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> Motivation and Theoretical Framework



TMDs and 3D Hadron Structure
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TMDs are key inputs for SIDIS and Drell-Yan process!

Boussarie et al., TMD Handbook, 2304.03302



Definitions

» Rapidity divergence :

oo [ artap-FETED) /El(k )/‘ gy SETED)
Laiv /dk Ak~ Gy = ) e e,

1. k" C yieo e
Vi = E1nF Y — Too: rapidity divergence

» Rapidity divergence subtracted by soft function:

1 5 5
Sy, pY)= ﬁTr<0\Wn(bL;Y) Wi(b.;Y)|0)

C

Y as the rapidity cutoff.

N~ } g N

-4

Jietal, PRD 71, 034005(2005),
Collins, Vol. 32(Cambridge University Press, 2011).



Definitions

Jietal, PRD 71, 034005(2005),

. .. . . Collins, Vol. 32(Cambridge University Press, 2011).
e The intrinsic/reduced soft function 1s defined from ( & Y /

S(bi,p,Y {S’z bbu}xp 2Y K (by, p)]

* Rapidity scale evolution controlled by :

0
oY In 5Lby, 1Y) = 2@ bL’“ — Collins-Soper kernel

* Collins-Soper equation:

0
Oln+/C

In frvo (2,010, 1,¢) = K (b, )

CS kernel and S; are essential in describing the rapidity

dependence of TMDs. ;



Lattice & LaMET

LaMET gives a bridge between light-cone quantities and lattice-calculable quantities.

o §>|A5l| = Lorentz boost /_,% ------ —

L — oo
PZ > oo

For TMDs

Perturbative matching kernel Light-cone TMDs

T Aoep M2 1
( f(x: bJ_: 22 () + 0( (z ) (PZ)Z ! bizz

" 1 1
Fr(o by, w802 (bL, ) = Hr (8% 1) exp [5 K(by,p)In

)

Quasi-TMDs

Ji, PLB811(2020); Ebert, JHEP04(2022) 7



Lattice & LaMET

For CS kernel: Quasi-TMDs
" ) For a better x-plateau,

In Hr (62, 'u)l/if (e, by, 60 1) quasi-TMDWFs are
In(P*/Py)  \Hp({E w\fr(x, by, (%, 1) used here.

Kb, ) =

Chu et al.(LPC),JHEP 08 (2023) 172

For intrinsic soft function
Form factor
F(by, Py, P, )
[ daydzo H (21, 22)® (22, G5, bu, )@ (21, G, b1, 1)
matching kernel Quasi-TMDWF

Ji et al., Nucl.Phys.B 955 (2020)

SI(bJ_7 ,LL) =




» Lattice Calculation



Lattice Setup

CS Kernel
C32P29 292.4 1.47,1.84,2.21 984 X 4 984 x 2
C32P23 0.10530 228.0 1.47,1.84,2.21 448 x 10 450 X 24
C48P14 135.5 0.98, 1.22, 1.47 204 x 24 204 x 8 x 12
F32P30 0.07746 303.2 2.00, 2.50, 3.00 1153 X 6 1153 X 6
H48P32 0.05187 317.2 2.00, 2.50, 3.00 550 X 8 550 X 8

Ensembles with multi lattice spacings and pion masses are used.

Du et al. (CLOCD) , Phys.Rev.D 111 (2025).
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Main Strategy

Collins-Soper Kernel

1 Hr (¢35, )é(wbl,cl W)
= In (P /P5) ™ Hr (G, )| @ (z,b.,G,p) |

K(by,p) =
Quasi-TMDWF
1 Intrinsic Soft Function

F(b,. P, P
SI(bL,H): (l = QM)

[ dzidaoH (21, 22 OF (29,3, by, u)(z1, (7, by, 1)

Quasi-TMDWF 1s a common lattice input of two quantities.
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Quasi-TMDWF



Quasi-TMD Wave Function

»> Bare quasi-TMDWF in coordinate space

®0(z,by, P, L) = (0|q(2zfi,/2 + byt )T U=+ (L, 7, b,)q(—27,/2)| P?).

q(z/2+b,)

» Subtracted quasi-TMDWF in momentum space

o = »
dzP* &0(z,b,, P% L) Ze= Nb
T (e, by, 1, 0,) = nmf—eixzpz O L
LT se | 2m Z JZ:QL+ 2z, b))
O(ﬂ'a) E( Z, J_'H) - = - >
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Large-A extrapolation and Fourier Transformation

A
. ¥ z _ . ¢ i1 G Z
lim & (2,5, , P ,a,L)—m(bL)+zf2(bl)1[(_m)+e e

|
- B ) =6.3 0.2 i
104 Ap=7.3 ‘
2_ Al =84 e
0.8 - - ¥ b, =3a,P?=1.99GeV

0.6 1

0.4 -
0.2 0.6 1
061 mm 2;=6.3
0.0 - A, =7.3
0.8 1 A} =84

y/Bl = 3a, P*=1.99GeV
!

T == l () T T T T T
20 25 0 5 10 15 20 25
A = 2zP*

Take different selections of A as systematic uncertainty.

14




Large-A extrapolation and Fourier Transformation

Re[W(x, b, =4a, P?, )] on H48P32

B P*=1.99 GeV
P*=2.49 GeV
B PF=12.99 GeV

Im[W(x, b, =4a, P?, u)] on H48P32

B P7=1.99 GeV

()()()-r-—"-"-"-':—-'— -------------------------------------------------- S —0.8 Pz =2.49 GeV
B PZ=2.99 GeV
-0.25 l w5 :
-0.50 -025 000 025 050 075 100 125 150 050 —025 000 025 050 075 100 125 150
X X

P? dependence of quasi-TMDWTFs is the key to extract CS kernel!

15



Collins-Soper Kernel

e Hr (GG, 1) @ (2,616, m)
j“) B ]n(Plz/Pzz) " [HP (Clz’ 1) d (x,by, G 1)
Quasi-TMDWF !
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CS Kernel Extraction

1 HF(CZzaN)(I)(mabHCIZ’N)
K (b1, ) = ey In | oot = b B
(Pf/P5) | Hr (¢, p) @ (=,b1,85, 1)
L0 K(b, =12a, 1) on H48P32 5 Im[K(b, = 12a, u) on H48P32]
S Pi/P;=6/5
X PiP3=5/4
I
0.5 1
—0.5
o T T T; - 0.0 ----}-'—1 N, P . S——" T = -’:',:;- s gy o SR - ~jipp. = — ??-§--'
W38T § EROE § e S B B
0.5
_15 .
© Pi/Pi=6/5
0] © PHPi=6/4 -101 b -unexpanded NLO matching kernel
A P{/P;=5/4 is used here.
_25 T T T T T T T -15 T T T T T T T
0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70
X X

(For better visualization, we present a subset of points selected from the 200 data points in each of the 3 cases.)

For different momentum ratios, the results keep stable.

Tan et al.(LPC), Phys.Rev.D 113 (2026),; Avkhadiev et al., Phys.Rev.D 108 (2023) 17



Large Momentum Extrapolation

Kb, ,u;z,Pf,P;,a,m;) = K(b,,u;a,mz) + A(bL, u;z,a, m;) [

K(b, = 3a, p) on H48P32

1.00 1.0
. | PP> o
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0 PiP:i=6/4 '
— X P;/P;=5/4
0.0 1
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The result in the large
momentum limit is stable.

Tan et al.(LPC), Phys.Rev.D 113 (2026)

1 B 1 ]
(Pf)?  (P5)?
Kb, p)

o o -

C48P14
C32P23
C32P29
F32P30
H48P32

= e e A

gli=

0.2 0.4 0.6 0.8 1.0

S
<)

Results on different ensembles

are highly consistent!
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Continuum and Physical Pion Mass Extrapolation

—0.05 § cagpri4 { F32p30 -0.1 § ca8r14 ¥ F32p30 0.2 § caspi4 §  F32p30
¥ c32p23 ¥ Hasp32 § c32r23 ¥ H4agP32 03 ¥ ©32p23 f H48P32
~0.10 I c32p29 f  Physical point —0.2 i ©32p29 I  Physical point - f  ©32p29 §  Physical point
—0.5
-0.6
-0.7 . . .
o8 Short-distance region is
-0.9 e 0
more sensitive to
150 200 250 300 350 150 200 250 300 350 150 200 250 300 350
mpq/MeV myg/MeV mpg/MeV do o .
1scretization.
K(b, =0.674fm, pn) K(b,; =0.83fm, p) K(b, =1.037fm, n)
A —0.21 A ,
§ c48r14 { F32P30 §  c48r14 1 F32P30 000 § c48r14 §  F32p30
-0.4 T c32r23 § Hasp32 —0.4 I c32r23 § Hasp32 -0.25 § c32p23 f Hagp32
I c32p29 f  Physical point §  ©32p29 I  Physical point o f  ©32pr29 §  Physical point
_06 —u.
-0.6
~0.8 —0.75
-1.00{ . .
08 10} Final CS kernel are obtained
-1.25
-1.24 :
10 150 after extrapolation.
_|.4'
-1.75
150 200 250 300 350 150 200 250 300 350 150 200 250 300 350
my/MeV My/MeV my/MeV

K(bJ_v s @, mw) :K(b_l_a :u) + QQB(bJ-v :UJ) + (m72r o m?r,phy)c(bla ,U)

K(b, =0.207fm, p)

K(b, =0.363fm, )

Tan et al.(LPC), Phys.Rev.D 113 (2026)

K(b, =0.519fm, n)
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Results of CS Kernel

K(b,, K(b,,
s ( L 1) 5 (b, n)
[ SV 19 EEC 24 ART 25
! ART23 = ASWZ 24 CFR 25
0.0 0.0 IFY23  MAPNN25 § This work
03 [ 03 v' Continuum limit;
{ v" Physical mass;
1.0+ \\\ —1.0
= l-loop T ASWZ23 ] v b_l_ = 1fm
_15] — 2loop I DWF24 ~15.
— 3-loop PionCG25 \
[ LPC22 § This work '
-2.0 , : : : - -2.0 : , : : -
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
bl/fm bj_/frn
Lattice: Phenomenological:

Chu et al. (LPC), JHEP 08, 172 (2023);
Avkhadiev, et al., PRD 108, 114505 (2023);
Bollweg, et al., PRB 852, 138617 (2024);
Avkhadiev et al., PRL. 132, 231901 (2024),
Bollweg, et al., PRD 112, 034501(2025).

Bacchetta et al., PRL. 135, 021904 (2025),
Moos et al., arXiv:2503.11201;
Camarda et al., arXiv:2508.06201.

Scimemi et al., JHEP 06, 137 (2020),
Moos et al., JHEP 05, 036 (2024);
Isaacson et al., PRD 110, 073002 (2024);
Kang et al., arXiv:2410.21435;
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Quasi-TM!

DWF ,
1 Intrinsic Soft Function

F(b_L)PIaP27u‘)
f dm1d$2H(x17 x2)q)‘r(x27 sza b_L7 /'l')(b(xh C1z7 b_|_7 ,U,)

SI(b_L7 H’) =

21



Four Quark Form Factor

> From the Form Factor Factorization:

b,, P, P>,
Sl(blaﬂ) (l = )

[ daydao H (1, 22) @t (22, (5, b, p)@(21, (5, b, 1)

» Four-quark form factor:

PZ
Py|g(b.)Tq(b, )g(0)I'q(0)|P — eﬁ
B, B, 0 0 T (P2|q(b1)Tq(by)q(0)l'q(0)|FPr)

~ (0g(0)y*v5¢(0)| P1){P2]3(0)y,v5¢(0)|0)

1
0

Jietal. , Nucl.Phys.B 955 (2020)
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Correlator & Fit

C.‘S(b_l_, F, tseq: t, P:)
2[C3(0,0,0, tseq/2, P?)]

» Leading twist:

FT=y)+FT=yiys) ™

Deng et al., JHEP 09 (2022). 0o

» Kinetically enhanced

interpolator:
uysd — Wy, vsd

Zhang et al., Phys.Rev.D 112 (2025)

F(b,,T, P?)

Form Factor on Ensemble F32P30, P° =2.00GeV. b= 10a

1+ cpeBBtwal?

e 1 > HOH HH

tseq = Ba

tseq =90

tseq = 10a

boeq = lla §

— boeq/2 (a)
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From Form Factor to Intrinsic Soft Function

)

~ 0.20F
Ry 0.15}

?

Z

F(b_l_a/'l’a
o
=

0.00

Form Factor

NLO matching + quasi-TMDWF's

—

0.05F

4 o Fed

P?=1.99 GeV |

P?=2.49 GeV -
P?=2.99 GeV

0.2

Form factor on ensemble H48P32.

Ji et.al., Nucl.Phys.B 955 (2020),
Deng et al., JHEP 09 (2022).

N

1.25—_§ $ P*=1.99GeV 1
1.00} £ P?=2.49 GeV o
=) 3 b P2=2.99GeV
~ 0.75¢} i
5 ¥
1< 0.50} L
n - &
0.25} # ¥ %
0.00} | . T hade
0.0 0.2 0.4 0.6 0.8 1.0
b [fm]

Intrinsic soft function on ensemble H48P32.
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Extrapolations

0.425
0.400
0.375

"X 0.350
— 0.325}
=
U 0.300F
0.275}
0.250
0.225}

Sr(br, 1) = Stim(br, 1) +

(P#)?

$ C32P29 @ C32P23 T
A F32P30 ¥ C48P14
& H48P32 ¢ Continuum T
]
0.00 002 004 006 008 0.10

S; with different pion masses are consistent with each other.
Li et al., Phys.Rev.Lett. 128 (2022)

a/fm]

0.425}
0.400} |
0.375}

"3 0.350F

10325k

o

U 0.300F
0.275}
0.250¢
0.225F

+ Ba® + C(mi, — mpy)

phy

A F32P30 ¥ C48P14

$ C32P29 {1 C32P23
® H48P32 ¢ Physical mass

1 Il 1 I 1 I L :I
0.150 0.175 0.200 0.225 0.250 0.275 0.300 0.325

m,[GeV]
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Extrapolations

: A . :
Strategy i~ S1(b1.1) = Sim(br ) + 57 + Ba® + C(miyy, — mpy,)

. A :
Strategy 11 Si(bi, 1) = Stim(by, p) + (P)? + Ba® + C(miy, — may,) + DaP*

Strategy 111 S;(by, p) = Stim(bi, 1) + + Ba? + C(miy, — m2yy)+D(aP?)?

1.4 it
1o} ﬁ $  Strategy i
Lol ? {  Strategy ii (aP?) _
08| §  Strategy iii ((aP?)*)
© 0.6} ?gi The cross terms hardly
0.4} ¥ affect the final results of ;.
0.21 EEE!!ﬁ 1
0.0l bt b 22

0.0 0.2 0.4 0.6 0.8 1.0
b.L [ﬁn] 26



Result of Intrinsic Soft Function

I | I o I 1 —loop |
1.2} i‘ St
o S}—loop,RGR
| \i\ ® LPC23
o8l o BNL/ANL 25 _
N . E A ETMC 26
) . "h-““.‘ .
E @I\!\ ..,_____-“f‘ This Work
0.4 !-i ““““““““““
0.2 ‘E! ¥y "
AR T
0.0 . , . . ¢
0.0 0.2 0.4 0.6 0.8 1.0

b |fm]

v' Continuum limit;

v' Physical mass;
4 bJ_ = 1fm

Chu et al.(LPC), JHEP 08 (2023),
Bollweg et al., Phys.Rev.D 112 (2025);
Alexandrou et al., Phys.Rev.D 113 (2026)

27



» Summary and Outlook
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Summary & Outlook

® Collins-Soper kernel and the intrinsic soft function are essential nonperturbative
inputs for TMDs;

® Both results are extrapolated to the continuum limit and the physical pion mass,
and reach b; ~ 1fm with high accuracy.

5.8 Kb, m
. [ i 1 i e : 1 - loop '
8 —loop, RGR
007 }\ o g
\ﬁ\i‘ R ® LPC23
—~~ ALY y
0.5 ' . [| 7 X 08} O BNL/ANL 25 |
SR I N 7 ol )£ I ETMC 26
] } ] =2 0.61 R';\f\ ““~~.._ & This Work
_1.0- < cé*- A 1 =L S
- l-doop ¥ ASWZ23 T\ FL 0.4 i-} S
<] = 2-loop ¥ DWF24 | ‘E\ £
1..5 \ - ]
— 3doop © PionCG25 0.2 % ¥y *y
» LPC22 § This work ‘ L a5l | | y | ‘,‘ s ‘ "
%0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

b, /fm b, [fm]
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Thank you!
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Subtracted Quasi-TMDWF

(.b:t() (zv b.La PZ, a, L)

(2, P5 LD )=

ZO(#a a)‘/ZE(zL +Z5 b.La M. a)

Rele~#z®(A, L =12a,b, =4a)] on H48P32

1.2
4 P?=1.99GeV
.,;;-*;fﬂ_;, A P?=2.49GeV
107 L ® P?=2.99GeV
SR
0.8 - P E ®
& 1§
0.6 1 og i gﬁ
% l g
4 o : &
¥ | g
0.2- ¢ m# i g b
ol = b
A e i i Jorssmism i cini il 2
!
|
—0.2 f

0.2
|
|
0.1 1 I
|
2 | —
.
o DL R
b, | @
—0.2 1 ﬁ%& . : e ;‘{%
@zp{? :§>14>.<_:;53"%
25330
—0.3 1 ROl
:
~0.4 E
$ P*=1.99GeV :
051 & P?=2.49GeV i
® P?=2.99GeV !
_0.6 Ll T T T ! T T T 1
=100 -75 =50 =25 0.0 25 5.0 7.5 10.0

Im[e~#7®(A, L =12a,b, =4a)] on H48P32

A=2P?

Different results have similar behavior.
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Residual imaginary part

» The CS kernel has an unphysical imaginary part under NLO matching, which is treated as

systematic uncertainty of CS kernel: gs{}r,g = JK(b,,1)? + Im[K(b,, W)?] — |K(b,, 1)

» Inspired by P/ys.Rev.D 108 (2023) 11, we consider the b, -unexpanded NLO matching
kernel to reduce the imaginary part of CS kernel.

- Im[K(b, = 12a, u) on H48P32]

— o P{/P5=6/5
> : 1.0 - W P1/P§ = 6/4
([, d o} 5 T P | 4 P{/Pj=5/4

= O] ¢ e |
o~ 0.5 v 7 T J'T‘ T i
I T 2 = T % & 1 g | :
Gsls = i3 & o 4 .‘L |
3‘: ().() :kr”—x peeq I - I -LLT IJA‘ ()() N - S oy L B AR - _-_:r A )~ -__§__
~ - [} P Y ¢ l : OYA o ; I 0 } E "?
o - 1 4 S e : 1] + L . &
\1’ 0.5 ! .
=R . ‘ 0.5 1
LO 0 NLO C uNLO V NLL
=
— 1.0 NNLO O NNLL © uNNLL -1.0
(0.0 0.2 0.4 (.6 0.8 1S
7030 035 040 045 050 055 060 065 070
br [fm]

X

Avkhadiev et al., Phys.Rev.D 108 (2023) Tan et al.(LPC), Phys.Rev.D 113 (2026)
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Uncertainty Analysis

CS Kernel

Intrinsic Soft Function

§P°Mma. The difference between extrapolated result and original data with closest

momentum, pion mass or lattice spacing;

8*: The difference between different windows in large 1 extrapolation of quasi-

Common
TMDWEF.
55t The statistical uncertainty.
Different 51™:The residual imaginary part of CS y

kernel.
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Systematic Uncertainty: CS Kernel

z . . . . . . . .
§P7Mma. yncertainty in large momentum, continuum and physical pion mass limit extrapolation;

6%: uncertainty in the large-A extrapolation of quasi-TMDWFs

5™ unphysical imaginary part of CS kernel

Error Contribution

0.354 [ 1 Total error
B Imaginary part
0.304 W ] extrap
B < and m, extrap
0254 HEM P-°extrap
I Statistical error
0.20 1
0.151
0.10 1
0.05 4
0.00 -

2 3 4 5 6 7 8 9 10 11 12 13 14 15
b1 /0.05187 fm




Systematic Uncertainty: Intrinsic Soft Function

0.5 Total Error
. oo
0.4 mmm "
§P7Mma; uncertainty in large momentum, - . o
continuum and physical pion mass limit ‘E’i 0.3
extrapolation; —
P 2!
LQ
54 uncertainty in the large-A extrapolation of 0.2
quasi-TMDWFs
0.1
0060 0.2 0.4 0.6 0.8 1.0

b 1 [fm]

36




