variation
between di!erent momenta remains mild in the moder-
ate x region, demonstrating the validity of power expan-
sion in large P z within the quasi-TMD framework, where
power corrections are small. The shaded gray bands
(x < 0.11 and x > 0.89) indicate the endpoint regions
where the estimated combined systematics are greater
than 30%. The combined systematics include the varia-
tion of scales and power corrections, which are estimated
by the variation of the initial scale µ0 of the RGR pro-
cedure by a factor of

→
2 and the spread in the central

values of the TMDWFs with di!erent momenta, respec-
tively. More detailed discussion can be found in App. G.

FIG. 9. The light-cone pion TMDWF at yn = 0, Pfix = 4.30
GeV and µ = 2 GeV of di!erent hadron momenta, P z, as
the functions of momentum fraction, x, and for two trans-
verse separations b→ = 4a (upper panel) and b→ = 8a (lower
panel). The shaded gray bands (x < 0.11 and x > 0.89)
indicate the endpoint regions where the estimated combined
systematics are larger than 30%. The detailed estimation of
the systematics is explained in App. G.

D. Pion TMDPDF in b→ and k→ space

The combination of the CG kernel, intrinsic soft func-
tion, and renormalized quasi-TMD beam functions en-
ables the extraction of the light-cone TMDPDF using
the factorization formula in Eq. (9). The final results for
the TMDPDF at ω = µ2 = 4 GeV2 are shown in Fig. 10
as a function of the momentum fraction x for three dif-
ferent hadron momenta. Two representative transverse
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• The Coulomb-gauge quasi-TMDs provide a new way to calculate 
TMDs from lattice QCD;


• The operator definition of the quasi-soft factor is derived using 
SCET;


• The quasi-soft factor (or intrinsic soft function) can be obtained from 
the same form factor in the traditional approach;


• A fine lattice, heavy quark mass calculation of the intrinsic soft 
function shows nice agreement with perturbation theory at small bT.


• Future improvement: physical quark masses, continuum limit, 
higher-order perturbative corrections, etc.

Summary
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