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TMDs and 3D Hadron Structure

TMDs are key inputs for SIDIS and Drell-Yan process!

TMDs

Boussarie et al., TMD Handbook, 2304.03302
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Definitions

𝒚𝒌 =
𝟏

𝟐
𝐥𝐧
𝒌+

𝒌−
𝒚𝒌 → ±∞: rapidity divergence

➢Rapidity divergence :

⊥

𝑡

𝑧

𝑛−

𝑷
𝑷

Ji et al., PRD 71, 034005(2005);

Collins, Vol. 32(Cambridge University Press, 2011).

➢Rapidity divergence subtracted by soft function:

𝒀 as the rapidity cutoff.
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Definitions

• Rapidity scale evolution controlled by :

• The intrinsic/reduced soft function is defined from 

Collins-Soper kernel

Ji et al., PRD 71, 034005(2005);

Collins, Vol. 32(Cambridge University Press, 2011).

CS kernel and 𝑆𝐼 are essential in describing the rapidity 

dependence of TMDs.

• Collins-Soper equation:



7

Lattice & LaMET

෨𝒇𝜞(𝒙, 𝒃⊥, 𝝁, 𝜻
𝒛)𝑺𝑰

𝟏
𝟐(𝒃⊥, 𝝁) = 𝑯𝜞(𝜻

𝒛, 𝝁) 𝐞𝐱𝐩
𝟏

𝟐
𝑲(𝒃⊥, 𝝁) 𝐥𝐧

𝜻𝒛 − 𝒊𝝐

𝜻
𝒇(𝒙, 𝒃⊥, 𝝁, 𝜻) + 𝓞(

𝜦QCD
𝟐

𝜻𝒛
,
𝑴𝟐

(𝑷𝒛)𝟐
,
𝟏

𝒃⊥
𝟐𝜻𝒛

)

LaMET gives a bridge between light-cone quantities and lattice-calculable quantities.

For TMDs
Light-cone TMDs

Quasi-TMDs

Perturbative matching kernel

Lorentz boost

𝑳 → ∞
𝑷𝒛 → ∞

Ji, PLB811(2020); Ebert, JHEP04(2022)
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Lattice & LaMET

𝐾(𝑏⊥, 𝜇) =
1

ln( 𝑃1
𝑧/𝑃2

𝑧)
ln

𝐻𝛤(𝜁2
𝑧, 𝜇) ሚ𝑓𝛤(𝑥, 𝑏⊥, 𝜁1

𝑧, 𝜇)

𝐻𝛤(𝜁1
𝑧, 𝜇) ሚ𝑓𝛤(𝑥, 𝑏⊥, 𝜁2

𝑧, 𝜇)

For intrinsic soft function

Form factor

For CS kernel:
For a better 𝑥-plateau, 

quasi-TMDWFs are 

used here.

Chu et al.(LPC),JHEP 08 (2023) 172

Quasi-TMDWFmatching kernel

Quasi-TMDs

Ji et al. , Nucl.Phys.B 955 (2020)
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Lattice Setup

𝒂/fm 𝒎𝝅/MeV 𝑷𝒛/GeV
𝒏𝒄𝒇𝒈 × 𝒏𝒎𝒆𝒂𝒔

CS Kernel 𝑺𝑰

C32P29

0.10530

292.4 1.47, 1.84, 2.21 984 × 4 984 × 2

C32P23 228.0 1.47, 1.84, 2.21 448 × 10 450 × 24

C48P14 135.5 0.98, 1.22, 1.47 204 × 24 204 × 8 × 12

F32P30 0.07746 303.2 2.00, 2.50, 3.00 1153 × 6 1153 × 6

H48P32 0.05187 317.2 2.00, 2.50, 3.00 550 × 8 550 × 8

Ensembles with multi lattice spacings and pion masses are used.

Du et al. (CLQCD) , Phys.Rev.D 111 (2025).
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Main Strategy

Quasi-TMDWF

Intrinsic Soft Function

Collins-Soper Kernel

Quasi-TMDWF is a common lattice input of two quantities.
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Quasi-TMDWF
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Quasi-TMD Wave Function

⊥

𝑡
𝑧

𝑷𝒛

𝑧 + 𝐿 𝑏⊥

𝒒(−𝒛/𝟐)

ഥ𝒒(𝒛/𝟐 + 𝒃⊥)

෩𝛹± 𝑥, 𝑏⊥, 𝜇, 𝜁𝑧 = lim
𝐿→∞

න
𝑑𝑧𝑃𝑧

2𝜋
𝑒𝑖𝑥𝑧𝑃

𝑧
෩𝛷±0 𝑧, 𝑏⊥, 𝑃

𝑧, 𝐿

𝑍𝑂(𝜇, 𝑎) 𝑍𝐸(2𝐿 + 𝑧, 𝑏⊥, 𝜇)
,

෩Φ±0 𝑧, 𝑏⊥, 𝑃
𝑧, 𝐿 = ⟨0| ǉ𝑞(𝑧 ො𝑛𝑧/2 + 𝑏⊥ ො𝑛⊥)𝛤𝑈⊐,±(𝐿, 𝑧, 𝑏⊥)𝑞(−𝑧 ො𝑛𝑧/2)|𝑃

𝑧⟩.

➢ Bare quasi-TMDWF in coordinate space

➢ Subtracted quasi-TMDWF in momentum space

𝑍𝐸 =

2𝐿 + 𝑧

𝑏⊥
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Large-𝝀 extrapolation and Fourier Transformation

( ) 01 2

1 2
lim , , , , [ ( ) ( )][ ]

( ) ( )

z i

d

c c
z b P a L f b if b e e

i i





  
⊥ ⊥ ⊥

→
 = + +

−


Take different selections of 𝜆 as systematic uncertainty.
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Large-𝝀 extrapolation and Fourier Transformation

𝑷𝒛 dependence of quasi-TMDWFs is the key to extract CS kernel!
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Quasi-TMDWF

Intrinsic Soft Function

Collins-Soper Kernel
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CS Kernel Extraction

(For better visualization, we present a subset of points selected from the 200 data points in each of the 3 cases.)

For different momentum ratios, the results keep stable.

𝒃⊥-unexpanded NLO matching kernel 

is used here.

Tan et al.(LPC), Phys.Rev.D 113 (2026); Avkhadiev et al., Phys.Rev.D 108 (2023)
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Large Momentum Extrapolation

Tan et al.(LPC), Phys.Rev.D 113 (2026) 

Results on different ensembles 

are highly consistent!

The result in the large 

momentum limit is stable.
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Continuum and Physical Pion Mass Extrapolation

Tan et al.(LPC), Phys.Rev.D 113 (2026) 

Short-distance region is 

more sensitive to 

discretization.

Final CS kernel are obtained 

after extrapolation.
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Results of CS Kernel

✓ Continuum limit;

✓ Physical mass;

✓ 𝒃⊥ = 𝟏fm

Chu et al. (LPC), JHEP 08, 172 (2023);

Avkhadiev, et al., PRD 108, 114505 (2023);

Bollweg, et al., PRB  852, 138617 (2024);

Avkhadiev et al., PRL. 132, 231901 (2024);

Bollweg, et al., PRD 112, 034501(2025). 

Bacchetta et al., PRL. 135, 021904 (2025);

Moos et al., arXiv:2503.11201;

Camarda et al., arXiv:2508.06201.

Scimemi et al., JHEP 06, 137 (2020);

Moos et al., JHEP 05, 036 (2024);

Isaacson et al., PRD 110, 073002 (2024);

Kang et al., arXiv:2410.21435;

Lattice: Phenomenological:
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Quasi-TMDWF

Intrinsic Soft Function

Collins-Soper Kernel
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Four Quark Form Factor

𝑏⊥

𝑷𝒛
𝑷𝒛

π π

𝟎
𝒕𝐬𝐞𝐩

➢Four-quark form factor:

➢From the Form Factor Factorization:

Ji et al. , Nucl.Phys.B 955 (2020)
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Correlator & Fit

Zhang et al., Phys.Rev.D 112 (2025)

➢Leading twist:

𝐹 Γ = 𝛾⊥ + 𝐹(Γ = 𝛾⊥𝛾5)

Deng et al., JHEP 09 (2022).

➢Kinetically enhanced 

interpolator:
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From Form Factor to Intrinsic Soft Function

Ji et.al., Nucl.Phys.B 955 (2020),

Deng et al., JHEP 09 (2022).

Form Factor 𝑆𝐼
NLO matching + quasi-TMDWFs

Form factor on ensemble H48P32. Intrinsic soft function on ensemble H48P32.
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Extrapolations

𝑆𝐼 with different pion masses are consistent with each other. 
Li et al., Phys.Rev.Lett. 128 (2022)
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Extrapolations

Strategy i

Strategy ii

Strategy iii

The cross terms hardly 

affect the final results of 𝑆𝐼 . 
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Result of Intrinsic Soft Function

✓ Continuum limit;

✓ Physical mass;

✓ 𝒃⊥ = 𝟏fm

Chu et al.(LPC), JHEP 08 (2023);

Bollweg et al., Phys.Rev.D 112 (2025);

Alexandrou et al., Phys.Rev.D 113 (2026)
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Summary & Outlook

⚫ Collins-Soper kernel and the intrinsic soft function are essential nonperturbative 

inputs for TMDs;

⚫ Both results are extrapolated to the continuum limit and the physical pion mass, 

and reach 𝑏⊥ ∼ 1fm with high accuracy.
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Thank you!
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Back Up
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Subtracted Quasi-TMDWF

Different results have similar behavior.
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Residual imaginary part

➢The CS kernel has an unphysical imaginary part under NLO matching, which is treated as 

systematic uncertainty of CS kernel:

➢ Inspired by Phys.Rev.D 108 (2023) 11, we consider the  𝑏⊥-unexpanded NLO matching 

kernel to reduce the imaginary part of CS kernel.

𝜎sys
Im = 𝐾(𝑏⊥, 𝜇)

2 + Im[𝐾(𝑏⊥, 𝜇)
2] − |𝐾(𝑏⊥, 𝜇)|

Avkhadiev et al., Phys.Rev.D 108 (2023) Tan et al.(LPC), Phys.Rev.D 113 (2026) 
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Uncertainty Analysis

CS Kernel Intrinsic Soft Function

Common

𝛿𝑃
𝑧,𝑚𝜋,𝑎：The difference between extrapolated result and original data with closest

momentum, pion mass or lattice spacing;

𝛿𝜆：The difference between different windows in large 𝜆 extrapolation of quasi-

TMDWF.

𝛿𝑠𝑡𝑎𝑡：The statistical uncertainty.

Different
𝛿𝐼𝑚:The residual imaginary part of CS 

kernel.
/
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Systematic Uncertainty: CS Kernel

𝛿𝑃
𝑧,𝑚𝜋,𝑎：uncertainty in large momentum, continuum and physical pion mass limit extrapolation;

𝛿𝜆： uncertainty in the large-𝜆 extrapolation of quasi-TMDWFs

𝛿𝐼𝑚: unphysical imaginary part of CS kernel
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Systematic Uncertainty: Intrinsic Soft Function

𝛿𝑃
𝑧,𝑚𝜋,𝑎：uncertainty in large momentum, 

continuum and physical pion mass limit 

extrapolation;

𝛿𝜆： uncertainty in the large-𝜆 extrapolation of 

quasi-TMDWFs

𝛿𝑡𝑠𝑒𝑞:The difference in fitting the form factor 

with different selection of source-sink 

separation.


