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Transverse-momentum-dependent distributions

Quark

Polarization Semi-Inclusive DIS Drell-Yan

o~ fqp(T,kT)Dpjg(T, k) O~ fa/p(@, k) fq/p(2, k)

Fragmentation
h Dh/q (a:, k‘T)

Nucleon
Polarization

® 3D image: longitudinal momentum fraction x and confined motion l_c)T.
® Essential for spin-orbit structure and precision QCD phenomenology.
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Nonperturbative TMDs remains underconstrained

® Helicity and unpolarized TMD ratio ® Collins-Soper (rapidity evolution) kernel
1.0 prp—— 0‘85 D(b,2GeV)
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— Sparse data leave sizable freedom in
u INTC the nonperturbative region.
0.2 7 PRL 134 (2025)
00 T ————— — Different parametrizations can give
02l Q = 2GeV oo visibly different TMD physics.
T e T — Lattice QCD provides complementary
kr (GeV) first-principles constraints.




T_MDs from lattice: quasi-TMDs

- Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020);

« A. Vladimirov, A. Schafer Phys.Rev.D 101 (2020), 074517
- |. Stewart, Y. Zhao et al., JHEP 09 (2020) 099

- X. Ji et al., Phys.Rev.D 103 (2021) 7, 074005

@ Equal-fime GI correlators with SPGCiGI separafions. + . Stewart, Y. Zhao et al., JHEP 08 (2022) 084

Quasi TMD

b b
(P 1/1(7, bL)FW:zl//(—j,O) | P)
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® Approaching light-cone TMDs in the large momentum limit (LaMET).

41
bt o
(=0 br
- > bz
O hT .
W(?a J_)
!
Light-cone TMD
Py b b I'W. b 0)|P
( |'//(79 1) :|+l//(_79 )| P)
+ bt

= (P| (= bJ_)F‘//(_7aO) [yi—o | P)



The universality class of quasi-distributions

® Physical gauges, including Coulomb gauge (CG) and axial gauge, define

- XG, W.-Y. Liu, Y. Zhao, PRD 109 (2024) 9, 094506

qUGSi-PDF/TMD OPGT‘G"'OI”S Wi'l'hOU'l' Wi ISOn li neS. - Y. Zhao, PRL 133 (2024) 24, 241904

® In the large-momentum limit, they approach the same light-cone TMD.
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Large PZ expansion and perturbative matching

- Ji, Liu and Liu, NPB 955 (2020), PLB 811 (2020);

« A. Vladimirov, A. Schafer Phys.Rev.D 101 (2020), 074517
- |. Stewart, Y. Zhao et al., JHEP 09 (2020) 099

- X. Ji et al., Phys.Rev.D 103 (2021) 7, 074005

- |. Stewart, Y. Zhao et al., JHEP 08 (2022) 084

* Y. Zhao, PRL 133 (2024) 24, 241904

Collins-Soper kernel

| (2xP,)? N 1 A%QCD
— H 9 XP ejyg(//t,bT)ln g x, b ° 2 1+ @ %
V (. xP) By DU Ol 20

1}
Physical TMD

® Large momentum expansion (LaMET) towards light-cone TMDs.

e Perturbative matching Hf(,u, xP,) and power corrections are scheme
dependent: GI/CG/other physical gauge.




Collins-Soper kernel from CG quasi-TMD

Ge. b P ) perturbative correction
NS X, ’ 9” NQ
yMS(by. ) = In | ————"—| +&™MCx, u, P}, P))
ln(Pz/Pl) ¢(X, bj_a P19 /’t)
i —N3LL [FY23 ’ MAP22 ¢ GI

HSO24 ART23 © ASWZ24 & CG

— Consistent with most recent
global fits and GI quasi-TMD
approach with improved

yMS(b 1, 1)

signal in nonperturbative b
region.

0.2 0.4 0.6 0.8
by [fm]

- D. Bollweg, XG, S. Mukherjee, Y. Zhao, PLB 852 (2024) 138617
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Ratios of TMDPDFs from quasi-TMD beam functions

Physical TMD

: = . P, 1 AQCD

l ' 27(/4 b)In
SI(bT’ﬂ) —Hf(,u,xP)e5Cf(x b . C){l_l_@[(XPZbT)Z (xPZ)Z]}

fl(x bT» , 1) fl(x br,C, 1)
fo(x, by, P, u)  h b Cop)

+p.c.

® Ratios cancel soft factor & perturbative corrections & scale evolution.

® Renormalization-group-invariant (RGl).
® Valid to all orders in perturbation theory up to power corrections.




Lattice benchmark for u — d heli. and unpol. TMDPDFs

2.5
X 02 03 04 0.6
81AL”+_M+(X, br) 1 §1A£‘+‘Ad+(x, br) 1 IM%DH 1. HE o ¢ A
= — 2.0 “Hel
f]uv_dv(xa bT) gA fbltv_dv(xa bT) gA L - - -
1.5F
g1 = @" - @" 1.0F
Helicity - i
0.5r --r’l’r/’/’
f1 = @ Lattice | H
Unpolarized 0.0 , . ! [ 11,
benchmark 0.2 0.4 0.6 0.8 1.0
br [tm]

- D. Bollweg, XG, S. Mukherjee, Y. Zhao, PRL 135 (2025), 201901

Combining with soft function gives individual
TMDPDFs: see Jinchen’s talk today




Towards physical-continuum limit: CS kernel

C\over valence quark on HISQ ensemble

o The GG uasi-disrbution approacn MRS
(2.56)°

has shown great efficiency in e (e 0.00, 1.45, 1.94, 2.42

computing nonperturbative TMDs. @ 0.050 64 64 ' 140 ) (3.20)° 0.00, 1.16, 1.55, 1.94

® Next Step' toward the physica\— ® 0.050 80 80 ',f 140 (4.00)? 0.00, 1.55, 1.86, 2.17

continuum limit, large momentum @000 48 64} 140 [ o 0.00, 1.29, 1.72, 2.15

imit ® 0.060 64 6t | b 15 (3.84)* 0.00, 1.29, 1.61, 1.94
® 0076 64 64 \140 f (4.86)° 0.0, 1.27, 1.53, 1.78, 2.04

Al at the physical point

Main systematics to control

Ongoing project: nonperturbative | | q
e -continuum extrapolation (@ =~ — ©0)

CcS kernel "> (b 1) from quasi-
TMD wave function

-power corrections (P, — oo extrapolation)

-finite volume effect
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Towards physical-continuum limit: CS kernel

C\over valence quark on HISQ ensemble

® [he CG quasi—d's’[nbu’uon approach -- Paidiaal
(2.56)°

has shown great efficiency in thon JoEanaieem \
Computing nonper:eraJve TMDs. @ 0.050 64 64 140 (3.20)° 0.00, 1.16, 1.55, 1.94
® Next step: toward the physical- e = = o0F | 000,155,186, 217
COrtlnuum “mlt ‘arge momentum ® 0.060 48 64 140 (2.88)° :', 0100, 1:29: 172,215
limit @® 0.060 64 64 135 (3.84)* Y .00, 1.29, 1.61, 1.94
| ® 0076 64 64 140 (4.86)° 0.00\ 127,153, 1.78, 2.0f

Large momenta
boost:
relativistic pion

cs kernel yV'°(b,, ;1) from quasi- ‘;
o carm meonier @ e i | P,/E €0.992,0.999]

TMD wave fUNCﬁOﬂ | @ 643x64, a=0.05fm O 643><64,a=0.076fm;

@ 5803x80, a=0.05fm

Ongoing project: nonperturbative




Quasi-TMDWF matrix elements: local-case check

0.18

0.16 |
0.14 |
0.12
0.10 F

- 0 64°%x64,a=0.04 fm

B
0.08 | % 483 % 64,2 =0.06 fm
o

0.06

Bare matrix element at by = b, = 0

643 x 64,a=0.05 fm
803 % 80,a=0.05 fm

643 X 64,a=0.06 fm
643 x 64,a=0.076 fm

12

(Q|y(0,00l'yw(0,0)| z+, P.) = P,¢p2(0,0,P,, a)

.’.'i r

| |Bare decay constant qu(a) = f.1Z,(a)
1 | ® broadly close to physical 1.~ 0.13 GeV
due to renormalization factor Z,(a) ~ 1

'te-volume effect visible only for smallest

dll

CE

® decay constant of excited states are
largely different: ground state under control




gjasi-TMDWF matrix elements: ratio renormalization

1.0 F —4- 64°x64,a=0.04 fm, P,=0.000 GeV, by=0.000 fm -
- 643 X 64,a=0.05 fm, P,=0.000 GeV, br=0.000 fm -

B 3 o
7B —4- 803%80,a=0.05 fm, P,=0.000 GeV, b7=0.000 fm
¥ R F(bj_a bza Pza a) ¢F(O,O,O,a) 0.8 i 3§~ 483x64,a=0.06 fm, P,=0.000 GeV, br=0.000 fm |
(I) (b b P ) — s —4- 64°>x64,a=0.06 fm, P,=0.000 GeV, by=0.000 fm _
L7272 ~B b O O ~B O O P —$ 64°x64,a=0.076 fm, P,=0.000 GeV, b7=0.000 fm-
¢r(01,0,0,a)  ¢p(0,0,P,, a) . ;

% N

Remove the shared

Cancel the common
renormalization factor

02

ZCG( ) systematics: FV, a“,... P, = f% _
q a X0 o e e e s e e S S S S S S S S Sy S
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
b, [fm]
10F smee 0 - 64°x64,a=0.04 fm, P, =0.000 GeV, b7=0.600 fm - 10p Smeee. F- 647x64,a=0.04 fm, P,=0.000 GeV, b7 =0.920 fm -
§ —4- 64°x64,a=0.05 fm, P,=0.000 GeV, b7=0.600 fm - -4 643x64,a=0.05 fm, P,=0.000 GeV, by=0.900 fm -
[ -4~ 80°%80,2=0.05 fm, P,=0.000 GeV, b7=0.600 fm i —4- 80%x80,a=0.05 fm, P,=0.000 GeV, by=0.900 fm
0.8 F —$- 483x64,a=0.06 fm, P,=0.000 GeV, br=0.600 fm 0.8k —$- 483x64,a=0.06 fm, P,=0.000 GeV, br=0.900 fm _
" —4- 64°x64,a=0.06 fm, P,=0.000 GeV, b7=0.600fm 4 ' -4 643x64,a=0.06 fm, P,=0.000 GeV, by=0.900 fm -
—$- 64°>x64,a=0.076 fm, P,=0.000 GeV, b7 =0.608 fnr] —$- 64°x64,a=0.076 fm, P,=0.000 GeV, br=0.912 fnr]
0.6 0.6
04F 04
0.2F 0.2
' P.=0,b ' P.=0,b, X
l P z — Yo V1 - _ P z — Y YL
0.0 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII 0'0 lllllllllllllllllllllllllllllllll
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
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gjasi-TMDWF matrix elements: zero momentum

® Mild discretization effect
observed: controllable continuum
imit.

® Finite-volume effect mainly visible
at large b, and b, for low P, case.

¥ 64°x64,a=0.04 fm, P,=0.000 GeV, by=0.600 fm -

1.0

i —4- 643x64,a=0.05 fm, P,=0.000 GeV, b7=0.600 fm -

[ —4- 80%x80,a=0.05 fm, P,=0.000 GeV, by =0.600 fm
0.8+ —$- 483x64,a=0.06 fm, P,=0.000 GeV, b7=0.600 fm _

" —4- 64°x64,a=0.06 fm, P,=0.000 GeV, b7=0.600fm 4

B —$- 64°x64,a=0.076 fm, P,=0.000 GeV, br=0.608 fnr]
0.6 [ .
0.4 -
0.2 :

' P.=0, b, 0.6 fm ]

P, , b, = 0. :
0.0

| 1 | | | 1 | | | ] | | | | | | | 1 | | | ] | | | 1 | | | | | | |

0.0 0.2 04 0.6 0.8 1.0 1.2 1.4
b, [fm]
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10k o« " F 64°x64,a=0.04 fm, P,=0.000 GeV, by=0.000 fm -
- 4 643x64,a=0.05 fm, P,=0.000 GeV, b7=0.000 fm
I —$- 80°x80,a=0.05 fm, P,=0.000 GeV, b7=0.000 fm |
08k 3§ 48°x64,a=0.06 fm, P,=0.000 GeV, br=0.000 fm _
L —4- 643x64,a=0.06 fm, P,=0.000 GeV, b7=0.000 fm _
- —4- 643x64,a=0.076 fm, P,=0.000 GeV, b7=0.000 fm
0.6 [ i
04 .
i N i
“IP=0,b, =0 '
Ctz T Y ML T ]

0.0 1 1 1 1 1 1 1 | | 1 | 1 1 1 | | | 1 1 | | 1 ] 1 | 1 1 1 1 1 | 1 1

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
b, [fm]

I 1 I I 1 1 1 | | 1 I ] | 1 1 | 3l 1 I I | 1 | I 1 1 1 | I 1 | 1 |
1.0F —4- 64°%x64,a=0.04 fm, P,=0.000 GeV, b7=0.920 fm -
. -4 64°>x64,a=0.05 fm, P,=0.000 GeV, by =0.900 fm -
i -4 803x80,a=0.05 fm, P,=0.000 GeV, by=0.900 fm
0.8k —$- 483x64,a=0.06 fm, P,=0.000 GeV, by=0.900 fm _
- —4- 643x64,a=0.06 fm, P,=0.000 GeV, by=0.900 fm -
i —4- 643x64,a=0.076 fm, P, =0.000 GeV, by =0.912 fnr
0.6 T
04 F :
0.2 F )
' P.=0,b, ~09t :
e , 0 & U.Y 1Im _

0.0 ] | ] ] | | | ] ] | ] | ] | | ] | | ] ] ] | ] | 1 1 1 | | | ] | ]

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
b, [fm]



gjasi-TMDWF matrix elements: nonzero momentum

P,~ 1.3 GeV, b, ~ 0.6 fm P,~ 19 GeV, b, 0.9 fm

""" -3~ 483%64,a=0.06 fm, P,=1.292 GeV, by=0.600 fm | 08F _ © 7 T T T T T T T T T 643%64,a=0.04 tm, P, = 1.937 GeV, by=0.920 fm
L —4- 643 %x64,a=0.06 fm, P,=1.292 GeV, b7=0.600 fm [ 3§~ 64°x64,a=0.05 fm, P,=1.937 GeV, by=0.900 fm |
0.8 4 643X 64,a=0.076 fm, P,=1.275 GeV, br=0.608 fm- | —§- 80°%80,2=0.05 fm, P,=1.860 GeV, by =0.900 fm |
i = 0.6k - 483x64,a=0.06 fm, P,=1.722 GeV, by=0.900 fm |
L —§- 643x64,a=0.06 fm, P,=1.937 GeV, by=0.900 fm
—4 643%x64,a=0.076 fm, P,=1.784 GeV, br=0.912 fm

0.4+

02F

0.0 ) ‘;.'-' *SE’\; ." - bl l

e Finite-volume effect no longer critical at large PZ.

® Mild ensemble dependence compared to statistical uncertainties.
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Fourier-transformed quasi-TMDWFs CbR(x, bL,PZ)

b max

OR(x, by, P)=——) e DPLPR(b b, P)

T
b.=0

64°x 64,a=0.05fm; b, ~1fm 64°%x64,a=0.06fm; b, ~1fm 64°%x64,a=0.076 fm; b, ~ 1 fm

llllllllllllllllllllllllllll ; I : I rrrrT v rrrr o rrrrrrora ; | I | l1 29I2G I.V b i 02d ﬁn
. i P }iﬁﬁfﬂz fgggg 081 — P 1614 GeV, br=1.020fm| 08T
0.8 | — P,=1.937 GeV, br=1.000 fm] —A4P, =058 eV, b 1020fm_ i
[ 1 o6} 1 o6}
0.6 | 2 y i
- 1 04t . I
0.4 | - I ] 04r
02| 1 02} 1 oz}
[ I — P,=1275GeV, br=0.988 fm
I i g : I — P,=1529 GeV, br=0.988 fm
I i ! ! - — P,=1.784GeV, br=0.988 fm
| WAl ! | oo B — RS20V pr0gsm
-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50 —050 =025 0.00 0.25 0.50 0.75 1.00 1.25 1.50 —-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50
X X X

e Reasonable signal persists upto b, ~ 1 fmand P, % 2 GeV.

@ The P, dependence is the input for the CS-kernel extraction.
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Joint-analysis for CS kernel: fit strategy

CS kernel perturbative correction
. . P . _
®R(x,b,,P) = DX (x,b), P pexp |In (P—Z> (yMS(bL, 1) C =y (x, pt, P PZ)>
ref
~ Lattice and power correction
X, b, P_}-dependent G—— : ~
quasi-TMDWF \ | r
Joint-fit across
ensembles
Common physical CS :
kernels yMS(b 15 M) - y




Joint-analysis for CS kernel: systematic corrections

CS kernel erturbative correction
P o
- - P _ _
(I)R(x9 bJ_’ PZ) = q)fef(x’ bJ_’ Pref)exp lln (P - ) (yMS(bJ_a //t)ccorr_éyMS(xa U, Pref’ Pz))]
ref

Lattice and power correction

~

X, b, P,}-dependent s

- 2 |
quasi-TMDWF c 142N |, ia (ﬁ)z gontinuum
corr a0 VT b, extrapolation

I ~M_L

Joint-fit across s | Nw
ensembles 4

2
* po )\ 0, 1 Y
+(E> <x2 ' <1—x>2> [K"“l(bl)]
Common physical CS - : .
MK INNe-momenitum power corrections
kernels yY™>(b, u) \_ e )

€
l

5o+ B1eZAANPV. corrections
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Joint-analysis for CS kernel: spline reconstruction

CS kernel perturbative correction
R PZ MS MS /
(. by, P) = B (b, Prpexp | In | — ( (b, 1)Cr —57S(x, 1, P Z))
ref
~ Lattice and power correction

X, b, P,}-dependent -~ -

quasi-TMDWF Spline parameterization

' MS _
Joint-fit across y by, p) = Z 7 d(Oy)

k=1

ensembles
e Interpolating non-common b,

* grids across ensembles with
Common physical CS minimal model dependence.

kernels yM5(b 15 H1) J
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Joint-analysis for CS kernel

X 64> x 64, 647> x 64, 80> x 80, 483 x 64, 643 x 64, 64> x 64,

b a = 0.04 fm, a = 0.05 fm, a = 0.05 fm, a = 0.06 fm, a=0.06fm, a=0.076fm,
P, P, P, P, P, P,

PZ

\\ l ‘// Systematics included in the fit

2

lattice-spacing correction a

global joint fit 5

— . .
—> finite-momentum correction 1 /Pf

fit all ensembles and all large-P,
quasi- TMDWEF data simultaneously @ finite-volume correction (optional)

A 4

common physical CS kernel

yﬁs-(bT 3 /’l)

0 self-consistent .uses full.
information

Insteadof __  Each __  EachPz__ ExtractCS __ Combine

(not done here) ensemble pair kernel first later




Joint-fit quality: Pz-dependence of quasi-TMDWF
Joint fit results for 64> X 64, a = 0.076 fm: ®"(x = 0.4,b 151
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Joint-fit quality: Pz-dependence of quasi-TMDWF
Joint fit results for 64° X 64, a = 0.076 fm: ®*(x = 0.4, , /’

J.9 A

bT=0.152 fm

784 ®

J.7 1

).6 4

3.5+

.4 4

J.3 1

).8 A

).6 4

J.4 4

3.94

J.8 1

J.6 A

.5 4

3:3:4

Py @

b, =0.152 fm

T
1.3

1.4 15 16 17 18 19

bT=0.456 fm

T
2.0

b, = 0.456 fm

T
1.3

T T T T T T
1.4 1.5 1.6 1.7 1.8 1.9

bT=0.760 fm

T
2.0

b, =0.760 fm

T T T T T T
3 1.4 1.5 1.6 17 1.8 19

1
2.0

0.9 -

0.8 4

0.7 1

0.6 4

0.5 4

0.4 +

0.3

® [he joint fit band go through the data
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T
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bT=0.532 fm

point, describing the P, evolution.
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Joint-fit quality: Pz-dependence of quasi-TMDWF
Joint fit results for 64° X 64, a = 0.076 fm: CBR(X =0.4,b,,/ ;a)

bT=0.152 fm bT=0.228 fm bT=0.304 fm bT=0.380 fm
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Joint-fit quality: Pz-dependence of quasi-TMDWF

64°%x 64, a=0.04 fm 64°x64, a=0.05fm 80°x%x80, a=0.05fm

bT=0.280 fm

Joint fit results for other ensembles: CTDR(X =0.4,b,,
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Impact of lattice-spacing and finite-Pz corrections

Ensemble trend and joint-fit extrapolation  Comparison between different corrections

IIIIIIIIIIIIIIIIIIIIIIIII
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e At small b 1, avisible a’ dependence is present and the joint fit follows the
ensemble trend.

® [ he dominant improvement comes from lattice-spacing and finite-PZ corrections
while finite-volume effects are subleading.
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Physical-continuum CS kernel

x-dependence of the fitted CS kernel Comparison with various pheno. and Lat.
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® [he fitted CS kernel is approximately x-independent over the fit window,
indicating controlled finite-Pz effects at current precision.

e Reach b, ~ 1.2 fm with reasonable signal and broadly consistent with

pQCD, phenomenological parametrization, lattice calculation at shorter b 1.




Summary & outlook

e Coulomb-gauge quasi-TMD correlators offer an efficient  qQuark
lattice approach to TMD observables within LaMET. Polarization

e The method has shown its effectiveness in the
extraction of CS-kernel and nucleon-TMDPDF
calculations at physical quark masses.

* \We are now moving toward a physical-mass continuum
determination of the CS kernel.

Nucleon
e Outlook: extend this framework to broad TMD studies, Polarization

with improved control of matching, power corrections,
and lattice systematics.
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