
Proton isovector helicity PDF at NNLO and the twist-3 moment d̃2
from lattice QCD at physical quark masses

Xiang Gao, Andrew D. Hanlon, Swagato Mukherjee, Peter Petreczky,
Hai-Tao Shu, Fei Yao, Rui Zhang, Yong Zhao

Center for Theoretical Physics – a Leinweber Institute, MIT
BNL · Kent State · CCNU · ANL

LaMET 2026 Workshop

R. Zhang et al. (ANL/BNL) Helicity PDF & d̃2 from Lattice QCD LaMET 2026 Workshop 1 / 20



Outline

1 Introduction & Motivation

2 Lattice Setup & Matrix Elements

3 Moments of the Helicity PDF

4 The Twist-3 Moment d̃2

5 x -dependent Helicity PDF from LaMET

6 Summary & Outlook

R. Zhang et al. (ANL/BNL) Helicity PDF & d̃2 from Lattice QCD LaMET 2026 Workshop 2 / 20



Why the quark helicity PDF g1(x)?

Leading-twist quark PDFs of the nucleon: unpolarized,
transversity, helicity.
g1(x): di�erence of quark densities with spin aligned
vs. anti-aligned with a longitudinally polarized proton.
First moment ∆ quark-spin contribution to proton spin
(in both Ji and Ja�e–Manohar decompositions).
EMC æ “proton spin puzzle”.
modern global fits: quark spin ≥ 30% of proton spin.
Confirmed by lattice QCD (‰QCD and ETMC).

Experimental probes
polarized DIS & SIDIS, RHIC pp, COMPASS,
HERMES;
future: JLab-12 GeV, EIC, EicC.

This work
First-principles lattice QCD determination of the
isovector gu≠d

1 (x), its moments, and the twist-3
moment d̃2.
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Beyond leading twist: the moment d̃2

g2(x) probes quark–gluon correlations.
Related to transverse spin structure function gT (x) = g1(x) + g2(x)
Reduced twist-3 moment

d̃2 ©

⁄ 1

≠1
dx x2 [ 3gT (x) ≠ g1(x) ] =

⁄
[dx ] S≠(x1, x2, x3).

Semiclassical interpretation: average transverse color Lorentz force on the struck quark.
Experimentally demanding (g2, d̃2 less precise than leading twist).

Strategy of this work
Extract d̃2 in the MS scheme for the first time via a short-distance factorization (SDF) of nonlocal
correlators (Braun–Ji–Vladimirov framework), complementing local twist-3 determinations that su�er
from power-divergent mixing.
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The LaMET framework

Light-cone PDFs ∆ not directly computable in
Euclidean lattice QCD.
LaMET (Ji): Universality class of Euclidean lattice
correlators (quasi-distributions) sharing the same IR
as light-cone PDFs.
Matched perturbatively in Bjorken-x space; power
corrections ≥ �2

QCD/(2xPz)2.

g1(x , µ) =
⁄

C(x , y , µ, Pz) g̃1(y , Pz , µ) + O

1
�2

QCD
(2xPz )2

2

Recent theory developments included
Hybrid renormalization + leading renormalon
resummation (LRR)
NNLO matching kernel
RG resummation (RGR) + threshold
resummation (TR)
SDF for z-space matrix elements
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Lattice setup

nf = 2 + 1 HISQ sea (HotQCD), physical

quark masses.
Clover-Wilson valence quarks on HYP-smeared
gauge fields.
mfi ¥ 140 MeV.
Boosts Pz = 2fi

aN‡
{0, 1, 4, 6} =

{0, 0.25, 1.02, 1.53} GeV.
tsep/a = 6, 8, 10, 12 (12 only for gA).
AMA (exact + sloppy), multigrid QUDA,
Coulomb-gauge momentum smearing.

— a[fm] mfi[GeV] N‡ N· #conf

7.13 0.076 0.14 64 64 350

Table 1: Ensemble parameters.

Highlight
Computed at the physical point on a fine lattice
(a = 0.076 fm) — achieving both simultaneously remains
challenging.
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Nonlocal matrix elements

Spatially separated quark bilinear with a straight Wilson line:

O�(z) © Â̄(zẑ) � W (zẑ , 0) Â(0).

Twist-2 helicity (� = i“5“z)

h̃B
1 (z , Pz , a) = 1

2E ÈP, S|O�|P, SÍ

Twist-3 transverse (� = i“5“x)

h̃B
T (z , Pz , a) = 1

2mN
ÈP, S|O�|P, SÍ

Isovector combination u ≠ d ∆ no disconnected diagrams.
Normalizations remove trivial boost factors from external spinors.
Extracted from 3pt/2pt ratios; symmetry in z æ ≠z (Re even, Im odd) used to average ±z .
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Extracting bare matrix elements: two-state fits

R1/T (·, tsep, Pz ; z) ©
C�

3pt
C2pt

≠≠≠≠≠≠æ
tsep∫·∫0

h̃B
1/T (z , Pz)

En, amplitudes from 2-state 2pt fits, fed into 3pt
analysis.
Omit 2 time slices near source/sink to suppress
excited-state contamination.
Uncorrelated fits (large condition numbers),
bootstrap errors.
≠32a Æ z Æ 32a.

Figure
R1 at Pz = 1.53 GeV and RT at Pz = 1.02 GeV — data well
described by 2-state ansatz.
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Bare matrix elements h̃B
1,T (z , Pz , a)

At z = 0: all boosts & channels agree ∆ local
axial current, gA = ZAh̃B(0).
Twist-3 signal degrades at large Pz : extra
mN/E kinematic suppression.
Clear momentum dependence: |h̃B

1,T | falls
faster in z as Pz increases.
Axial charge: gu≠d

A = 1.211(12).
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RG-invariant ratio & OPE

Multiplicative renormalizability ∆ RG-invariant ratio cancels UV:

M1(⁄, z2) ©
h̃B

1 (z , Pz)
h̃B

1 (z , P0
z )

h̃B
1 (0, P0

z )
h̃B

1 (0, Pz)
= h̃MS

1 (⁄, z2µ2)
h̃MS

1 (⁄0, z2µ2)
, P0

z = 0.

OPE: M1 =
q

n Cn(µ2z2) (≠izPz )n

n! Èxn
Í

q
n Cn(µ2z2) (≠izP0

z )n

n! ÈxnÍ

+ O(�2
QCDz2).

Èx0
Í = gA; Re part æ even moments, Im part æ odd moments.

Wilson coe�cients: NLO known; NNLO from unpolarized “z .
Fit moments near physical scale µ0 ≥ 2Ÿe≠“E /z , then RG-evolve to µ = 2 GeV (anomalous dims to
3-loop; — to 5-loop).
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Helicity moments at µ = 2 GeV

1 2 3

0.

0.05

0.1

0.15

0.2

0.25

0.3

<x4>
<x3>
<x2>

<x1>

z/a

<x
n >
u-
d
(μ
=2
G
eV

)

LO
NLL
NNLL

1 2 3

0.

0.1

0.2

<x4>
<x3>
<x2>

<x1>

z/a

<x
n >
u+
d
(μ
=2
G
eV

)

LO
NLL
NNLL

Results (fit region z œ [1, 3]a)
ÈxÍu≠d = 0.291(7), Èx2Íu≠d = 0.101(10)

ÈxÍu+d = 0.183(6), Èx2Íu+d = 0.073(3)

NLL ¥ NNLL ∆ good perturbative convergence.
Higher than moments from JAM22 global fits.
Errors: statistics + scale variation Ÿ œ [1/

Ô
2,

Ô
2].
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Short-distance factorization for d̃2

Transverse RG-invariant ratio:

MT (⁄, z2) ©
h̃B

T (z , Pz)
h̃B

T (z , 0)
h̃B

T (0, 0)
h̃B

T (0, Pz)
.

NLO matching (Braun–Ji–Vladimirov) — d̃2 enters at O(⁄2):

h̃MS
T (⁄, z2µ2) =

⁄ 1

0
d– h̃MS

1 (–⁄, z2µ2) ≠
–sCF

fi
a0 + i⁄–sCF

3fi
a1

+ ⁄2

3

Ó
d̃2 + 7–s CF

24fi a2 + . . .
Ô

+ O(⁄3).

Naive WW subtraction does not remove twist-2 at NLO (C (1)
T ”= C (1)

1 ) ∆ calculable an remainder.
Genuine twist-3 d̃2 appears with a perturbative coe�cient ∆ clean lever arm.
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Extracting d̃2

Build the subtracted, twist-2–improved combination
M

tw3
T (⁄, z2µ2) ∆ Re part Ã ⁄2 at small ⁄,

coe�cient controlled by d̃2.

First MS result

d̃u≠d
2 (µ = 2 GeV) = 0.0024(46)

(statistical error; systematics to be studied)

Combined fit over z œ [2a, 4a], full NLO kernel.
Consistent with zero ∆ strong suppression of the
lowest chiral-even twist-3 correlation.
Compatible with polarized-DIS extractions & model
studies.

R. Zhang et al. (ANL/BNL) Helicity PDF & d̃2 from Lattice QCD LaMET 2026 Workshop 13 / 20

Rui Zhang
(QCDSF)



Hybrid renormalization + renormalon resummation

h̃R
1 (z , Pz) =

Y
___]

___[

h̃B
1 (z , Pz , a)
h̃B

1 (z , 0, a)
, |z | Æ zs

h̃B
1 (z , Pz , a)

h̃B
1 (zs , 0, a)

e(”m+m0)(z≠zs ), |z | Ø zs

Ratio scheme at small z; linear + log UV divergence
subtracted at large z.
a ”m = 0.1597(16) from static potential.
Renormalon ambiguity in ”m removed via LRR
(principal-value) ∆ m0(·) in same scheme as matching.
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Wilson coe�cients C0(z2, µ2) improved with LRR and RGR .
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Asymptotic extrapolation & Fourier transform

Form 1 (Regge / dispersive)

h̃asy
1 (⁄, Pz) = A e≠me�⁄/Pz

|⁄|d

me� ¥ 0.77(60) GeV, ‰2/dof = 1.47.

Form 2 (rigorous large-z)

h̃asy
1 =

1
Ae i„ sgnz + AÕei„Õsgnz

|z|

2
e≠|z|�

� ¥ 0.47(11) GeV, ‰2/dof = 0.78.

Extrapolation uncertainty bounded, Ã 1/x .
Discrepancy between Form 1 & 2 kept as systematic.
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Perturbative matching with resummations

NNLO matching kernel in MS; hybrid-scheme NNLO correction following the unpolarized case.
Large logs require resummation:

RGR for x æ 0: µh = 2xPz soft.
Threshold (TR) for x æ 1: µi = 2(1 ≠ x)Pz soft.

LRR implicitly applied to cancel the linear power correction.
C(x , y , µ, Pz) = PC (µ, µh) ¢ C(µh, Pz), C xæy

≠≠≠æ S(µh) ¢ H(µh).

Reliable window
Both 2xPz and 2(1 ≠ x)Pz perturbative ∆ trustworthy region x œ [0.25, 0.75] (x0 Ã �QCD/2Pz),
improvable at higher Pz .
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x -dependent isovector helicity PDF

NLL & NNLL consistent; NNLO reduces scale
variation in perturbative region.
More elevated distribution in mid-x
(x œ [0.4, 0.7]) vs. global fits.
Good agreement with Coulomb-gauge (no
Wilson line) result for x < 0.6; discrepancy for
x > 0.6 likely power corrections at
Pz ¥ 1.5 GeV.

Higher Pz (e.g. kinematically enhanced interpolators) needed
to extend the reliable range & reduce power corrections.
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Constraining endpoints with SDF

Model endpoints, keep LaMET prediction in mid-x :

g1(x) =

Y
_]

_[

f (x0) xa/xa
0 , x < x0

f (x), x0 < x < 1 ≠ x0

f (1 ≠ x0)(1 ≠ x)b/(1 ≠ x0)b, x > 1 ≠ x0

Fit RG-invariant ratio at z = {0.076, 0.152, 0.228} fm,
x0 = 0.3, NNLO kernel.
g+

1 : a = ≠0.38(9), b = 1.68(87), ‰2/dof = 0.16.

g≠
1 : a = ≠0.10(83), b = 0.15(22), ‰2/dof = 1.21.

Endpoint regions still subject to model / cuto�-x0 uncertainties (not yet quantified).
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Summary

Physical-point, fine-lattice (a = 0.076 fm) study of the proton spin-dependent quark structure.
Helicity moments via OPE of RG-invariant ratios (NNLO):

ÈxÍ
u≠d = 0.291(7), Èx2

Í
u≠d = 0.101(10).

First SDF extraction of the twist-3 moment:

d̃u≠d
2 (2 GeV) = 0.0024(46) (consistent with 0).

SDF isolates a genuine twist-3 moment from nonlocal correlators, avoiding power-divergent mixing
of local operators.
x-dependent gu≠d

1 (x) in LaMET with hybrid+LRR renormalization, NNLO matching, RGR+TR
∆ reliable x œ [0.25, 0.75]; endpoints modeled with SDF.
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Outlook

Tighter control of lattice systematics:
Multiple lattice spacings (continuum limit).
Increased statistics & improved excited-state control (See Yushan’s talk).

Higher Pz (kinematically enhanced interpolators, see Daniel’s talk) to expand the LaMET window
in x and reduce power corrections.
Cross-check systematics in the LaMET calculation with other operators such as the CG method and
the current-current operator (See Jialu’s talk), and with momentum space method (See Rui’s talk)
Higher precision and full quantification of systematics for d̃2.
More flexible endpoint parametrizations & finer lattices to reduce model dependence.

Thank you!
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