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Entanglement entropies
for Lifshitz fermionic fields at finite density
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. . . and many others

<latexit sha1_base64="HLo8gE+Gv7Bh7HmZ0hjpx86qelQ="></latexit>

[Angel-Ramelli, Giangreco, Thorlacius, (2019)]

<latexit sha1_base64="Zy8L3SThZGdP6ywzQ/PBcdXqAws="></latexit>

[Holzey, Larsen, Wilczek, (1994)]
<latexit sha1_base64="kNsY1P5yCSAOxMmZCav7Sunzkxo=">AAACA3icdVDLSgNBEJz1GeMr6k0vg0GIIMvsakxyE3LxqGASIS6hd9LRwdkHM7NCCIIXf8WLB0W8+hPe/BsnD0FFCxqKqm66u8JUCm0Y+3Cmpmdm5+ZzC/nFpeWV1cLaelMnmeLY4IlM1HkIGqWIsWGEkXieKoQolNgKr+tDv3WDSoskPjP9FIMILmPRExyMlTqFzXYdJIQKNe7ROqhuf4+WfMYOdoNOochcVvHL5UPKXK9cqXr7ltRqVd8qnstGKJIJTjqF94tuwrMIY8MlaN32WGqCASgjuMTb/EWmMQV+DZfYtjSGCHUwGP1wS3es0qW9RNmKDR2p3ycGEGndj0LbGYG50r+9ofiX185MrxoMRJxmBmM+XtTLJDUJHQZCu0IhN7JvCXAl7K2UX4ECbmxseRvC16f0f9L0Xe/QPTj1i0dsEkeObJFtUiIeqZAjckxOSINwckceyBN5du6dR+fFeR23TjmTmQ3yA87bJxtRldk=</latexit>

[Calabrese, Cardy, (2004)]

<latexit sha1_base64="0EfBAgBccgpOXPHSBuFHnDQseGc=">AAACEHicbVDLSgMxFM34rPVVdekmWERXZaZIdVkoiMsKfUFbSia9bUMzyZDcEUrpJ7jxV9y4UMStS3f+jeljoa0HAueec2+Se8JYCou+/+2trW9sbm2ndtK7e/sHh5mj45rVieFQ5Vpq0wiZBSkUVFGghEZsgEWhhHo4LE39+gMYK7Sq4CiGdsT6SvQEZ+ikTuaidFuhWlEcAJ3eQZnqUjGv+0YnrrLIEDqZrJ/zZ6CrJFiQLFmg3Ml8tbqaJxEo5JJZ2wz8GNtjZlBwCZN0K7EQMz5kfWg6qlgEtj2eLTSh507p0p427iikM/X3xJhF1o6i0HVGDAd22ZuK/3nNBHs37bFQcYKg+PyhXiIpajpNh3aFAY5y5AjjRri/Uj5ghnF0GaZdCMHyyqukls8FhdzVfT5bLCziSJFTckYuSUCuSZHckTKpEk4eyTN5JW/ek/fivXsf89Y1bzFzQv7A+/wBw6mbyg==</latexit>

CFT on the line and in the ground state

<latexit sha1_base64="zWU4VmeBeTukvFFB+GjV9Lzm1dA="></latexit>

SA =
c

3
log(`/✏) + . . .

<latexit sha1_base64="eI6IoPNh2L76/u+JCcCv3gIKAlI=">AAAB9XicbVC7SgNBFJ31GeMramkzGITYhF2RaGfAxjKCeUA2htnJ3WTI7MwyM6uEJd9ga2OhiK0/YOUn2Pkh9k4ehSYeuHA4517uvSeIOdPGdb+chcWl5ZXVzFp2fWNzazu3s1vTMlEUqlRyqRoB0cCZgKphhkMjVkCigEM96F+M/PotKM2kuDaDGFoR6QoWMkqMlW58iDXjUmDfSOy2c3m36I6B54k3Jfnz98L3x71/VGnnPv2OpEkEwlBOtG56bmxaKVGGUQ7DrJ9oiAntky40LRUkAt1Kx1cP8aFVOjiUypYweKz+nkhJpPUgCmxnRExPz3oj8T+vmZjwrJUyEScGBJ0sChOO7YujCHCHKaCGDywhVDF7K6Y9ogg1NqisDcGbfXme1I6LXql4cuXmyyU0QQbtowNUQB46RWV0iSqoiihS6AE9oWfnznl0XpzXSeuCM53ZQ3/gvP0AGWGV8g==</latexit>

✏ ! 0



Outline

<latexit sha1_base64="tD6g89pa9J2FiKWSue53NhuyyH0=">AAACGHicbVA9TwJBEN3DL8Qv1NJmIzGxwjti0JLExsICE/lIgJC9ZQ427O1ddudMkPAzbPwrNhYaY0vnv3EPKBR8ySQv783szjw/lsKg6347mbX1jc2t7HZuZ3dv/yB/eFQ3UaI51HgkI930mQEpFNRQoIRmrIGFvoSGP7xJ/cYjaCMi9YCjGDoh6ysRCM7QSt38xZ0IzEDgEw1Ah1YyNFIUB0DTFylDGgglEGgPlBE46uYLbtGdga4Sb0EKZIFqNz9t9yKehKCQS2ZMy3Nj7IyZRsElTHLtxEDM+JD1oWWpYiGYznh22ISeWaVHg0jbUkhn6u+JMQuNGYW+7QwZDsyyl4r/ea0Eg+vOWKg4QVB8/lGQSIoRTVOiPaGBoxxZwrgWdlfKB0wzjjbLnA3BWz55ldRLRa9cvLwvFSrlRRxZckJOyTnxyBWpkFtSJTXCyTN5Je/kw3lx3pxP52vemnEWM8fkD5zpD7EuoCY=</latexit>

Lifshitz fermions on the line at finite density
<latexit sha1_base64="QecxDSHvdgTtXrOZ2vYMcdRKE44=">AAACDnicbVA9SwNBEJ3z2/gVtbRZDAGrcBdELQURLBVMIiQhzG3m4pK93WN3TwjBX2DjX7GxUMTW2s5/4+ajUOODgcd7M7szL86ksC4Mv4K5+YXFpeWV1cLa+sbmVnF7p251bjjVuJba3MRoSQpFNSecpJvMEKaxpEbcPxv5jTsyVmh17QYZtVPsKZEIjs5LnWL5XDlUPUkpKcd8GZ0JskwnDBUTypG5Q9kplsJKOAabJdGUlGCKy07xs9XVPB89yiVa24zCzLWHaJzgku4LrdxShryPPWp6qjAl2x6Oz7lnZa90WaKNL7/UWP05McTU2kEa+84U3a39643E/7xm7pKT9lCoLHek+OSjJJfMaTbKhnWFIe7kwBPkRvhdGb9Fg9ynYAs+hOjvybOkXq1ER5XDq2rp9GgaxwrswT4cQATHcAoXcAk14PAAT/ACr8Fj8By8Be+T1rlgOrMLvxB8fAOBXZxc</latexit>

Entanglement entropies of an interval
<latexit sha1_base64="3UO/Jx6EnFJ5KWZZw6KtvZEME/0=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFA8hd0g0WNABI8RzAOSEGYnnc2Q2dllplcNIX/gxV/x4kERr169+TdOkj1oYkFDUdVN0eXHUhh03W9naXlldW09s5Hd3Nre2c3t7ddMlGgOVR7JSDd8ZkAKBVUUKKERa2ChL6HuDy4nfv0OtBGRusVhDO2QBUr0BGdopU7u5OohZmpiGyoUxT5QvI+oFKFAoQKqIRAhmE4u7xbcKegi8VKSJykqndxXqxvxJASFXDJjmp4bY3vENAouYZxtJQZixgcsgKalitmQ9mj6z5geW6VLe5G2o5BO1d8XIxYaMwx9uxky7Jt5byL+5zUT7F20R0LFCYLis6BeIilGdFIO7QoNHOXQEsa1bYBT3meacbQVZm0J3vzLi6RWLHilwtlNMV8upXVkyCE5IqfEI+ekTK5JhVQJJ4/kmbySN+fJeXHenY/Z6pKT3hyQP3A+fwAO4Jyl</latexit>

Expansions in the two limiting regimes

<latexit sha1_base64="bTmAzyVSBTaxGp3fW3Ul6joohhI="></latexit>

[Mintchev, Pontello, Sartori, E.T., (2022)]

<latexit sha1_base64="kS5UNtEyo39Vx9LblEl8cFcz5/I="></latexit>

[Mintchev, Pontello, E.T., (2022)]

<latexit sha1_base64="YRoZRl61KpITvhrjdhyiojiFfV0=">AAACD3icbVDLSgMxFM34rPVVdekmWBRXZUakuiyI4LKCfUBbyp30ThuaSYYkUyilf+DGX3HjQhG3bt35N6aPhbYeuHA4597k3hMmghvr+9/eyura+sZmZiu7vbO7t587OKwalWqGFaaE0vUQDAousWK5FVhPNEIcCqyF/ZuJXxugNlzJBztMsBVDV/KIM7BOaufObqUF2RUYo7TUlVYJR0NVREFSLi3qAQjazuX9gj8FXSbBnOTJHOV27qvZUSydvMoEGNMI/MS2RqAtZwLH2WZqMAHWhy42HJUQo2mNpveM6alTOjRS2pXbaqr+nhhBbMwwDl1nDLZnFr2J+J/XSG103RpxmaQWJZt9FKWCWkUn4dAO18isGDoCTHO3K2U90MBcDCbrQggWT14m1YtCUCxc3l/kS8V5HBlyTE7IOQnIFSmRO1ImFcLII3kmr+TNe/JevHfvY9a64s1njsgfeJ8/5Wychg==</latexit>

Entanglement entropies of an interval
<latexit sha1_base64="caUPVkFwp8WQ3X/Jw+hdy73rPHw=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwCrtBomXAxjKCeUASwuzkbjJkdnaZuSuEJbWNv2JjoYitX2Dn3zh5FJp44MLhnHtn7j1BIoVBz/t2cmvrG5tb+e3Czu7e/oF7eNQwcao51HksY90KmAEpFNRRoIRWooFFgYRmMLqZ+s0H0EbE6h7HCXQjNlAiFJyhlXruKUOKQ6ABDIRSQg1oHM6EIZMhnb7ac4teyZuBrhJ/QYpkgVrP/er0Y55GoJBLZkzb9xLsZkyj4BImhU5qIGF8xAbQtlSxCEw3m50yoedW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfam4n9eO8XwupsJlaQIis8/ClNJMabTXGhfaOAox5YwroXdlfIh04yjTa9gQ/CXT14ljXLJr5Qu78rFamURR56ckDNyQXxyRarkltRInXDySJ7JK3lznpwX5935mLfmnMXMMfkD5/MHB/qZ0A==</latexit>

at the beginning of the half line
<latexit sha1_base64="3UO/Jx6EnFJ5KWZZw6KtvZEME/0=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFA8hd0g0WNABI8RzAOSEGYnnc2Q2dllplcNIX/gxV/x4kERr169+TdOkj1oYkFDUdVN0eXHUhh03W9naXlldW09s5Hd3Nre2c3t7ddMlGgOVR7JSDd8ZkAKBVUUKKERa2ChL6HuDy4nfv0OtBGRusVhDO2QBUr0BGdopU7u5OohZmpiGyoUxT5QvI+oFKFAoQKqIRAhmE4u7xbcKegi8VKSJykqndxXqxvxJASFXDJjmp4bY3vENAouYZxtJQZixgcsgKalitmQ9mj6z5geW6VLe5G2o5BO1d8XIxYaMwx9uxky7Jt5byL+5zUT7F20R0LFCYLis6BeIilGdFIO7QoNHOXQEsa1bYBT3meacbQVZm0J3vzLi6RWLHilwtlNMV8upXVkyCE5IqfEI+ekTK5JhVQJJ4/kmbySN+fJeXHenY/Z6pKT3hyQP3A+fwAO4Jyl</latexit>

Expansions in the two limiting regimes

<latexit sha1_base64="h1LxEkOAvBQTFgNB28PGB1+872I=">AAACFnicbZDLTgIxFIY7eEO8oS7dNBATN5IZYtAliRuXGOWSACGdzhmmodNO2o4JITyFG1/FjQuNcWvc+TZ2gIWCZ/Xl/89pz/n9hDNtXPfbya2tb2xu5bcLO7t7+wfFw6OWlqmi0KSSS9XxiQbOBDQNMxw6iQIS+xza/ug689sPoDST4t6ME+jHZChYyCgxVhoUz+9opHolGTAxBIVDBjzAJgKpxliKjHBEeIiz9zEeFMtuxZ0VXgVvAWW0qMag+NULJE1jEIZyonXXcxPTnxBlGOUwLfRSDQmhIzKErkVBYtD9yeysKT61SoBDadeSwuCZ+ntiQmKtx7FvO2NiIr3sZeJ/Xjc14VV/wkSSGhB0/lGYcmwkzjLCAVNADR9bIFQxuyumEVGEGptkwYbgLZ+8Cq1qxatVLm6r5XptEUcenaASOkMeukR1dIMaqIkoekTP6BW9OU/Oi/PufMxbc85i5hj9KefzB6bpnl4=</latexit>

Schrödinger field theory on the half line
<latexit sha1_base64="SDpuNQq6gWw+QdBnRQDMurTYAkY=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuyoxodSnowpVUsLVQS8lk7rTBTDIkd5RS/BI3/oobF4oIrvRvzLRd+DqLcDjnHm7uiTIpLAbBpzc1PTM7N19aKC8uLa+s+mvrTatzw6HBtdSmFTELUihooEAJrcwASyMJl9H1ceFf3oCxQqsLHGTQSVlPiURwhk7q+vu3AvsU3AOGnkGeMqWoNvREGMH7EpBGOlcxMwPKtYpFkbLlrl8JqsEI9C8JJ6RCJqh3/ferWPM8BYVcMmvbYZBhZ8gMCi7hrnyVW8gYv2Y9aDuqWAq2Mxydd0e3nRLTxP0q0QrpSP2eGLLU2kEaucmUYd/+9grxP6+dY3LYGQqV5QiKjxcluaSoadEVjYUBjnLgCOPG3c4p7zPDOLpGixLC3yf/Jc3dalir7p3vVo5qkzpKZJNskR0SkgNyRE5JnTQIJ/fkkTyTF+/Be/Jevbfx6JQ3yWyQH/A+vgB0HKKo</latexit>

with either Neumann or Dirichlet boundary conditions

<latexit sha1_base64="RGfcJ67Aqffcr4xpVkCjrsJrWqY=">AAACF3icbVA9SwNBEN3z2/gVtbRZDIJVuBOJlgEbSwWjQhLC3GYuWdzbPXbnxBDyL2z8KzYWithq579xL6bQ6IOFx3szszMvzpR0FIafwczs3PzC4tJyaWV1bX2jvLl16UxuBTaEUcZex+BQSY0NkqTwOrMIaazwKr45KfyrW7ROGn1BgwzbKfS0TKQA8lKnXD3J01yBJo53GeiijpuEUx85agLdU5hi4WqyJht0ypWwGo7B/5JoQipsgrNO+aPVNSIvZggFzjWjMKP2ECxJoXBUauUOMxA30MOmpxpSdO3h+K4R3/NKlyfG+ud3GKs/O4aQOjdIY1+ZAvXdtFeI/3nNnJLj9lDqLCfU4vujJFecDC9C4l1pUZAaeALCSr8rF32wIMhHWfIhRNMn/yWXB9WoVj08P6jUa5M4ltgO22X7LGJHrM5O2RlrMMHu2SN7Zi/BQ/AUvAZv36UzwaRnm/1C8P4F4IKgWQ==</latexit>

Cumulant expansion of the entanglement entropy



Entanglement: Hamiltonian, Spectrum and Entropies

e.g.: spatial bipartition

BA

Quantum system in its ground state: ⇢ = | ih |
<latexit sha1_base64="UAvnG0Hxo7fWfpPWbAisWfIAxg8="></latexit>

Factorised Hilbert space H = HA ⌦HB
<latexit sha1_base64="r9wAmW2H2Xw4VrMzZHOwrGK25H0="></latexit>

�A = TrB�reduced density matrixA’s

(normalisation: Tr⇢A = 1)
<latexit sha1_base64="cv3O8gPOhWR59QOG/WQ0b2jtnOU=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBTjJexGQRGEiBePEZIYSEKYnUzMkHksM71iWPIJXvwVLx4U8erRm3/j5HHQxIKGoqqb7q4wEtyC7397c/MLi0vLqZX06tr6xmZma7tqdWwoq1AttKmFxDLBFasAB8FqkWFEhoLdhr2roX97z4zlWpWhH7GmJHeKdzgl4KRW5jCntJHEbRoJ53i/AewBjEzKZoAbpqtblxfB/lErk/Xz/gh4lgQTkkUTlFqZr0Zb01gyBVQQa+uBH0EzIQY4FWyQbsSWRYT2yB2rO6qIZLaZjB4a4AOntHFHG1cK8Ej9PZEQaW1fhq5TEujaaW8o/ufVY+icNROuohiYouNFnVhg0HiYDm5zwyiIviOEGu5uxbRLDKHgMky7EILpl2dJtZAPjvOFm0K2eDKJI4V20R7KoQCdoiK6RiVUQRQ9omf0it68J+/Fe/c+xq1z3mRmB/2B9/kDf2mcKQ==</latexit>

Entanglement Hamiltonian (EH) bKA
<latexit sha1_base64="EnhSNbFLgyol4NQrJ5bRjepXP/0=">AAACFnicbVDLSgNBEJz1bXxFPXoZjIIeDLsR1KMiQsCLglEhCaF30kmGzM4uM71KWPIVXvwVLx4U8Sre/BsnMQdfBQNFVXdPd4WJkpZ8/8MbG5+YnJqemc3NzS8sLuWXVy5tnBqBFRGr2FyHYFFJjRWSpPA6MQhRqPAq7B4P/KsbNFbG+oJ6CdYjaGvZkgLISY38zokm0G2FEWriZYikolhL0HzrpLzNN2q3sokdoOy03zjaaOQLftEfgv8lwYgU2Ahnjfx7rRmLdDBcKLC2GvgJ1TMwJIXCfq6WWkxAdKGNVUc1RGjr2fCsPt90SpO3YuOeW26ofu/IILK2F4WuMgLq2N/eQPzPq6bUOqhnUicpoRZfH7VSxSnmg4x4UxoUpHqOgDDS7cpFBwwIcknmXAjB75P/kstSMdgtls5LhcO9URwzbI2tsy0WsH12yMrsjFWYYHfsgT2xZ+/ee/RevNev0jFv1LPKfsB7+wS3QZ5k</latexit>

<latexit sha1_base64="xG6anPX+c2BQT/XD/NZgUMPHiE8=">AAAB6nicbVA9SwNBEJ2LXzHGGLW0WQyCVbhLYSwjNoJNRPMByRH2NnvJkr29Y3dPOI6UljYWitj6U2xs7cTfIrj5KDTxwcDjvRlm5nkRZ0rb9qeVWVldW9/Ibua28tuFneLuXlOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uh84rduqVQsFDc6iagb4IFgPiNYG+n6snfWK5bssj0FWibOnJRq+bvC9/vbV71X/Oj2QxIHVGjCsVIdx460m2KpGeF0nOvGikaYjPCAdgwVOKDKTaenjtGRUfrID6UpodFU/T2R4kCpJPBMZ4D1UC16E/E/rxNr/9RNmYhiTQWZLfJjjnSIJn+jPpOUaJ4Ygolk5lZEhlhiok06OROCs/jyMmlWys5JuXJl0qjCDFk4gEM4BgeqUIMLqEMDCAzgHh7hyeLWg/VsvcxaM9Z8Zh/+wHr9AZYikb8=</latexit>

KA
<latexit sha1_base64="/FvYpIwbhWM9o8pPrvHIRMpxyu4=">AAACAHicbVC7SgNBFJ31GdfXqoWFzWAQYhN2U0TLgE3KCOYByRLuTibJkHksM7NCWNL4KzYWitj6GXb+jZtkC008cOFwzr3ce08Uc2as7387G5tb2zu7hT13/+Dw6Ng7OW0ZlWhCm0RxpTsRGMqZpE3LLKedWFMQEaftaHI399uPVBum5IOdxjQUMJJsyAjYTOp75yWhBgkHjesgGLdKMpDXrtv3in7ZXwCvkyAnRZSj0fe+egNFEkGlJRyM6QZ+bMMUtGWE05nbSwyNgUxgRLsZlSCoCdPFAzN8lSkDPFQ6K2nxQv09kYIwZiqirFOAHZtVby7+53UTO7wNUybjxFJJlouGCcdW4XkaeMA0JZZPMwJEs+xWTMaggdgss3kIwerL66RVKQfVcuW+UqxV8zgK6AJdohIK0A2qoTpqoCYiaIae0St6c56cF+fd+Vi2bjj5zBn6A+fzBzY4lXc=</latexit>

(modular Hamiltonian)

<latexit sha1_base64="IlVBPtHA8t+bw+n3iOwQ/iivkvM=">AAACA3icbVC7SgNBFJ2Nrxhfq+m0GQyChYbdFD66BBvBJoJ5QHZdZiezyZDZnWVmVghLwMZfEcFCEVs7K0s7P8M/cPIoNPHAwOGce7lzjh8zKpVlfRmZufmFxaXscm5ldW19w9zcqkueCExqmDMumj6ShNGI1BRVjDRjQVDoM9Lwe2dDv3FDhKQ8ulL9mLgh6kQ0oBgpLXnmtiO63KtAJxY8Vhw6B5Bcp4cXXmXgmQWraI0AZ4k9IYVy/vu99NF4qHrmp9PmOAlJpDBDUrZsK1ZuioSimJFBzkkkiRHuoQ5paRqhkEg3HWUYwD2ttGHAhX6RgiP190aKQin7oa8nQ6S6ctobiv95rUQFJ25KozhRJMLjQ0HCoA47LAS2qSBYsb4mCAuq/wpxFwmEla4tp0uwpyPPknqpaB8VS5e6jVMwRhbsgF2wD2xwDMrgHFRBDWBwC+7BE3g27oxH48V4HY9mjMlOHvyB8fYDwiiarA==</latexit>

⇢A / e�KA

<latexit sha1_base64="jSAlkm0d3iFiqNottXYzhdNcWPY=">AAACIXicbVDLSsNAFJ3UV62vqEs3g43gqiRFanFVEUFwU8E+oAlhMp20YyeTMDMRSuivuPFX3LhQpDvxZ5w+QG09MHA45965954gYVQq2/40ciura+sb+c3C1vbO7p65f9CUcSowaeCYxaIdIEkY5aShqGKknQiCooCRVjC4mvitRyIkjfm9GibEi1CP05BipLTkm9VrrhDvMRIRrqBMCFYijaDlZi7Tv3SR/+COrIsfJw6hdetfWr5ZtEv2FHCZOHNSBHPUfXPsdmOcTuZghqTsOHaivAwJRTEjo4KbSpIgPEA90tGUo4hIL5teOIInWunCMBb66T2n6u+ODEVSDqNAV0ZI9eWiNxH/8zqpCqteRnmSKsLxbFCYMqhiOIkLdqnQh7OhJggLqneFuI8EwkqHWtAhOIsnL5NmueRUSmd35WKtMo8jD47AMTgFDjgHNXAD6qABMHgCL+ANvBvPxqvxYYxnpTlj3nMI/sD4+gZ70qL+</latexit>

Entanglement spectrum {�j}: spectrum of KA
<latexit sha1_base64="caooitYifNU1Izb/aOtH03SHT1o=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIlVcFURwWcE+oB1KJr3ThmaSIckIpXTjr7hxoYhbP8Odf2OmnYW2HrhwOOfe5N4TJpxp43nfzsrq2vrGZmGruL2zu7fvHhw2tUwVhQaVXKp2SDRwJqBhmOHQThSQOOTQCkc3md96BKWZFA9mnEAQk4FgEaPEWKnnHt8KQ8SAQwzCYFtKJgz0dc8teWVvBrxM/JyUUI56z/3q9iVNs2coJ1p3fC8xwYQowyiHabGbakgIHZEBdCwVJAYdTGYHTPGZVfo4ksqWXWOm/p6YkFjrcRzazpiYoV70MvE/r5Oa6CqYMJGkBgSdfxSlHBuJszRwnymgho8tIVQxuyumQ6IINTazog3BXzx5mTQrZb9avrivlGrVPI4COkGn6Bz56BLV0B2qowaiaIqe0St6c56cF+fd+Zi3rjj5zBH6A+fzB/4ZlqE=</latexit>

Entanglement entropies:
<latexit sha1_base64="huciA0LACkPPMIEWDs11i+A8eaY=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwVZIi1WVBBJcV7APaUCbTSTt0MhNmJkIMxV9x40IRt/6HO//GSZuFth64cDj3MWdOEDOqtOt+Wyura+sbm6Wt8vbO7t6+fXDYViKRmLSwYEJ2A6QIo5y0NNWMdGNJUBQw0gkm13m/80CkooLf6zQmfoRGnIYUI22kgX18wzXiI0YiwrVjSoo4HdgVt+rO4CwTryAVKNAc2F/9ocBJfgMzpFTPc2PtZ0hqihmZlvuJIjHCEzQiPUM5iojys5n7qXNmlKETCmnKeJipvzcyFCmVRoGZjJAeq8VeLv7X6yU6vPIzyuNEE47nD4UJc7Rw8iicIZUEa5YagrCkxquDx0girE1gZROCt/jlZdKuVb169eKuVmnUizhKcAKncA4eXEIDbqEJLcDwCM/wCm/Wk/VivVsf89EVq9g5gj+wPn8A7iyVgQ==</latexit>

Entanglement entropy

<latexit sha1_base64="D7mQUWSFUH8/SCqc48Dy/YK+8e0=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhWCU5VUqHCsxIVjQfQhtVHluJvWquNEtgOKQj+FCwcQ4sqXcONvcNscoGWklUYzu/bu+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhW0WJpNCiEY9k1ycKOBPQ0kxz6MYSSOhz6PiT65nfeQCpWCTudRqDF5KRYAGjRBtpYJfv+mcgUoZBaBnFDNTArjhVZw68StycVFCO5sD+6g8jmoTmBcqJUj3XibWXEakZ5TAt9RMFMaETMoKeoYKEoLxsvvoUnxpliINImhIaz9XfExkJlUpD33SGRI/VsjcT//N6iQ6uvIyJONEg6OKjIOFYR3iWAx4yCVTz1BBCJTO7YjomklBt0iqZENzlk1dJu1Z169WL21qlUc/jKKJjdILOkYsuUQPdoCZqIYoe0TN6RW/Wk/VivVsfi9aClc8coT+wPn8ABjiT0w==</latexit>

Rényi entropies

<latexit sha1_base64="6cFlfLBK0b2XE0MDG74AR7SoBJw=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzJTpLosuHFZ0T6gHUomvdOGZjJDkhGGoW78FTcuFHHrX7jzb8y0s9DWA4GTc+4hucePOVPacb6tldW19Y3N0lZ5e2d3b98+OGyrKJEUWjTikez6RAFnAlqaaQ7dWAIJfQ4df3Kd+50HkIpF4l6nMXghGQkWMEq0kQb28R0TIw6YRnGKQWiS30JDBnbFqToz4GXiFqSCCjQH9ld/GNEkz1JOlOq5Tqy9jEjNKIdpuZ8oiAmdkBH0DBUkBOVlsw2m+MwoQxxE0hyh8Uz9nchIqFQa+mYyJHqsFr1c/M/rJTq48jIm4kSDoPOHgoRjHeG8DjxkEqjmqSGESmb+iumYSEK1Ka1sSnAXV14m7VrVrVcvbmuVRr2oo4RO0Ck6Ry66RA10g5qohSh6RM/oFb1ZT9aL9W59zEdXrCJzhP7A+vwBl/KW9Q==</latexit>

Single copy entanglement

<latexit sha1_base64="CNCApkzw2WzJgDvdsqa/Fg6swZ4="></latexit>
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<latexit sha1_base64="W3Et49Cg9fZ18RlsyRXD4Fvr3zY="></latexit>
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<latexit sha1_base64="2100z2GDWFIe1+AbvZDbzCKOUmg="></latexit>
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Lifshitz fermions in one dimension on the line

<latexit sha1_base64="ua2g19RuQ/AMut158fmPP01rr4E="></latexit>
i @t �

1

(2m)z�1
(�i @x)

z

�
 (t, x) = 0

<latexit sha1_base64="SL9eJfTwY16LFIJXZ24TedU1MGA="></latexit>

Family of Lifshitz fermion fields whose evolution is given by

<latexit sha1_base64="gfDlgxAP1QiX1X6566gkFgFGjZo=">AAAB/HicbVDLSgNBEOyNrxhf0Ry9DAbBU9gNEj0G9OAxgnlAsoTZSW8yZPbBzKywLPFXvHhQxKsf4s2/cZLsQRMLGoqqbrq7vFhwpW372ypsbG5t7xR3S3v7B4dH5eOTjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNb+Z+9xGl4lH4oNMY3YCOQ+5zRrWRhuXKLVfx0icSRa5W7Zq9AFknTk6qkKM1LH8NRhFLAgw1E1SpvmPH2s2o1JwJnJUGicKYsikdY9/QkAao3Gxx/IycG2VE/EiaCjVZqL8nMhoolQae6QyonqhVby7+5/UT7V+7GQ/jRGPIlov8RBAdkXkSZMQlMi1SQyiT3NxK2IRKyrTJo2RCcFZfXiedes1p1C7v69VmI4+jCKdwBhfgwBU04Q5a0AYGKTzDK7xZT9aL9W59LFsLVj5TgT+wPn8AEHSVAg==</latexit>

Dispersion relation

<latexit sha1_base64="vrKsnUgr5BDq4EuvMwa0DjlBuIM="></latexit>

!z(k) ⌘
kz

(2m)z�1

<latexit sha1_base64="bOQPM9X05cXTLR3Hs0A90QaDgF0=">AAACCXicbVC7SgNBFJ2NrxhfUUubwUSITdgNEi0DNpYRzAOSEGYnN8mQeSwzs0pY0tr4KzYWitj6B3b+jZNHoYkHLhzOuZd77wkjzoz1/W8vtba+sbmV3s7s7O7tH2QPj+pGxZpCjSqudDMkBjiTULPMcmhGGogIOTTC0fXUb9yDNkzJOzuOoCPIQLI+o8Q6qZvF+bYSMCCF0XkexzJUsexBD/e1EjgErh662Zxf9GfAqyRYkBxaoNrNfrV7isYCpKWcGNMK/Mh2EqItoxwmmXZsICJ0RAbQclQSAaaTzD6Z4DOnuO1Ku5IWz9TfEwkRxoxF6DoFsUOz7E3F/7xWbPtXnYTJKLYg6XxRP+bYKjyNBfeYBmr52BFCNXO3YjokmlDrwsu4EILll1dJvVQMysWL21KuUl7EkUYn6BQVUIAuUQXdoCqqIYoe0TN6RW/ek/fivXsf89aUt5g5Rn/gff4AAdGZQA==</latexit>

!(k) unbounded from below
<latexit sha1_base64="wkqqBgGKQqgjPEVdfnF8FSkZrec=">AAAB7XicbZDLSgMxFIbPeK310qoLF24GiyAIZaZI1YVYcOOygr1AO5RMmmljM8mQZIQ69B3cuFDErS/jyoXg09T0stDWHwIf/38OOef4EaNKO863tbC4tLyymlpLr29sbmWy2ztVJWKJSQULJmTdR4owyklFU81IPZIEhT4jNb93Ncpr90QqKvit7kfEC1GH04BipI1Vfbgo8GO3lc05eWcsex7cKeQuh3sf58OvTLmV/Wy2BY5DwjVmSKmG60TaS5DUFDMySDdjRSKEe6hDGgY5ConykvG0A/vQOG07ENI8ru2x+7sjQaFS/dA3lSHSXTWbjcz/skasgzMvoTyKNeF48lEQM1sLe7S63aaSYM36BhCW1Mxq4y6SCGtzoLQ5gju78jxUC3m3mD+5cXKlIkyUgn04gCNw4RRKcA1lqACGO3iEZ3ixhPVkvVpvk9IFa9qzC39kvf8ANSSSoA==</latexit>

z = 2n+ 1

<latexit sha1_base64="CSDBGpbjwAnjI/LUmLSZ9/EH4Jk=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2g0QbMWBjGcFcIFnC7GQ2GTI7u8zMCnHJK2hhoYitb2HlI9j5IPbOJik08YeBj/8/hznneBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7DRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w8s0b95SqVgobvQoom6A+4L5jGCdWnfnZdHNF+ySPRFaBGcGhYv34vfHQ+e41s1/dnohiQMqNOFYqbZjR9pNsNSMcDrOdWJFI0yGuE/bBgUOqHKTyaxjdGScHvJDaZ7QaOL+7khwoNQo8ExlgPVAzWep+V/WjrV/5iZMRLGmgkw/8mOOdIjSxVGPSUo0HxnARDIzKyIDLDHR5jw5cwRnfuVFaJRLTqV0cm0XqhWYKgsHcAhFcOAUqnAFNagDgQHcwxM8W4H1aL1Yr9PSjDXr2Yc/st5+APH/keA=</latexit>

z = 2n
<latexit sha1_base64="M36x/q+BovDbjM0WjqOyjq2MDNg=">AAACB3icbVDJSgNBEO1xjXEb9ShIYyLES5gJEj0GvHiMYBZIQujpVJImvQzdPUoIuXnxV7x4UMSrv+DNv7GzHDTxQcHjvSqq6kUxZ8YGwbe3srq2vrGZ2kpv7+zu7fsHh1WjEk2hQhVXuh4RA5xJqFhmOdRjDUREHGrR4Hri1+5BG6bknR3G0BKkJ1mXUWKd1PZPsk0loEdyg/MsjlQiO9DBXa0EjoCrh7afCfLBFHiZhHOSQXOU2/5Xs6NoIkBayokxjTCIbWtEtGWUwzjdTAzEhA5IDxqOSiLAtEbTP8b4zCluu9KupMVT9ffEiAhjhiJynYLYvln0JuJ/XiOx3avWiMk4sSDpbFE34dgqPAkFd5gGavnQEUI1c7di2ieaUOuiS7sQwsWXl0m1kA+L+YvbQqZUnMeRQsfoFOVQiC5RCd2gMqogih7RM3pFb96T9+K9ex+z1hVvPnOE/sD7/AFHrphJ</latexit>

!(k) bounded from below

<latexit sha1_base64="YB2agtRl56uc8tv9oBfB7aHko9I=">AAAB+nicbVDLTgIxFL3jE8HHoEs3jcTEFZkxBt1J4saVwSiPBCakUwo0dDqTtqOBkY/wA9y40Bi3fok7v8JfsAMsFDxJk5Nz7s09PX7EmdKO82UtLa+srq1nNrK5za3tHTu/W1NhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6P7hI/fodlYqF4lYPI+oFuCdYlxGsjdS28yPUYgIlrQDrvu+jq3HbLjhFZwK0SNwZKZx/50j28WZUadufrU5I4oAKTThWquk6kfYSLDUjnI6zrVjRCJMB7tGmoQIHVHnJJPoYHRqlg7qhNE9oNFF/byQ4UGoY+GYyTajmvVT8z2vGunvmJUxEsaaCTA91Y450iNIeUIdJSjQfGoKJZCYrIn0sMdGmrawpwZ3/8iKpHRfdUvHk2imUSzBFBvbhAI7AhVMowyVUoAoE7uEJXuDVerCerTfrfTq6ZM129uAPrI8feemWbw==</latexit>

z 2 N

<latexit sha1_base64="5a/s2wJ9W0KEu0H7cwRy0LqGDHY=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyI1LdiAU3LivaC7RDyaSZNjSTGZKMUIc+ggguFHHrY7jyEdz5IO5NLwtt/SHw8f/nkHOOH3OmtON8WZmFxaXllexqbm19Y3PL3t6pqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX4zy+i2VikXiRg9i6oW4K1jACNbGur47c9t23ik6Y6F5cKeQP38vfH88tA4rbfuz1YlIElKhCcdKNV0n1l6KpWaE02GulSgaY9LHXdo0KHBIlZeORx2iA+N0UBBJ84RGY/d3R4pDpQahbypDrHtqNhuZ/2XNRAenXspEnGgqyOSjIOFIR2i0N+owSYnmAwOYSGZmRaSHJSbaXCdnjuDOrjwPtaOiWyoeXzn5cgkmysIe7EMBXDiBMlxCBapAoAv38ATPFrcerRfrdVKasaY9u/BH1tsPI/KRZw==</latexit>

z = 1
<latexit sha1_base64="GU/3A83hZzJqP32je8pB/HlgMFs=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpUl0W3LisYh/QhjKZ3LRDZ5IwMymU0H9w46+4caGIWzfu/BunbRbaemDgcM65c7nHTzhT2nG+rcLa+sbmVnG7tLO7t39gHx61VJxKCk0a81h2fKKAswiammkOnUQCET6Htj+6mfntMUjF4uhBTxLwBBlELGSUaCP17Yt74IaOzSZGMR0ySTgWRCkOSuEQpDAxHDLgQd8uOxVnDrxK3JyUUY5G3/7qBTFNBUSacvNl13US7WVEmlUcpqVeqiAhdEQG0DU0IgKUl81vmuIzowQ4jKV5kcZz9fdERoRSE+GbpCB6qJa9mfif1011eO1lLEpSDRFdLApTjnWMZwXhgEmgmk8MIVSyRS1EEqpNjSVTgrt88ippVSturXJ5Vy3Xa3kdRXSCTtE5ctEVqqNb1EBNRNEjekav6M16sl6sd+tjES1Y+cwx+gPr8weTap6P</latexit>

Relativistic chiral massless fermion field

<latexit sha1_base64="NmETmnCOfWMlGX+KmML1y++BE2Y=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKaW6EQtuXFa0F2iHkkkzbWgmMyQZoQ59BBFcKOLWx3DlI7jzQdybXhba+kPg4//PIeccL+JMadv+slJLyyura+n1zMbm1vZOdnevrsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1vcDHOG7dUKhaKGz2MqBvgnmA+I1gb6/rurNjJ5uyCPRFaBGcGufP3/PfHQ/u42sl+trshiQMqNOFYqZZjR9pNsNSMcDrKtGNFI0wGuEdbBgUOqHKTyagjdGScLvJDaZ7QaOL+7khwoNQw8ExlgHVfzWdj87+sFWv/1E2YiGJNBZl+5Mcc6RCN90ZdJinRfGgAE8nMrIj0scREm+tkzBGc+ZUXoV4sOOVC6crOVcowVRoO4BDy4MAJVOASqlADAj24hyd4trj1aL1Yr9PSlDXr2Yc/st5+ACV2kWg=</latexit>

z = 2
<latexit sha1_base64="djeYp4JO4QcZ8KAS5bd7NSRA8sQ=">AAACBHicbVC7TgJBFJ3FF+ILtaSZQEysyC4xaEliY4lRHglsyOzsXZgwO7OZmTUhhMLGX7Gx0BhbP8LOv3GALRQ81ck59+aee4KEM21c99vJbWxube/kdwt7+weHR8Xjk7aWqaLQopJL1Q2IBs4EtAwzHLqJAhIHHDrB+Hrudx5AaSbFvZkk4MdkKFjEKDFWGhRLd3Sk+mUZMjEEhSNQsdVxxICHg2LFrboL4HXiZaSCMjQHxa9+KGkagzCUE617npsYf0qUYZTDrNBPNSSEjskQepYKEoP2p4snZvjMKiGOpA0hhcEL9ffGlMRaT+LATsbEjPSqNxf/83qpia78KRNJakDQ5aEo5dhIPG8Eh0wBNXxiCaGK2ayYjogi1NjeCrYEb/XlddKuVb169eK2VmnUszryqITK6Bx56BI10A1qohai6BE9o1f05jw5L86787EczTnZzin6A+fzB1V4l94=</latexit>

Schrödinger fermion field



Lifshitz fermions at zero temperature and finite density
<latexit sha1_base64="AQntRkUuZX87+i3vbXHkRlKU26E=">AAACLHicbVDLSgNBEJz1bXxFPXoZjIKnsCuiHgUPelQwKiQh9E46Ojgzu8z0CjH4QV78FUE8GMSr32Gb5OCrYKCo6u7prjQ3OlAc96Ox8YnJqemZ2dLc/MLiUnl55TxkhVdYU5nJ/GUKAY12WCNNBi9zj2BTgxfpzeGXf3GLPujMnVE3x6aFK6c7WgGx1CofHuk0DTIQEEogeYc+k4Q2Rw9UeNZcW3a002yra7TcaGSeETrSzDYattholStxNR5A/iXJiFTECCet8nOjnanC8hBlIIR6EufU7IEnrQzelxpFwBzUDVxhnakDi6HZGxx7LzdZ4ZUyz8+RHKjfO3pgQ+jalCst0HX47X2J/3n1gjr7zZ52ecHXqeFHncJI4kA4OdnWHhWZLhNQXvOunAh4UMT5ljiE5PfJf8n5djXZre6cblcOdkdxzIg1sS62RCL2xIE4FieiJpR4EE/iVfSjx+gleoveh6Vj0ahnVfxA9PEJ2Fun7Q==</latexit>

Gibbs state at zero temperature and finite chemical potential µ

<latexit sha1_base64="0jNAAZQp1/Rh4CzqRLgI9BZFSas=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuCIC4r2Ae0Y8mkd9rQZDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4W19Y3NreJ2aWd3b/+gfHjU1jJRFFpUcqm6AdHAWQQtwwyHbqyAiIBDJ5hcZ37nEZRmMro30xh8QUYRCxklxkoPN6AEw0IKiEwiBuWKW3XnwKvEy0kF5WgOyl/9oaRJlqacaN3z3Nj4KVGGUQ6zUj/REBM6ISPoWRoRAdpP51fP8JlVhjiUyr7I4Ln6O5ESofVUBHZSEDPWy14m/uf1EhNe+SmL4sRARBeLwoRjI3FWAR4yBdTwqSWEKmZvxXRMFKHGFlWyJXjLX14l7VrVq1cv7mqVRj2vo4hO0Ck6Rx66RA10i5qohShS6Bm9ojfnyXlx3p2PxWjByTPH6A+czx+PeZKG</latexit>

Fermi momentum
<latexit sha1_base64="yj1UKPPMapumQD53QL5V9wBiDDE="></latexit>

kF,z ⌘ (2m)1�1/zµ1/z

<latexit sha1_base64="h+3WvzrDjGO/h4luhOMuXeDrRzU=">AAACHXicbVC7SkNBFNzrM8ZX1NJmMQg2hntF1FKwsbCIkJhAEsLezUmyuC92zxVD8Eds/BUbC0UsbMS/cRNTqHFgYZiZw54zqZXCYxx/RjOzc/MLi7ml/PLK6tp6YWPzypvMcahyI42rp8yDFBqqKFBC3TpgKpVQS6/PRn7tBpwXRldwYKGlWE+LruAMg9QuHFb6QCtGGc16bP8iQxS6B44ya525FWoco8JTbZCCstIMoNMuFONSPAadJsmEFMkE5XbhvdkxPFOgkUvmfSOJLbaGzKHgEu7yzcyDZfya9aARqGYKfGs4vu6O7galQ7vGhaeRjtWfE0OmvB+oNCTDun3/1xuJ/3mNDLsnraHQNkPQ/PujbiYpGjqqinaEA45yEAjjToRdKe8zxziGQvOhhOTvydPk6qCUHJUOLw+Kp0eTOnJkm+yQPZKQY3JKzkmZVAkn9+SRPJOX6CF6il6jt+/oTDSZ2SK/EH18AUyjoqc=</latexit>

The Tomonaga-Luttinger approximation is not employed

<latexit sha1_base64="F2mBHgkDAXypQ/z0nrZa0mv2aRY=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguBpmVNSdATcuEzAPSIbQ06lJ2vQ86O4RwpAvcONCEbf+gn/izr+xM8lCEy80HO6toqvKTwRX2nG+rcLK6tr6RnGztLW9s7tX3j9oqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7odpq3HlEqHkf3epygF9JBxAPOqDZWfdQrVxzbyUWWwZ1D5ebzPFetV/7q9mOWhhhpJqhSHddJtJdRqTkTOCl1U4UJZSM6wI7BiIaovCwfdEJOjNMnQSzNizTJ3d8dGQ2VGoe+qQypHqrFbGr+l3VSHVx7GY+SVGPEZh8FqSA6JtOtSZ9LZFqMDVAmuZmVsCGVlGlzm5I5gru48jI0z2z30r6oO5WqDTMV4QiO4RRcuIIq3EENGsAA4Qle4NV6sJ6tN+t9Vlqw5j2H8EfWxw+xOI8E</latexit>

k

<latexit sha1_base64="qrEwX/x3A8INySIIDmWY6Gb0Llo=">AAAB7XicbZC7SgNBFIZn4y3GW7x0NoNBsAq7ImpnwELLCOYCyRJmJyfJmLksM7NCXPIONhaK2NpZ+SR2lr6Jk0uh0R8GPv7/HOacE8WcGev7n15mbn5hcSm7nFtZXVvfyG9uVY1KNIUKVVzpekQMcCahYpnlUI81EBFxqEX981FeuwVtmJLXdhBDKEhXsg6jxDqr2lQCuqSVL/hFfyz8F4IpFM7e774u3nbSciv/0WwrmgiQlnJiTCPwYxumRFtGOQxzzcRATGifdKHhUBIBJkzH0w7xvnPauKO0e9LisfuzIyXCmIGIXKUgtmdms5H5X9ZIbOc0TJmMEwuSTj7qJBxbhUer4zbTQC0fOCBUMzcrpj2iCbXuQDl3hGB25b9QPSwGx8WjK79Q8tFEWbSL9tABCtAJKqFLVEYVRNENukeP6MlT3oP37L1MSjPetGcb/ZL3+g2xlpLg</latexit>!

<latexit sha1_base64="5a/s2wJ9W0KEu0H7cwRy0LqGDHY=">AAAB6nicbZDLSgMxFIbP1Futt1GXboJFqJsyI1LdiAU3LivaC7RDyaSZNjSTGZKMUIc+ggguFHHrY7jyEdz5IO5NLwtt/SHw8f/nkHOOH3OmtON8WZmFxaXllexqbm19Y3PL3t6pqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX4zy+i2VikXiRg9i6oW4K1jACNbGur47c9t23ik6Y6F5cKeQP38vfH88tA4rbfuz1YlIElKhCcdKNV0n1l6KpWaE02GulSgaY9LHXdo0KHBIlZeORx2iA+N0UBBJ84RGY/d3R4pDpQahbypDrHtqNhuZ/2XNRAenXspEnGgqyOSjIOFIR2i0N+owSYnmAwOYSGZmRaSHJSbaXCdnjuDOrjwPtaOiWyoeXzn5cgkmysIe7EMBXDiBMlxCBapAoAv38ATPFrcerRfrdVKasaY9u/BH1tsPI/KRZw==</latexit>

z = 1

<latexit sha1_base64="F2mBHgkDAXypQ/z0nrZa0mv2aRY=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguBpmVNSdATcuEzAPSIbQ06lJ2vQ86O4RwpAvcONCEbf+gn/izr+xM8lCEy80HO6toqvKTwRX2nG+rcLK6tr6RnGztLW9s7tX3j9oqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7odpq3HlEqHkf3epygF9JBxAPOqDZWfdQrVxzbyUWWwZ1D5ebzPFetV/7q9mOWhhhpJqhSHddJtJdRqTkTOCl1U4UJZSM6wI7BiIaovCwfdEJOjNMnQSzNizTJ3d8dGQ2VGoe+qQypHqrFbGr+l3VSHVx7GY+SVGPEZh8FqSA6JtOtSZ9LZFqMDVAmuZmVsCGVlGlzm5I5gru48jI0z2z30r6oO5WqDTMV4QiO4RRcuIIq3EENGsAA4Qle4NV6sJ6tN+t9Vlqw5j2H8EfWxw+xOI8E</latexit>

k

<latexit sha1_base64="qrEwX/x3A8INySIIDmWY6Gb0Llo=">AAAB7XicbZC7SgNBFIZn4y3GW7x0NoNBsAq7ImpnwELLCOYCyRJmJyfJmLksM7NCXPIONhaK2NpZ+SR2lr6Jk0uh0R8GPv7/HOacE8WcGev7n15mbn5hcSm7nFtZXVvfyG9uVY1KNIUKVVzpekQMcCahYpnlUI81EBFxqEX981FeuwVtmJLXdhBDKEhXsg6jxDqr2lQCuqSVL/hFfyz8F4IpFM7e774u3nbSciv/0WwrmgiQlnJiTCPwYxumRFtGOQxzzcRATGifdKHhUBIBJkzH0w7xvnPauKO0e9LisfuzIyXCmIGIXKUgtmdms5H5X9ZIbOc0TJmMEwuSTj7qJBxbhUer4zbTQC0fOCBUMzcrpj2iCbXuQDl3hGB25b9QPSwGx8WjK79Q8tFEWbSL9tABCtAJKqFLVEYVRNENukeP6MlT3oP37L1MSjPetGcb/ZL3+g2xlpLg</latexit>!

<latexit sha1_base64="NmETmnCOfWMlGX+KmML1y++BE2Y=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZKaW6EQtuXFa0F2iHkkkzbWgmMyQZoQ59BBFcKOLWx3DlI7jzQdybXhba+kPg4//PIeccL+JMadv+slJLyyura+n1zMbm1vZOdnevrsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1vcDHOG7dUKhaKGz2MqBvgnmA+I1gb6/rurNjJ5uyCPRFaBGcGufP3/PfHQ/u42sl+trshiQMqNOFYqZZjR9pNsNSMcDrKtGNFI0wGuEdbBgUOqHKTyagjdGScLvJDaZ7QaOL+7khwoNQw8ExlgHVfzWdj87+sFWv/1E2YiGJNBZl+5Mcc6RCN90ZdJinRfGgAE8nMrIj0scREm+tkzBGc+ZUXoV4sOOVC6crOVcowVRoO4BDy4MAJVOASqlADAj24hyd4trj1aL1Yr9PSlDXr2Yc/st5+ACV2kWg=</latexit>

z = 2

<latexit sha1_base64="F2mBHgkDAXypQ/z0nrZa0mv2aRY=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguBpmVNSdATcuEzAPSIbQ06lJ2vQ86O4RwpAvcONCEbf+gn/izr+xM8lCEy80HO6toqvKTwRX2nG+rcLK6tr6RnGztLW9s7tX3j9oqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7odpq3HlEqHkf3epygF9JBxAPOqDZWfdQrVxzbyUWWwZ1D5ebzPFetV/7q9mOWhhhpJqhSHddJtJdRqTkTOCl1U4UJZSM6wI7BiIaovCwfdEJOjNMnQSzNizTJ3d8dGQ2VGoe+qQypHqrFbGr+l3VSHVx7GY+SVGPEZh8FqSA6JtOtSZ9LZFqMDVAmuZmVsCGVlGlzm5I5gru48jI0z2z30r6oO5WqDTMV4QiO4RRcuIIq3EENGsAA4Qle4NV6sJ6tN+t9Vlqw5j2H8EfWxw+xOI8E</latexit>

k

<latexit sha1_base64="qrEwX/x3A8INySIIDmWY6Gb0Llo=">AAAB7XicbZC7SgNBFIZn4y3GW7x0NoNBsAq7ImpnwELLCOYCyRJmJyfJmLksM7NCXPIONhaK2NpZ+SR2lr6Jk0uh0R8GPv7/HOacE8WcGev7n15mbn5hcSm7nFtZXVvfyG9uVY1KNIUKVVzpekQMcCahYpnlUI81EBFxqEX981FeuwVtmJLXdhBDKEhXsg6jxDqr2lQCuqSVL/hFfyz8F4IpFM7e774u3nbSciv/0WwrmgiQlnJiTCPwYxumRFtGOQxzzcRATGifdKHhUBIBJkzH0w7xvnPauKO0e9LisfuzIyXCmIGIXKUgtmdms5H5X9ZIbOc0TJmMEwuSTj7qJBxbhUer4zbTQC0fOCBUMzcrpj2iCbXuQDl3hGB25b9QPSwGx8WjK79Q8tFEWbSL9tABCtAJKqFLVEYVRNENukeP6MlT3oP37L1MSjPetGcb/ZL3+g2xlpLg</latexit>!

<latexit sha1_base64="HW0L9IcDbAmuRQc198dc5Ju31EE=">AAAB6nicbZDLSgMxFIbP1Futl1ZdugkWoW7KjJTqRiy4cVnRXqAdSibNtKGZzJBkhDr0EURwoYhbH8OVj+DOB3Fvello6w+Bj/8/h5xzvIgzpW37y0otLa+srqXXMxubW9vZ3M5uXYWxJLRGQh7KpocV5UzQmmaa02YkKQ48Thve4GKcN26pVCwUN3oYUTfAPcF8RrA21vXdWamTy9tFeyK0CM4M8ufvhe+Ph/ZRtZP7bHdDEgdUaMKxUi3HjrSbYKkZ4XSUaceKRpgMcI+2DAocUOUmk1FH6NA4XeSH0jyh0cT93ZHgQKlh4JnKAOu+ms/G5n9ZK9b+qZswEcWaCjL9yI850iEa7426TFKi+dAAJpKZWRHpY4mJNtfJmCM48ysvQv246JSLpSs7XynDVGnYhwMogAMnUIFLqEINCPTgHp7g2eLWo/VivU5LU9asZw/+yHr7ASh+kWo=</latexit>

z = 4<latexit sha1_base64="F2mBHgkDAXypQ/z0nrZa0mv2aRY=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguBpmVNSdATcuEzAPSIbQ06lJ2vQ86O4RwpAvcONCEbf+gn/izr+xM8lCEy80HO6toqvKTwRX2nG+rcLK6tr6RnGztLW9s7tX3j9oqjiVDBssFrFs+1Sh4BE2NNcC24lEGvoCW/7odpq3HlEqHkf3epygF9JBxAPOqDZWfdQrVxzbyUWWwZ1D5ebzPFetV/7q9mOWhhhpJqhSHddJtJdRqTkTOCl1U4UJZSM6wI7BiIaovCwfdEJOjNMnQSzNizTJ3d8dGQ2VGoe+qQypHqrFbGr+l3VSHVx7GY+SVGPEZh8FqSA6JtOtSZ9LZFqMDVAmuZmVsCGVlGlzm5I5gru48jI0z2z30r6oO5WqDTMV4QiO4RRcuIIq3EENGsAA4Qle4NV6sJ6tN+t9Vlqw5j2H8EfWxw+xOI8E</latexit>

k

<latexit sha1_base64="qrEwX/x3A8INySIIDmWY6Gb0Llo=">AAAB7XicbZC7SgNBFIZn4y3GW7x0NoNBsAq7ImpnwELLCOYCyRJmJyfJmLksM7NCXPIONhaK2NpZ+SR2lr6Jk0uh0R8GPv7/HOacE8WcGev7n15mbn5hcSm7nFtZXVvfyG9uVY1KNIUKVVzpekQMcCahYpnlUI81EBFxqEX981FeuwVtmJLXdhBDKEhXsg6jxDqr2lQCuqSVL/hFfyz8F4IpFM7e774u3nbSciv/0WwrmgiQlnJiTCPwYxumRFtGOQxzzcRATGifdKHhUBIBJkzH0w7xvnPauKO0e9LisfuzIyXCmIGIXKUgtmdms5H5X9ZIbOc0TJmMEwuSTj7qJBxbhUer4zbTQC0fOCBUMzcrpj2iCbXuQDl3hGB25b9QPSwGx8WjK79Q8tFEWbSL9tABCtAJKqFLVEYVRNENukeP6MlT3oP37L1MSjPetGcb/ZL3+g2xlpLg</latexit>!

<latexit sha1_base64="Ug2F1+x/fZWsCPlyeNOiPLAdkds=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsVLdiAU3LivaC7RDyaSZNjSTGZKMUIc+ggguFHHrY7jyEdz5IO5NLwtt/SHw8f/nkHOOF3GmtG1/WamFxaXllfRqZm19Y3Mru71TU2EsCa2SkIey4WFFORO0qpnmtBFJigOP07rXvxjl9VsqFQvFjR5E1A1wVzCfEayNdX13Vmxnc3bBHgvNgzOF3Pl7/vvjoXVYaWc/W52QxAEVmnCsVNOxI+0mWGpGOB1mWrGiESZ93KVNgwIHVLnJeNQhOjBOB/mhNE9oNHZ/dyQ4UGoQeKYywLqnZrOR+V/WjLV/6iZMRLGmgkw+8mOOdIhGe6MOk5RoPjCAiWRmVkR6WGKizXUy5gjO7MrzUDsqOKXC8ZWdK5dgojTswT7kwYETKMMlVKAKBLpwD0/wbHHr0XqxXielKWvaswt/ZL39ACb6kWk=</latexit>

z = 3



Two point function at zero temperature and finite density

<latexit sha1_base64="iHu55iOYy7qgGHeus7dQ/p8Qz9A="></latexit>

h ⇤(t, x1) (t, x2)iz,1,µ =

8
>>>><

>>>>:

e�ikF,z x12

2⇡i (x12 � i")
z = 2n+ 1

sin(kF,z x12)

⇡ x12
z = 2n

<latexit sha1_base64="yFi4Eu2OPGtYb2QBf9EycIn5/p0=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwmglW4CxJthICNZQTzAclxzG02yZK9vWN3TxKONP4VGwtFbP0Zdv4bN8kVmvhg4PHeDDPzgpgzpR3n28qtrW9sbuW3Czu7e/sH9uFRU0WJJLRBIh7JdgCKciZoQzPNaTuWFMKA01Ywup35rUcqFYvEg57E1AthIFifEdBG8u0TxcQg4SAxaFwa+y6+wWO/UvLtolN25sCrxM1IEWWo+/ZXtxeRJKRCEw5KdVwn1l4KUjPC6bTQTRSNgYxgQDuGCgip8tL5A1N8bpQe7kfSlNB4rv6eSCFUahIGpjMEPVTL3kz8z+skun/tpUzEiaaCLBb1E451hGdp4B6TlGg+MQSIZOZWTIYggWiTWcGE4C6/vEqalbJbLV/eV4q1ahZHHp2iM3SBXHSFaugO1VEDETRFz+gVvVlP1ov1bn0sWnNWNnOM/sD6/AFGVJTc</latexit>

singular at x1 = x2
<latexit sha1_base64="xbna+M4G3diuDGr58s20fuVtc5w="></latexit>

h ⇤(t, x1) (t, x2)iz,1,µ

<latexit sha1_base64="wkqqBgGKQqgjPEVdfnF8FSkZrec=">AAAB7XicbZDLSgMxFIbPeK310qoLF24GiyAIZaZI1YVYcOOygr1AO5RMmmljM8mQZIQ69B3cuFDErS/jyoXg09T0stDWHwIf/38OOef4EaNKO863tbC4tLyymlpLr29sbmWy2ztVJWKJSQULJmTdR4owyklFU81IPZIEhT4jNb93Ncpr90QqKvit7kfEC1GH04BipI1Vfbgo8GO3lc05eWcsex7cKeQuh3sf58OvTLmV/Wy2BY5DwjVmSKmG60TaS5DUFDMySDdjRSKEe6hDGgY5ConykvG0A/vQOG07ENI8ru2x+7sjQaFS/dA3lSHSXTWbjcz/skasgzMvoTyKNeF48lEQM1sLe7S63aaSYM36BhCW1Mxq4y6SCGtzoLQ5gju78jxUC3m3mD+5cXKlIkyUgn04gCNw4RRKcA1lqACGO3iEZ3ixhPVkvVpvk9IFa9qzC39kvf8ANSSSoA==</latexit>

z = 2n+ 1
<latexit sha1_base64="CSDBGpbjwAnjI/LUmLSZ9/EH4Jk=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2g0QbMWBjGcFcIFnC7GQ2GTI7u8zMCnHJK2hhoYitb2HlI9j5IPbOJik08YeBj/8/hznneBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7DRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w8s0b95SqVgobvQoom6A+4L5jGCdWnfnZdHNF+ySPRFaBGcGhYv34vfHQ+e41s1/dnohiQMqNOFYqbZjR9pNsNSMcDrOdWJFI0yGuE/bBgUOqHKTyaxjdGScHvJDaZ7QaOL+7khwoNQo8ExlgPVAzWep+V/WjrV/5iZMRLGmgkw/8mOOdIjSxVGPSUo0HxnARDIzKyIDLDHR5jw5cwRnfuVFaJRLTqV0cm0XqhWYKgsHcAhFcOAUqnAFNagDgQHcwxM8W4H1aL1Yr9PSjDXr2Yc/st5+APH/keA=</latexit>

z = 2n
<latexit sha1_base64="uxVFyMw8BbhAlwVy4yQ4LQBziJU=">AAAB/3icbVBNS8NAEJ34WetXVPDiZbEVPJWkSPUiFLx4rGA/oA1hs922SzebsLuRltiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLYs6Udpxva2V1bX1jM7eV397Z3du3Dw4bKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gyGN1O/+UClYpG41+OYeiHuC9ZjBGsj+faxpP2EY4mwRsWR76JrNPLLRd8uOCVnBrRM3IwUIEPNt7863YgkIRWacKxU23Vi7aVYakY4neQ7iaIxJkPcp21DBQ6p8tLZ/RN0ZpQu6kXSlNBopv6eSHGo1DgMTGeI9UAtelPxP6+d6N6VlzIRJ5oKMl/USzjSEZqGgbpMUqL52BBMJDO3IjLAEhNtIsubENzFl5dJo1xyK6WLu3KhWsniyMEJnMI5uHAJVbiFGtSBwCM8wyu8WU/Wi/VufcxbV6xs5gj+wPr8AWjzlF8=</latexit>

regular at x1 = x2

<latexit sha1_base64="xsP9H6qB2HCXf9sFsjFSiDtBEVA="></latexit>

The behaviour at coincident points depends on the parity of z

<latexit sha1_base64="cGb1Wn/IemLGTXMRaqujevgH5FE=">AAACAHicbVC7TsMwFHV4lpZHgIGhi0WFxEKVVKgwVmKAsUj0IbVR5DhOa9Vxgu1UraIs/AUzCwMIsbLzA2z8De5jgJYj3aujc+6VfY8XMyqVZX0bK6tr6xubua18YXtnd8/cP2jKKBGYNHDEItH2kCSMctJQVDHSjgVBocdIyxtcTfzWkAhJI36nxjFxQtTjNKAYKS255tHITe1KBrvkPqFDOHJteKZ7xTVLVtmaAi4Te05KtcL1Y/Gz7ddd86vrRzgJCVeYISk7thUrJ0VCUcxIlu8mksQID1CPdDTlKCTSSacHZPBEKz4MIqGLKzhVf2+kKJRyHHp6MkSqLxe9ifif10lUcOmklMeJIhzPHgoSBlUEJ2lAnwqCFRtrgrCg+q8Q95FAWOnM8joEe/HkZdKslO1q+fxWp1EFM+RAERyDU2CDC1ADN6AOGgCDDDyBF/BqPBjPxpvxPhtdMeY7h+APjI8fN5GXxw==</latexit>x12 ⌘ x1 � x2
<latexit sha1_base64="ONR23bXbp3iajWC3GReFQ6Vo0ys=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdUZEXRbcuKzQF7SlZDJ32tBMMiR3lFL8DDf+ihsXirjtzr8xfSy09ULgcM655NwTplJY9P1vb2V1bX1jM7eV397Z3dsvHBzWrc4MhxrXUptmyCxIoaCGAiU0UwMsCSU0wsHtRG88gLFCqyoOU+gkrKdELDhDR3UL59U+UHzUNNVCIY0zxScCjSAFFVnqIDpH5JIwxYF2C0W/5E+HLoNgDopkPpVuYdyONM8SUMgls7YV+Cl2Rsyg4BKe8u3MQsr4gPWg5aBiCdjOaHrYEz11TERjbdxz6abs740RS6wdJqFzJgz7dlGbkP9prQzjm85IqDRDUHz2UZxJippOWnL3GuAohw4wboTLSnmfGcbRdZl3JQSLJy+D+kUpuCpd3l8Uy1fzOnLkmJyQMxKQa1Imd6RCaoSTZ/JK3smH9+K9eZ/e18y64s13jsif8cY/L3Cf0w==</latexit>

The two point function depends on the distance



Spectral problem for the interval on the line

<latexit sha1_base64="3cPQSHUf36uW+Cf+zX3QunctkXU="></latexit>

�̃s(x) ⌘ eikF,zx �s(x)
<latexit sha1_base64="AtgbyVVNYyXGKZ6q5wBYUtq7nVs=">AAAB+3icbVBNT8JAEJ3iF+JXxaOXjWDiibTEoEcSLx48YCJgAg3ZLtuyYbvb7G5VQvgrXjxojFf/iDf/jS30oOBLJnl5byYz8/yYM20c59sqrK1vbG4Vt0s7u3v7B/ZhuaNloghtE8mluvexppwJ2jbMcHofK4ojn9OuP77K/O4DVZpJcWcmMfUiHAoWMIJNKg3scrV/I0WoWDgyWCn5WC0N7IpTc+ZAq8TNSQVytAb2V38oSRJRYQjHWvdcJzbeFCvDCKezUj/RNMZkjEPaS6nAEdXedH77DJ2myhAFUqUlDJqrvyemONJ6EvlpZ4TNSC97mfif10tMcOlNmYgTQwVZLAoSjoxEWRBoyBQlhk9Sgoli6a2IjLDCxKRxZSG4yy+vkk695jZq57f1SrORx1GEYziBM3DhAppwDS1oA4EneIZXeLNm1ov1bn0sWgtWPnMEf2B9/gA5dpPh</latexit>

=)
<latexit sha1_base64="cOCjvj+tnA+O+r74z9aBf96C3gg="></latexit>

�s (hence also S(↵)
A ) independent of kF,z

<latexit sha1_base64="3cH+n/SwVsMoRx1pUpXPhmxl5Ww=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIurOgBuXiZgHJEPo6dQkbXoedPcIYcgXuHGhSFz6F/6GO//GniQLTbzQcLi3iq4qLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+goaJEMqyzSESy5VGFgodY11wLbMUSaeAJbHrDmyxvPqJUPArv9ShGN6D9kPucUW2s2l23WLLL9lRkGZw5lK4/J5neq93iV6cXsSTAUDNBlWo7dqzdlErNmcBxoZMojCkb0j62DYY0QOWm00HH5MQ4PeJH0rxQk6n7uyOlgVKjwDOVAdUDtZhl5n9ZO9H+lZvyME40hmz2kZ8IoiOSbU16XCLTYmSAMsnNrIQNqKRMm9sUzBGcxZWXoXFWdi7K5zW7VDmHmfJwBMdwCg5cQgVuoQp1YIDwBC/waj1Yz9abNZmV5qx5zyH8kfXxA8v0kVw=</latexit>

R
<latexit sha1_base64="h7slEEcwFGeHnJRVtIdT0/aL1VY=">AAAB6XicbZDLSgMxFIbP1Futt6pLN8EiuLHMSFE3YkERl7XYC7RDyaSZNkwmMyQZoQx9AzcuFHHrG/go7nwTFy5MLwtt/SHw8f/nkHOOF3OmtG1/WpmFxaXllexqbm19Y3Mrv71TV1EiCa2RiEey6WFFORO0ppnmtBlLikOP04YXXI7yxj2VikXiTg9i6oa4J5jPCNbGqh5VO/mCXbTHQvPgTKFw8X11fv0efFU6+Y92NyJJSIUmHCvVcuxYuymWmhFOh7l2omiMSYB7tGVQ4JAqNx1POkQHxukiP5LmCY3G7u+OFIdKDULPVIZY99VsNjL/y1qJ9s/clIk40VSQyUd+wpGO0Ght1GWSEs0HBjCRzMyKSB9LTLQ5Ts4cwZldeR7qx0XnpFi6tQvlEkyUhT3Yh0Nw4BTKcAMVqAEBHx7gCZ6twHq0XqzXSWnGmvbswh9Zbz+S5ZEb</latexit>

�R

<latexit sha1_base64="Ch5zgsuH7tCdBWIYPKaiB484dF8="></latexit>

S(↵)
A can be studied by considering the spectral problem associated

<latexit sha1_base64="vdSgLs6SR0EYcuLHRQruujYtR8I=">AAACFHicbVDLSgMxFM34rPU16tJNsBUEocwUqS4rblxWsCq0pWTSOzaYSYbkjlJKP8KNv+LGhSJuXbjzb8y0Xfg6EDiccy+550SpFBaD4NObmZ2bX1gsLBWXV1bX1v2NzQurM8OhybXU5ipiFqRQ0ESBEq5SAyyJJFxGNye5f3kLxgqtznGQQidh10rEgjN0UtffR02xDxTvNE21UEjjTPHcowYsGsERetQNlY/LXb8UVIIx6F8STkmJTNHo+h/tnuZZAgq5ZNa2wiDFzpAZFFzCqNjOLKSM37BraDmqWAK2MxyHGtFdp/RorI177qyx+n1jyBJrB0nkJhOGffvby8X/vFaG8VFnKFSaISg++SjOZB4yb4j2hAGOcuAI40a4WynvM8NcE8YWXQnh78h/yUW1EtYqB2fVUr02raNAtskO2SMhOSR1ckoapEk4uSeP5Jm8eA/ek/fqvU1GZ7zpzhb5Ae/9C66Rnec=</latexit>

to the two point function restricted to A
<latexit sha1_base64="AcvccSEDoBWMNDgXuDL+6xp62ZU=">AAAB+nicdVDJSgNBEO2JW4zbRI9eGoMQQULPJJjkFvDiMYJZIBlCT6eSNOlZ6O5RQsynePGgiFe/xJt/Y2cRVPRBweO9Kqrq+bHgShPyYaXW1jc2t9LbmZ3dvf0DO3vYVFEiGTRYJCLZ9qkCwUNoaK4FtGMJNPAFtPzx5dxv3YJUPApv9CQGL6DDkA84o9pIPTvbqYNiIxDnOO8S4p55PTtHCqRMiiWCDam6JccxpFqtuMUydgpkgRxaod6z37v9iCUBhJoJqlTHIbH2plRqzgTMMt1EQUzZmA6hY2hIA1DedHH6DJ8apY8HkTQVarxQv09MaaDUJPBNZ0D1SP325uJfXifRg4o35WGcaAjZctEgEVhHeJ4D7nMJTIuJIZRJbm7FbEQlZdqklTEhfH2K/ydNt+BcFErXbq5GVnGk0TE6QXnkoDKqoStURw3E0B16QE/o2bq3Hq0X63XZmrJWM0foB6y3T+Opkmw=</latexit>

[Peschel, (2002)]

<latexit sha1_base64="VC7VE2Her8wFR6m3YzLk29hGQrM=">AAACB3icbVDLSsNAFJ3UV62v+NgJMliECloSKepGqLhxWYt9QBPKZDpph04mYWYilNCdG3/FjQtF3PoL7vwbJ2kX2nrgwuGce7n3Hi9iVCrL+jZyC4tLyyv51cLa+sbmlrm905RhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7xJ/dYDEZKG/F6NIuIGqM+pTzFSWuqaB9fwCpZO6yewfgwdGXuSKOgESA08L6mPu2bRKlsZ4Dyxp6RY3fMz1Lrml9MLcRwQrjBDUnZsK1JugoSimJFxwYkliRAeoj7paMpRQKSbZH+M4ZFWetAPhS6uYKb+nkhQIOUo8HRneqGc9VLxP68TK//STSiPYkU4nizyYwZVCNNQYI8KghUbaYKwoPpWiAdIIKx0dAUdgj378jxpnpXt83LlTqdRARPkwT44BCVggwtQBbegBhoAg0fwDF7Bm/FkvBjvxsekNWdMZ3bBHxifP0Q6mfg=</latexit>

A = (�R,R) ⇢ R

<latexit sha1_base64="XhHEGA1vVGjS0A9EGYYpVU/VOgk="></latexit>

K(⌘;x� y) ⌘ sin[⌘(x� y)]

⇡(x� y)

<latexit sha1_base64="K5x4UjxEAf74JmudNgIzM5HFYjE="></latexit>Z 1

�1
K(⌘;x� y) fn(⌘; y) dy = �n fn(⌘;x)

<latexit sha1_base64="yZhGJA6NUMxEswpc6q7PNmhXWX0=">AAACAnicdVDJSgNBEO1xjXGLehIvjUGIEIae0Wy3gAgeI5gFkiH0dCqmsWehu0cIIXjxV7x4UMSrX+HNv7GzCCr6oODxXhVV9fxYcKUJ+bAWFpeWV1ZTa+n1jc2t7czObkNFiWRQZ5GIZMunCgQPoa65FtCKJdDAF9D0b84mfvMWpOJReKWHMXgBvQ55nzOqjdTN7LfPuRIg87gGig1A5HHOJc7JsdfNZIlNSm6hUMTEdgqlsnNiSKVSdo3i2GSKLJqj1s28d3oRSwIINRNUqbZDYu2NqNScCRinO4mCmLIbeg1tQ0MagPJG0xfG+MgoPdyPpKlQ46n6fWJEA6WGgW86A6oH6rc3Ef/y2onul70RD+NEQ8hmi/qJwDrCkzxwj0tgWgwNoUxycytmAyop0ya1tAnh61P8P2m4tlO0Ty/dbJXM40ihA3SIcshBJVRFF6iG6oihO/SAntCzdW89Wi/W66x1wZrP7KEfsN4+AXiylYI=</latexit>

[Eisler, Peschel, (2013)]

<latexit sha1_base64="ESd+jRBx1thhHzTK+XhWzTmS5HY=">AAAB+XicbVDLSgMxFL1TX3XqY9Slm2ARXJUZkerOghtXUtE+oB1KJk3b0ExmSDKFOvQj3LtxoYhb/8SdX+EvmGm70NYDFw7n3EtOThBzprTrflm5ldW19Y38pl3Y2t7Zdfb26ypKJKE1EvFINgOsKGeC1jTTnDZjSXEYcNoIhleZ3xhRqVgk7vU4pn6I+4L1GMHaSB3HEajNzIRYD4IgvZl0nKJbcqdAy8Sbk+Lld4HYj3cP1Y7z2e5GJAmp0IRjpVqeG2s/xVIzwunEbieKxpgMcZ+2DBU4pMpPp8kn6NgoXdSLpBmh0VT9fZHiUKlxGJjNLKFa9DLxP6+V6N6FnzIRJ5oKMnuol3CkI5TVgLpMUqL52BBMJDNZERlgiYk2ZdmmBG/xy8ukflryyqWzW7dYKcMMeTiEIzgBD86hAtdQhRoQGMETvMCrlVrP1pv1PlvNWfObA/gD6+MHC1+WOQ==</latexit>

n 2 N

<latexit sha1_base64="Mnr95ilLdtPVLqPhojRhw0jKgjI=">AAACEHicbVDLSgNBEJz1bXxFPYmXwSAKStgViR4FQTxGMTGQDWF20tEhs7PrTK8Yl3yCFz/An/DiQRGvHr35Ff6Ck8SDJhY0XVR1M9MVxFIYdN1PZ2R0bHxicmo6MzM7N7+QXVwqmyjRHEo8kpGuBMyAFApKKFBCJdbAwkDCedA67Prn16CNiNQZtmOohexCiabgDK1Uz274gIz6cJWIa3rqb9NWPfURblCHtgvVpkedbXrbqWdzbt7tgQ4T74fkDlYelrdKX7RYz374jYgnISjkkhlT9dwYaynTKLiETsZPDMSMt9gFVC1VLARTS3sHdei6VRq0GWlbCmlP/b2RstCYdhjYyZDhpRn0uuJ/XjXB5n4tFSpOEBTvP9RMJMWIdtOhDaGBo2xbwrgW9q+UXzLNONoMMzYEb/DkYVLeyXuF/O6JTaNA+pgiq2SNbBKP7JEDckyKpEQ4uSOP5Jm8OPfOk/PqvPVHR5yfnWXyB877N3oanx8=</latexit>

⌘ ⌘ RkF,z

<latexit sha1_base64="aMB8FIXLjKfIwbIS7QRmje9KEOw=">AAACJnicbVDLSgNBEJyNrxhfUY9eBhPBU9gNoiIIgggeIxgVYgizk17TZHZ2mekVYvBrvPgrXjxERLz5KU4eBzUWDBRV3T3dFaYKLfn+p5ebmZ2bX8gvFpaWV1bXiusbVzbJjIS6TFRibkJhQaGGOiEpuEkNiDhUcB12T4f+9T0Yi4m+pF4KzVjcaYxQCnJSq3h8dg+alx/KR5w6wLtgNCiOlkeokYCjHukyQS2xDZp46ihZrjBGahVLfsUfgU+TYEJKbIJaqzi4bScyi90gqYS1jcBPqdkXhlAqeCzcZhZSIbviDhqOahGDbfZHZz7yHae0eZQY99wiI/VnR1/E1vbi0FXGgjr2rzcU//MaGUWHzT7qNCPQcvxRlClOCR9mxttoQJLqOSKkQbcrlx1hhCSXbMGFEPw9eZpcVSvBfmXvolo62Z/EkWdbbJvtsoAdsBN2zmqsziR7Yi9swN68Z+/Ve/c+xqU5b9KzyX7B+/oG8zyk4w==</latexit>

Even z: the kernel is finite in the coincident points limit

<latexit sha1_base64="Nin9Lnsc1ER1mFU7v0At5txrZUs="></latexit>Z R

�R

e�ikF,z(x�y)

2⇡i (x� y � i")
�s(y) dy = �s �s(x)

<latexit sha1_base64="D5s1fMNjUkLgMdJ3bX0dP6UBSr4=">AAAB+3icbVDLSgMxFL3js7Y+xrp0EyyCqzIjUt1ZcOOyPvqAdiiZNNOGZjJDkhHr0I/wB9y4UMStP+LOr/AXzLRdaOuBwOGce7knx485U9pxvqyl5ZXVtfXcRr6wubW9Y+8WGypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0hxeZ37yjUrFI3OpRTL0Q9wULGMHaSF27qFCHCZR2QqwHvo+ux6hrl5yyMwFaJO6MlM6/CyT/ePNQ69qfnV5EkpAKTThWqu06sfZSLDUjnI7znUTRGJMh7tO2oQKHVHnpJPsYHRqlh4JImic0mqi/N1IcKjUKfTOZRVTzXib+57UTHZx5KRNxoqkg00NBwpGOUFYE6jFJieYjQzCRzGRFZIAlJtrUlTcluPNfXiSN47JbKZ9cOaVqBabIwT4cwBG4cApVuIQa1IHAPTzBC7xaY+vZerPep6NL1mxnD/7A+vgB0K6Wlg==</latexit>

s 2 R

<latexit sha1_base64="4gaGQuruKFpIB+kPVrhnnwvLU4w=">AAACKHicbVDLSgNBEJz1GeMr6tHLYCJ4CrtBongx4MWbEcwDkhBmZzvJkNnZZaZXiCGf48Vf8SKiSK5+iZPHQRMLBoqq7p7u8mMpDLru2FlZXVvf2Extpbd3dvf2MweHVRMlmkOFRzLSdZ8ZkEJBBQVKqMcaWOhLqPn9m4lfewRtRKQecBBDK2RdJTqCM7RSO3N9FwQ095S7otgD2getQFJhaCBsVxcUUqGmFo+E4iKYKLGlaKgUocB2Juvm3SnoMvHmJEvmKLcz780g4kloB3HJjGl4boytIdMouIRRupkYiBnvsy40LFUsBNMaTg8d0VOrBLQTafvsIlP1d8eQhcYMQt9Whgx7ZtGbiP95jQQ7l62hUHGCoPjso04iKUZ0kpqNQwNHObCEcS3srpT3mGYcbbZpG4K3ePIyqRbyXjF/fl/IlorzOFLkmJyQM+KRC1Iit6RMKoSTZ/JKPsin8+K8OV/OeFa64sx7jsgfON8/p4alyQ==</latexit>

Odd z: the kernel is divergent in the coincident points limit



Even z : Spectrum of the sine kernel

<latexit sha1_base64="OwysD5S0HNeo4WqyYGJE9LWjip8=">AAAB/HicbVDLSgMxFL1TX7X1Ue2ym2ARXJUZkeqy4EJXUsE+oB2GTCZtQzOZIckIZaj/4cqNC0Xc+gf+gDv/xkzbhbYeuHA4515ycvyYM6Vt+9vKra1vbG7ltwvFnd29/dLBYVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vgy8zv3VCoWiTs9iakb4qFgA0awNpJXKgvUZ2ZCrEe+n95MPRt5papds2dAq8RZkGqjePVY+ewGTa/01Q8ikoRUaMKxUj3HjrWbYqkZ4XRa6CeKxpiM8ZD2DBU4pMpNZ+Gn6NgoARpE0ozQaKb+vkhxqNQk9M1mFlIte5n4n9dL9ODCTZmIE00FmT80SDjSEcqaQAGTlGg+MQQTyUxWREZYYqJNXwVTgrP85VXSPq059drZrWmjDnPkoQJHcAIOnEMDrqEJLSAwgSd4gVfrwXq23qz3+WrOWtyU4Q+sjx9C5pbJ</latexit>

n 2 N0

<latexit sha1_base64="J1RzquLL1xjAPxJEVS16tXttzm4="></latexit>

�n(⌘) =
2⌘

⇡
R0n(⌘, 1)

2 <latexit sha1_base64="YoWs/+O95hj1T4jpML9aJ8rcmmE=">AAAB+XicbZC7SgNBFIZn4y3G20Y7bQaDYBV2RaKFRcDGMoK5QLKEs5NJMmRmdpmZDYQlj+Ab2FgoYiX4FLZ2Poi9k0uhiT8MfPznHM6ZP4w508bzvpzMyura+kZ2M7e1vbO75+b3azpKFKFVEvFINULQlDNJq4YZThuxoiBCTuvh4HpSrw+p0iySd2YU00BAT7IuI2Cs1XZdD1/hVg+EgLa06Lfdglf0psLL4M+hUM7fu9+HH2+VtvvZ6kQkEVQawkHrpu/FJkhBGUY4HedaiaYxkAH0aNOiBEF1kE4vH+MT63RwN1L2SYOn7u+JFITWIxHaTgGmrxdrE/O/WjMx3csgZTJODJVktqibcGwiPIkBd5iixPCRBSCK2Vsx6YMCYmxYORuCv/jlZaidFf1S8fzWplFCM2XRETpGp8hHF6iMblAFVRFBQ/SAntCzkzqPzovzOmvNOPOZA/RHzvsPcbeVPw==</latexit>

0 < �n < 1

<latexit sha1_base64="D68IgJaiW7u/fNZCN/5k/FMGEcc="></latexit>

radial Prolate Spheroidal Wave Functions (PSWF) of zero order R0n

<latexit sha1_base64="xHkcIZqAmDP1qOQWpdJqBFGcJTs="></latexit>

[Slepian, Pollak, Landau; a series of papers in the early 1960’s]

<latexit sha1_base64="SEUcdkGNyuwCdDx8YwJtQF9gjw8="></latexit>

This spectral problem has been solved by Slepian, Pollak and Landau

<latexit sha1_base64="/tkaqTgRt1SGW3bbRcJWKpkL0P4="></latexit>

[Osipov, Rokhlin, Xiao, (2013)]

<latexit sha1_base64="Tdo8RPsK395dTnon50Pq9f+UXtY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjxCIo8ENmR2aGBkdnYzM2skG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkSleSTvzTRGP6QjyYecUWOlxlO/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZ446dcxolByZaLhokgJiLzr8mAK2RGTC2hTHF7K2FjqigzNpuCDcFbfXmdtCpl76pcbVRLtUoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AORXjPU=</latexit>x

<latexit sha1_base64="/n8nEJKBtYAVuxMaizwscki5HXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUnAxKZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXr1TyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwB0KOM6A==</latexit>

k

<latexit sha1_base64="xpkdng9IXULJcuReBwmjzG/nGWA=">AAAB/XicbVDLSgMxFM3UV62v+ti5CRbBVZkpRV0WBHFZwT6gLUMmzbShSWZI7ojjUPwVNy4Ucet/uPNvTB8LbT1wuYdz7iU3J4gFN+C6305uZXVtfSO/Wdja3tndK+4fNE2UaMoaNBKRbgfEMMEVawAHwdqxZkQGgrWC0dXEb90zbXik7iCNWU+SgeIhpwSs5BePRn7WBfYAWtrOVYqvx2O/WHLL7hR4mXhzUkJz1P3iV7cf0UQyBVQQYzqeG0MvIxo4FWxc6CaGxYSOyIB1LFVEMtPLpteP8alV+jiMtC0FeKr+3siINCaVgZ2UBIZm0ZuI/3mdBMLLXsZVnABTdPZQmAgMEZ5EgftcMwoitYRQze2tmA6JJhRsYAUbgrf45WXSrJS983L1tlqqVeZx5NExOkFnyEMXqIZuUB01EEWP6Bm9ojfnyXlx3p2P2WjOme8coj9wPn8ANs2VrA==</latexit>

kF

<latexit sha1_base64="iThhsOP2EcH0pqgGJlYv1CB9bUk=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0tSirosCOKygn1AG8JkOm2HTiZh5kYMsQt/xY0LRdz6G+78G6dtFtp64HIP59zL3DlBLLgGx/m2lpZXVtfWCxvFza3tnV17b7+po0RR1qCRiFQ7IJoJLlkDOAjWjhUjYSBYKxhdTfzWPVOaR/IO0ph5IRlI3ueUgJF8+/AMj/ysC+wBVGg6lym+Ho99u+SUnSnwInFzUkI56r791e1FNAmZBCqI1h3XicHLiAJOBRsXu4lmMaEjMmAdQyUJmfay6f1jfGKUHu5HypQEPFV/b2Qk1DoNAzMZEhjqeW8i/ud1EuhfehmXcQJM0tlD/URgiPAkDNzjilEQqSGEKm5uxXRIFKFgIiuaENz5Ly+SZqXsnpert9VSrZLHUUBH6BidIhddoBq6QXXUQBQ9omf0it6sJ+vFerc+ZqNLVr5zgP7A+vwB/AaWDQ==</latexit>

�kF

<latexit sha1_base64="G1m5krPP9Q46uxQjjA5HKg3R4EU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbgnoMePEYH3lAsoTZyWwyZHZ2mekVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDPzW09cGxGrRxwn3I/oQIlQMIpWergg971iyS27c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU0K2Xvsly9q5ZqlSyOPJzAKZyDB1dQg1uoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AacaNMA==</latexit>

�R
<latexit sha1_base64="jFNh2GS2fgIx94gYk5idwj9W+o8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjyCkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcbVRLtUoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKq/jM8=</latexit>

R

<latexit sha1_base64="AB9ybB9K393eVYmk0ScAMPhybPw=">AAACDnicbVA9SwNBEN3zM8avi3baLIpgIeFORC0DglhGMYmQC2FvM9Ele3vn7pwYjvwCEfwp2lgoYqutnT/E3k1i4deDYR7vzbA7L0ykMOh5787I6Nj4xGRuKj89Mzs37xYWqiZONYcKj2WsT0JmQAoFFRQo4STRwKJQQi3s7PX92gVoI2J1jN0EGhE7VaItOEMrNd21AJDRAM5TcUGPaLBBO80sQLhEHdkuVJfu93pNd9UregPQv8T/IqulwrX7sfR6W266b0Er5mkECrlkxtR9L8FGxjQKLqGXD1IDCeMddgp1SxWLwDSywTk9umaVFm3H2pZCOlC/b2QsMqYbhXYyYnhmfnt98T+vnmJ7t5EJlaQIig8faqeSYkz72dCW0MBRdi1hXAv7V8rPmGYcbYJ5G4L/++S/pLpZ9LeLW4c2jW0yRI4skxWyTnyyQ0rkgJRJhXByRe7IA3l0bpx758l5Ho6OOF87i+QHnJdPOoGfQg==</latexit>

⌘ ⌘ RkF

<latexit sha1_base64="OMsExh9kuGfpvv/Tti/Djzu8ytE=">AAACEHicbVC7SgNBFJ31GeMramkzGEQbw26QKFYBG8uIRoUkhNnJTTJkHsvMXSEs+QQbf8XGQhFbSzv/xklM4evAhcM598E9cSKFwzD8CGZm5+YXFnNL+eWV1bX1wsbmlTOp5VDnRhp7EzMHUmioo0AJN4kFpmIJ1/HgdOxf34J1wuhLHCbQUqynRVdwhl5qF/aypkB6kTAOB8oo0JgqKoUSKHSPJtZwcG5ET9qFYlgKJ6B/STQlRTJFrV14b3YMT8cbuWTONaIwwVbGLAouYZRvpg781QHrQcNTzRS4VjZ5aER3vdKhXWN9aaQT9ftExpRzQxX7TsWw7357Y/E/r5Fi97iVCZ2kCJp/HeqmkqKh43RoR1jgKIeeMG59CJzyPrOMo88w70OIfr/8l1yVS1GldHheLlYr0zhyZJvskH0SkSNSJWekRuqEkzvyQJ7Ic3AfPAYvwetX60wwndkiPxC8fQK8Jpz+</latexit>

Space-momentum limiting process :

<latexit sha1_base64="H9SAv5/7fEOWK3Zg6ICJOzJVHVM=">AAACEHicbVDLSgMxFM34rPU16tJNsBVdlZki1WXBjcsKfUE7lEx6pw3NTEKSEUrpJ7jxV9y4UMStS3f+jZm2C209EDicc+/NvSeUnGnjed/O2vrG5tZ2bie/u7d/cOgeHTe1SBWFBhVcqHZINHCWQMMww6EtFZA45NAKR7eZ33oApZlI6mYsIYjJIGERo8RYqede1IeAJVEkBgMKF7tgSBEzjaUSUqisiHBsRM8teCVvBrxK/AUpoAVqPfer2xc0jSExlBOtO74nTTAhdiTlMM13Uw2S0BEZQMfSxC6gg8nsoCk+t0ofR0LZlxg8U393TEis9TgObWVMzFAve5n4n9dJTXQTTFgiUwMJnX8UpdmBOEsH95kCavjYEkIVs7tiOrTpUBuOztsQ/OWTV0mzXPIrpav7cqFaWcSRQ6foDF0iH12jKrpDNdRAFD2iZ/SK3pwn58V5dz7mpWvOoucE/YHz+QPY2Jx0</latexit>

The parameter ⌘ is proportional to
<latexit sha1_base64="ai9SCUUENT3mS0RAojlyaZwabfA=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaZIdVlw47KCfUA7lDtpZhqaSYYkI5ShH+DGX3HjQhG3foA7/8ZMOwttPRA4nHMuN/cECWfauO63s7a+sbm1Xdop7+7tHxxWjo47WqaK0DaRXKpeAJpyJmjbMMNpL1EU4oDTbjC5yf3uA1WaSXFvpgn1Y4gECxkBY6VhpWrGFIOdwDLEgBUlBkSUclCWRzaCWZ5ya+4ceJV4BamiAq1h5WswkiSNqTCEg9Z9z02Mn4EyjHA6Kw9STRMgE4ho31IBMdV+Nj9mhs+tMsKhVPYJg+fq74kMYq2ncWCTMZixXvZy8T+vn5rw2s+YSFJDBVksClOOjcR5M3jE8uv51BIgitm/YjIGBcTY/sq2BG/55FXSqde8Ru3yrl5tNoo6SugUnaEL5KEr1ES3qIXaiKBH9Ixe0Zvz5Lw4787HIrrmFDMn6A+czx/Bo5rH</latexit>

the area of a rectangular region in
<latexit sha1_base64="LV7VBMclmsvbL+43FePlM7T1yfI=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRFqsuCG5cV7APaUCbTm2bo5MHMRKihX+LGhSJu/RR3/o3TNgttPTBwOOe+5vip4Eo7zre1sbm1vbNb2ivvHxweVezjk45KMsmwzRKRyJ5PFQoeY1tzLbCXSqSRL7DrT27nfvcRpeJJ/KCnKXoRHcc84IxqIw3tig6RpKGZQFRKGQ7tqlNzFiDrxC1IFQq0hvbXYJSwLMJYM0GV6rtOqr2cSs2ZwFl5kCk0gyd0jH1DYxqh8vLF4TNyYZQRCRJpXqzJQv3dkdNIqWnkm8qI6lCtenPxP6+f6eDGy3mcZhpjtlwUZILohMxTICMukWkxNYQyyc2thIVUUqZNVmUTgrv65XXSqdfcRu3qvl5tNoo4SnAG53AJLlxDE+6gBW1gkMEzvMKb9WS9WO/Wx7J0wyp6TuEPrM8fVzuS2g==</latexit>

the phase space

<latexit sha1_base64="KNicLUBIiquW8uVHK7SgDrzF3Ho=">AAACKnicbVC7SgNBFJ31bXxFLW0Gg2Bj2BVRS8XGUsEkQhLC7OzdZHAe68xdJSz5Hht/xcZCEVs/xMmj0OipDuecy+WcOJPCYRh+BDOzc/MLi0vLpZXVtfWN8uZW3ZnccqhxI429jZkDKTTUUKCE28wCU7GERnx3MfQbD2CdMPoG+xm0FetqkQrO0Eud8vljz1CHeSIgodgDWrQEUhQKDlIL9zlo3qdSKIFCd2lmDQfnBjQ1ljrR1Uy6TrkSVsMR6F8STUiFTHDVKb+2EsNzBRq5ZM41ozDDdsEsCi5hUGrlDjLG71gXmp5qpsC1i1HVAd3zSjJ6nxqNdKT+vCiYcq6vYp9UDHtu2huK/3nNHNPTdiF0lqPvPH6U5pKiocPdaCIscJR9Txi3fg5OeY9ZxtGvW/IjRNOV/5L6YTU6rh5dH1bOjidzLJEdskv2SUROyBm5JFekRjh5Ii/kjbwHz8Fr8BF8jqMzweRmm/xC8PUN4UGoJA==</latexit>

who studied the time-frequency limiting process for signals



Spectrum of the sine kernel
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Figure 1: The first eigenvalues of the spectrum for the sine kernel (see (3.1) and (3.3)) for

some values of the dimensionless parameter ⌘. The sets I, II and III providing a natural

partition of the spectrum can be easily recognised. For any ⌘, the eigenvalue closest to 1/2

(full marker) provides the largest contribution to the entanglement entropies (4.1) and (4.3).

The partition of the spectrum in its three subsets I, II and III naturally leads to introduce

the critical index n0 as follows [74]

n0 ⌘

�
2⌘

⇡

⌫
=

�
a

2⇡

⌫
(3.10)

where bxc denotes the integer part of x. We remark that n0 is a function of ⌘. In a numerical

inspection based on 50000 values of ⌘ 2 [0.02, 1000], we have observed that �n > 1/2 for all

n < n0 and �n < 1/2 for all n > n0, while whether �n0 is greater or smaller than 1/2 depends

on ⌘. In this analysis we have also found that the eigenvalue closest to 1/2 is �n0 for the

vast majority of the values of ⌘ explored, while for few cases it is given by �n0�1, where we

observed that �n0�1 > 1/2 > �n0 and �n0�1 � 1/2 ⇡ 1/2� �n0 .

From these observations and the discreteness of the spectrum, one realises that the be-

haviour of �n0 in terms of ⌘ is oscillatory. This is shown in Fig. 2, which displays the saw-

toothed profile of �n0 in a typical finite range of ⌘.
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Entanglement entropies of the interval on the line

<latexit sha1_base64="wkqqBgGKQqgjPEVdfnF8FSkZrec=">AAAB7XicbZDLSgMxFIbPeK310qoLF24GiyAIZaZI1YVYcOOygr1AO5RMmmljM8mQZIQ69B3cuFDErS/jyoXg09T0stDWHwIf/38OOef4EaNKO863tbC4tLyymlpLr29sbmWy2ztVJWKJSQULJmTdR4owyklFU81IPZIEhT4jNb93Ncpr90QqKvit7kfEC1GH04BipI1Vfbgo8GO3lc05eWcsex7cKeQuh3sf58OvTLmV/Wy2BY5DwjVmSKmG60TaS5DUFDMySDdjRSKEe6hDGgY5ConykvG0A/vQOG07ENI8ru2x+7sjQaFS/dA3lSHSXTWbjcz/skasgzMvoTyKNeF48lEQM1sLe7S63aaSYM36BhCW1Mxq4y6SCGtzoLQ5gju78jxUC3m3mD+5cXKlIkyUgn04gCNw4RRKcA1lqACGO3iEZ3ixhPVkvVpvk9IFa9qzC39kvf8ANSSSoA==</latexit>

z = 2n+ 1
<latexit sha1_base64="OMyqNiGIATMnadfapeig86d8avE=">AAAB9XicbVDLSgNBEJyNrxhfUW96WQxC9BB2RWKOEQ96ESKaByab0DuZTYbMziwzs0pY8h9ePCji1X/x5t84eRw0WtBQVHXT3eVHjCrtOF9WamFxaXklvZpZW9/Y3Mpu79SUiCUmVSyYkA0fFGGUk6qmmpFGJAmEPiN1f3Ax9usPRCoq+J0eRsQLocdpQDFoI7VvO+ftJN8CFvXhaNTJ5pyCM4H9l7gzkivvXZcuxfF9pZP9bHUFjkPCNWagVNN1Iu0lIDXFjIwyrViRCPAAeqRpKIeQKC+ZXD2yD43StQMhTXFtT9SfEwmESg1D33SGoPtq3huL/3nNWAclL6E8ijXheLooiJmthT2OwO5SSbBmQ0MAS2putXEfJGBtgsqYENz5l/+S2knBLRZOb0waRTRFGu2jA5RHLjpDZXSFKqiKMJLoCb2gV+vRerberPdpa8qazeyiX7A+vgGOpJQU</latexit>

S(↵)
A

<latexit sha1_base64="CSDBGpbjwAnjI/LUmLSZ9/EH4Jk=">AAAB63icbZC7SgNBFIbPxluMt6ilzWAQYhN2g0QbMWBjGcFcIFnC7GQ2GTI7u8zMCnHJK2hhoYitb2HlI9j5IPbOJik08YeBj/8/hznneBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7DRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w8s0b95SqVgobvQoom6A+4L5jGCdWnfnZdHNF+ySPRFaBGcGhYv34vfHQ+e41s1/dnohiQMqNOFYqbZjR9pNsNSMcDrOdWJFI0yGuE/bBgUOqHKTyaxjdGScHvJDaZ7QaOL+7khwoNQo8ExlgPVAzWep+V/WjrV/5iZMRLGmgkw/8mOOdIjSxVGPSUo0HxnARDIzKyIDLDHR5jw5cwRnfuVFaJRLTqV0cm0XqhWYKgsHcAhFcOAUqnAFNagDgQHcwxM8W4H1aL1Yr9PSjDXr2Yc/st5+APH/keA=</latexit>

z = 2n

<latexit sha1_base64="O8UoUBK2sXidWSXWoyXujGBgBrA="></latexit>

The single copy entanglement S(1)
A = � log(�max) has been also explored

<latexit sha1_base64="29hKPeSyudaNqCXxEzAORkdZCn4="></latexit>

Entanglement entropies S(↵)
A are finite functions of ⌘

<latexit sha1_base64="KGb39HF8UiBbULlp9+qunKNQkcg=">AAACGnicbVA9SwNBEN3zM8avi3baLAbBKtyJRMuAjWUEo0IuhLnNJC7u7p27e0I48hOsbfwR/gEbC0XsxMYfYu8msVDjg4HHezPMzItTwY0Ngg9vanpmdm6+sFBcXFpeWfVLa6cmyTTDBktEos9jMCi4woblVuB5qhFkLPAsvjwc+mfXqA1P1Intp9iS0FO8yxlYJ7X9MKCRwCsjQFka9UBKaKsfEo0sFx3Mx9bAeW2/HFSCEegkCb9JuVa68T83Xu7rbf8t6iQsk6gsE2BMMwxS28pBW84EDopRZjAFdgk9bDqqQKJp5aPXBnTbKR3aTbQrd85I/TmRgzSmL2PXKcFemL/eUPzPa2a2e9DKuUozi4qNF3UzQW1ChznRDtfIrOg7AkxzdytlF6CBWZdm0YUQ/n15kpzuVsJqZe/YpVElYxTIJtkiOyQk+6RGjkidNAgjt+SBPJFn78579F6813HrlPc9s05+wXv/AoADpDI=</latexit>

0 6 �n 6 �̃n

<latexit sha1_base64="1SLuw51IpiQ9KV7JLsh0g2QT3Yo="></latexit>

�̃n =
⌘
2n+1

e
2n

(4n)2n+1

⇥
1 +O(1/n)

⇤

<latexit sha1_base64="xpL1VSxbQ7fpoV679vOGmJAEqzQ="></latexit>

PSWF: �n ! 0 as n ! 1 with a super-exponential decay rate
<latexit sha1_base64="lTexHSJIXF7ujvW5yiJflFEmZsw=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoICGJfWVXcOOygn1AGspkMmmHTh7MTIQa+iVuXCji1k9x5984fQgqeuDC4Zx7ufceP2VUSNP80NbWNza3tgs7xd29/YOSfnjUFUnGMenghCW87yNBGI1JR1LJSD/lBEU+Iz1/cjX3e3eEC5rEt3KaEi9Co5iGFCOppKFecns0SKILWLEcp3ruDfWyaZgNu1arQ9Owao2mdamI4zRtpViGuUAZrNAe6u+DIMFZRGKJGRLCtcxUejnikmJGZsVBJkiK8ASNiKtojCIivHxx+AyeKSWAYcJVxRIu1O8TOYqEmEa+6oyQHIvf3lz8y3MzGTa9nMZpJkmMl4vCjEGZwHkKMKCcYMmmiiDMqboV4jHiCEuVVVGF8PUp/J90bcOqG9Ubu9wyV3EUwAk4BRVggQZogWvQBh2AQQYewBN41u61R+1Fe122rmmrmWPwA9rbJ564kbs=</latexit>

[Widom, (1994)]

<latexit sha1_base64="zFT9d2GvBcNG/yYIvnFBUzKF8bw=">AAACFHicbZDLSgMxFIYz9VbrbVRw4yZYhIq2zIjULgtuXFawF+gMJZOmbWjmYpIpLUMfwo248jXcuFDErQt3og9jZtqFth4IfPn/c0jO7wSMCmkYn1pqYXFpeSW9mllb39jc0rd3asIPOSZV7DOfNxwkCKMeqUoqGWkEnCDXYaTu9C9ivz4gXFDfu5ajgNgu6nq0QzGSSmrpxyI3PIIWuQnpAOatkyG0mN+NtTzMmfnYi+8JtfSsUTCSgvNgTiFb3gse7r+/SpWW/mG1fRy6xJOYISGaphFIO0JcUszIOGOFggQI91GXNBV6yCXCjpKlxvBQKW3Y8bk6noSJ+nsiQq4QI9dRnS6SPTHrxeJ/XjOUnZIdUS8IJfHw5KFOyKD0YZwQbFNOsGQjBQhzqv4KcQ9xhKXKMaNCMGdXnofaacEsFs6uVBpFMKk02AcHIAdMcA7K4BJUQBVgcAsewTN40e60J+1Ve5u0prTpzC74U9r7D7yinow=</latexit>

s(x) ⌘ �x log(x)� (1� x) log(1� x)

<latexit sha1_base64="f11TQsMO62tp7w/VigcUI6aWipQ="></latexit>

SA ⌘ �Tr
�
⇢A log ⇢A

�
=

1X

n=0

s(�n)

<latexit sha1_base64="6orWhnMD0TQlj70edaJ8AE3Bs5o="></latexit>

s↵(x) ⌘
1

1� ↵
log

⇥
x↵ + (1� x)↵

⇤
<latexit sha1_base64="gnMKx4PYO8J5PM4oERXGqNFnX6k="></latexit>

S(↵)
A ⌘

log
⇥
Tr(⇢↵A)

⇤

1� ↵
=

1X

n=0

s↵(�n)

<latexit sha1_base64="wUhYn0DhL4PUVwTbSKu3qglQry4=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4KkmR6rHgxWMF0xbaUDbbSbN0swm7m0IJ/Qde/CtePCji1as3/43bNgdtfbDwePNmduYFKWdKO863tba+sbm1Xdop7+7tHxzaR8ctlWSSgkcTnshOQBRwJsDTTHPopBJIHHBoB6PbWb09BqlYIh70JAU/JkPBQkaJNlLfvvBaeMCMYwhCY6KwjgAbjWY6CUM8JoKpCFTfrjhVZw68StyCVFCBZt/+6g0SmsVmKuVEqa7rpNrPidSMcpiWe5mClNARGULXUEFiUH4+v2eKz40ywGEizTNbzdXfHTmJlZrEgXHGREdquTYT/6t1Mx3e+DkTaaZB0MVHYcaxTvAsHJOEBKr5xBBCJTO7YhoRSag2EZZNCO7yyaukVau69erVfa3SqBdxlNApOkOXyEXXqIHuUBN5iKJH9Ixe0Zv1ZL1Y79bHwrpmFT0n6A+szx/+w5v9</latexit>

UV divergent as the UV cuto↵ vanishes

<latexit sha1_base64="IivzXj353iaLmG9WL92wknGOz0s="></latexit>

finite function of ⌘ ⌘ RkF,2n



Entanglement entropies: PSWF & tau function approaches
<latexit sha1_base64="K+aqsvnfqQ5oMs/6actn3Tn68KQ=">AAACIXicbVDLSgMxFM34rPU16tJNsAiuykyR2mXBjcsK9gFtKZn0ThuamQxJxjoM/RU3/oobF4p0J/6MmXYW2nogcHLOvcm9x4s4U9pxvqyNza3tnd3CXnH/4PDo2D45bSkRSwpNKriQHY8o4CyEpmaaQyeSQAKPQ9ub3GZ++xGkYiJ80EkE/YCMQuYzSrSRBnatDRiCiIsE66nAU5IorAWGJyNJwHps7FCTcMQhMCS7SBExUAO75JSdBfA6cXNSQjkaA3veGwoaZ69QTpTquk6k+ymRmlEOs2IvVhAROiEj6BoakgBUP11sOMOXRhliX0hzzBQL9XdHSgKlksAzlQHRY7XqZeJ/XjfWfq2fsjCKNYR0+ZEf8yyDLC48ZBKo5okhhEpmZsV0TCSh2oRaNCG4qyuvk1al7FbL1/eVUr2ax1FA5+gCXSEX3aA6ukMN1EQUPaNX9I4+rBfrzfq05svSDSvvOUN/YH3/AGCMpEQ=</latexit>

We employ two ways to explore the entanglement entropies

<latexit sha1_base64="Cxblr/6cWR2j62TPeEOsRj15ceo=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIFWTITO1rV3AjuqlgH9AOJZOmbWgmMyQZodQu/BU3LhRx62+4829MH4KKHrhwOOde7r3HjzhTGqEPK7G0vLK6llxPbWxube+kd/fqKowloTUS8lA2fawoZ4LWNNOcNiNJceBz2vCH51O/cUulYqG40aOIegHuC9ZjBGsjddIHrUsmTuFVKGk0JVkXodyJ10lnkI2Kbj5fgMh28sWSkzOkXC65RnFsNEMGLFDtpN/b3ZDEARWacKxUy0GR9sZYakY4naTasaIRJkPcpy1DBQ6o8saz+yfw2Chd2AulKaHhTP0+McaBUqPAN50B1gP125uKf3mtWPdK3piJKNZUkPmiXsyhDuE0DNhlkhLNR4ZgIpm5FZIBlphoE1nKhPD1Kfyf1F3bKdhn126mghZxJMEhOAJZ4IAiqIALUAU1QMAdeABP4Nm6tx6tF+t13pqwFjP74Aest08gxZQ0</latexit>

[Jin, Korepin, (2003)]
<latexit sha1_base64="EIYmDwBldLpIvIe7Q17te5P2UWo=">AAACBHicdVBNSwMxEM36WevXqkcvwSIoyJJdW9veCl4EERSsCnUp2XRaQ7PZJckKtfTgxb/ixYMiXv0R3vw3prWCij4YeLw3w8y8KBVcG0LenYnJqemZ2dxcfn5hcWnZXVk900mmGNRZIhJ1EVENgkuoG24EXKQKaBwJOI+6+0P//BqU5ok8Nb0Uwph2JG9zRo2Vmu564xAslZ0dfAQ3N7Sl+A7eCggpbodNt0A8Ug5KpT1MPL9Urvi7llSrlcAqvkdGKKAxjpvu22UrYVkM0jBBtW74JDVhnyrDmYBB/jLTkFLWpR1oWCppDDrsj54Y4E2rtHA7UbakwSP1+0Sfxlr34sh2xtRc6d/eUPzLa2SmXQn7XKaZAck+F7UzgU2Ch4ngFlfAjOhZQpni9lbMrqiizNjc8jaEr0/x/+Qs8Pw9r3gSFGpkHEcOraMNtIV8VEY1dICOUR0xdIvu0SN6cu6cB+fZeflsnXDGM2voB5zXDyyllnc=</latexit>

[Keating, Mezzadri, (2004)]

<latexit sha1_base64="D1t8u8GZ+l5Vhe2ZfXTuy7uPo84=">AAACHHicbVC7SgNBFJ31GeMramkzGASrsKuilhEbSwWjQgzh7uxNMjiPZeauEIIfYuOv2FgoYmMh+DdOYgpfBwYO59wzM/ekuZKe4vgjmpicmp6ZLc2V5xcWl5YrK6vn3hZOYENYZd1lCh6VNNggSQovc4egU4UX6fXR0L+4QeelNWfUz7GloWtkRwqgILUrO4cGlO3awnON1LOZ56hzZfuYcWm4AiIpkAtQolCjjOftSjWuxSPwvyQZkyob46RdebvKrCg0GhIKvG8mcU6tAbhwt8Lb8lXhMQdxDV1sBmpAo28NRsvd8s2gZLxjXTiG+Ej9nhiA9r6v0zCpgXr+tzcU//OaBXUOWgNp8oLQiK+HOoXiZPmwKZ5Jh4JUPxAQToa/ctEDB4JCn+VQQvJ75b/kfLuW7NV2T7er9b1xHSW2zjbYFkvYPquzY3bCGkywO/bAnthzdB89Ri/R69foRDTOrLEfiN4/AVtXoh8=</latexit>

Analogous methods employed in lattice calculations

<latexit sha1_base64="167FEayTRR6m1ME/2JOIDbdAJ8w="></latexit>

S(↵)
A =

1X

n=0

s↵(�n)
<latexit sha1_base64="sqDHZWfsmcl8jnQw/Kj0So48n8k=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0i1WNBEI8V7Qe0S5lNs21oNolJtlBKf4cXD4p49cd489+YtnvQ1gcDj/dmmJkXKc6M9f1vb219Y3NrO7eT393bPzgsHB03jEw1oXUiudStCAzlTNC6ZZbTltIUkojTZjS8mfnNEdWGSfFox4qGCfQFixkB66Sw9tC8xaCUlkAG3ULRL/lz4FUSZKSIMtS6ha9OT5I0ocISDsa0A1/ZcALaMsLpNN9JDVVAhtCnbUcFJNSEk/nRU3zulB6OpXYlLJ6rvycmkBgzTiLXmYAdmGVvJv7ntVMbX4cTJlRqqSCLRXHKsZV4lgDuMU2J5WNHgGjmbsVkABqIdTnlXQjB8surpFEuBZXS5X25WK1kceTQKTpDFyhAV6iK7lAN1RFBT+gZvaI3b+S9eO/ex6J1zctmTtAfeJ8/HFyRpQ==</latexit>

PSWF approach

<latexit sha1_base64="XBBGtHyLKFQKQEMIqukwBgzH2Sk=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4ut4KkkRarHghePFewHtKFMtpt26WYTdjdCCfXiX/HiQRGv/gtv/hs3bQ7a+mDg8d4MM/P8mDOlHefbKqytb2xuFbdLO7t7+wf24VFbRYkktEUiHsmuD4pyJmhLM81pN5YUQp/Tjj+5yfzOA5WKReJeT2PqhTASLGAEtJEG9kmlryGp4CARJFMwxLGMgIwHdtmpOnPgVeLmpIxyNAf2V38YkSSkQhMOSvVcJ9ZeClIzwums1E8UjYFMYER7hgoIqfLS+QczfG6UIQ4iaUpoPFd/T6QQKjUNfdMZgh6rZS8T//N6iQ6uvZSJONFUkMWiIOFYRziLAw+ZpETzqSFAJDO3YjIGCUSb0EomBHf55VXSrlXdevXyrlZu1PM4iugUnaEL5KIr1EC3qIlaiKBH9Ixe0Zv1ZL1Y79bHorVg5TPH6A+szx/ShZZ4</latexit>

⌧ function approach

<latexit sha1_base64="GSbQ1z4+AZ8fAay7TJCCHDJ9mOA=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIlVcFdy4rNAXtEO5k2ba0EwSkoxQSjf+ihsXirj1M9z5N860s9DWAxdOzrmX3HtCxZmxnvftrK1vbG5tF3aKu3v7B4fu0XHLyEQT2iSSS90JwVDOBG1aZjntKE0hDjlth+O7zG8/Um2YFA07UTSIYShYxAjYVOq7pw1IcJQIkj0xKKUlkNFtse+WvLI3B14lfk5KKEe97371BpIkMRWWcDCm63vKBlPQlhFOZ8VeYqgCMoYh7aZUQExNMJ0fMMMXqTLAkdRpCYvn6u+JKcTGTOIw7YzBjsyyl4n/ed3ERjfBlAmVWCrI4qMo4dhKnKWBB0xTYvkkJUA0S3fFZAQaiE0zy0Lwl09eJa1K2a+Wrx4qpVo1j6OAztA5ukQ+ukY1dI/qqIkImqFn9IrenCfnxXl3Phata04+c4L+wPn8AepHle4=</latexit>

Tau function approach:

<latexit sha1_base64="Qrhqe7te2bxm6F70USF2ZWBFHZ8="></latexit>

[Gamayun, Iorgov, Lisovyy, (2012), (2013)]

<latexit sha1_base64="TD4P4sLBejAz9u0oTKX4gBK6LKY=">AAACKnicbVDJSgNBEO1xjXGLevTSGARPYUYkeox40VsEY4QkhJpOjWnsZejuCYSQ7/Hir3jJQQle/RB7khzcCpp+vKp6VfXiVHDrwnAaLC2vrK6tFzaKm1vbO7ulvf17qzPDsMG00OYhBouCK2w47gQ+pAZBxgKb8dNVnm8O0Fiu1Z0bptiR8Kh4whk4T3VLlzcy1caBctQgQ/9BbwCKoaVcUddHyrT0in1UuQbVyYy0WmS5gKXFbqkcVsJZ0L8gWoAyWUS9W5q0e5pl0g9jAqxtRWHqOiMwjjOB42I7s5gCe4JHbHmoQKLtjGanjumxZ3o00cY/v+yM/d4xAmntUMa+UoLr29+5nPwv18pcctEZcZVmDhWbD0oyQZ2muW+0x70/Tgw9AGa435WyPhhgzrubmxD9PvkvuD+tRNXK2e1puVZd2FEgh+SInJCInJMauSZ10iCMPJNX8kbeg5dgEkyDj3npUrDoOSA/Ivj8Atntp3Y=</latexit>

Important recent advances in the comprehension of the solutions
<latexit sha1_base64="TKz4LX0xSa2xhOUTdmXPGlVWfsI="></latexit>

of the Painlevé equations made through the Kyiv formula

<latexit sha1_base64="8R8xkmh7nwXh5bbNQXdfzxBZoCE="></latexit>

Sine kernel ⌧ can be studied through the solution of a Painlevé V
<latexit sha1_base64="Vxl6/rF7IB1JDnsbh9689WEzn0E="></latexit>

[Jimbo, Miwa, Mori, Sato, (1980)]

<latexit sha1_base64="1VtbAYAaSH+NOUBU4f3dEmV5U8E="></latexit>

= lim
✏,�!0

1

2⇡i

I

C
s↵(z) @z log(⌧) dz

<latexit sha1_base64="NnxwgTQK659DzHAP62p89W3nXYA=">AAACCHicbVBNS8NAEJ34WetX1KMHF1vBU0mKVI+FXjxWsB/QhrLZbtqlm03Y3Qgl9OjFv+LFgyJe/Qne/Ddu2hy09cHA470ZZub5MWdKO863tba+sbm1Xdgp7u7tHxzaR8dtFSWS0BaJeCS7PlaUM0FbmmlOu7GkOPQ57fiTRuZ3HqhULBL3ehpTL8QjwQJGsDbSwD4r90Osx4HEk7QxKyOmEEaER4oOUWyMgV1yKs4caJW4OSlBjubA/uoPI5KEVGjCsVI914m1l2KpGeF0VuwnisaYTPCI9gwVOKTKS+ePzNBFku0NImlKaDRXf0+kOFRqGvqmM7taLXuZ+J/XS3Rw46VMxImmgiwWBQlHOkJZKmjIJCWaTw3BRDJzKyJjLDHRJruiCcFdfnmVtKsVt1a5uquW6rU8jgKcwjlcggvXUIdbaEILCDzCM7zCm/VkvVjv1seidc3KZ07gD6zPH2rhmO0=</latexit>

C is a closed path
<latexit sha1_base64="6YpaRx1c3QVgoi74hdvco//BJDE=">AAAB+3icbVDLSgMxFL1TX7W+xrp0E2yFClJmilSXBTcuK9gHtEPJpJk2NJMZkoxYhv6KGxeKuPVH3Pk3pu0stPVA4HDOPeTe48ecKe0431ZuY3Nreye/W9jbPzg8so+LbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k9u533mkUrFIPOhpTL0QjwQLGMHaSAO7SAVhkpj4CJUrzqV7UR7YJafqLIDWiZuREmRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTmeFfqJojMkEj2jPUIFDqrx0sfsMnRtliIJImic0Wqi/EykOlZqGvpkMsR6rVW8u/uf1Eh3ceCkTcaLNjcuPgoQjHaF5EWjIJCWaTw3BRDKzKyJjLDHRpq6CKcFdPXmdtGtVt169uq+VGvWsjjycwhlUwIVraMAdNKEFBJ7gGV7hzZpZL9a79bEczVlZ5gT+wPr8AX83kr4=</latexit>

encircling (0, 1)
<latexit sha1_base64="7WyNlhlDsSqci2RMH3bu+aWCcvM=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9gNEj0GBPEYwTwgWcLsbG8yZGZ2mZkVYgj+ihcPinj1P7z5N06SPWhiQUNR1U13V5hypo3nfTsrq2vrG5uFreL2zu7evntw2NRJpig0aMIT1Q6JBs4kNAwzHNqpAiJCDq1weD31Ww+gNEvkvRmlEAjSlyxmlBgr9dzjGwXRIOECR2BACSaJND235JW9GfAy8XNSQjnqPferGyU0EyAN5UTrju+lJhgTZRjlMCl2Mw0poUPSh46lkgjQwXh2/QSfWSXCcaJsSYNn6u+JMRFaj0RoOwUxA73oTcX/vE5m4qtgzGSaGZB0vijOODYJnkaBI6aAGj6yhFDF7K2YDogi1AahizYEf/HlZdKslP1q+eKuUqpV8zgK6ASdonPko0tUQ7eojhqIokf0jF7Rm/PkvDjvzse8dcXJZ47QHzifP7E+lVo=</latexit>

Fredholm determinant
<latexit sha1_base64="MoJ1l4YBXcRH5AqD0WWI54HWy/U=">AAAB+3icbVDLSgMxFL3js9bXWJdugkVwVWaKVJcFNy4r2Ae0Q8mkd9rQTGZIMmIp/RU3LhRx64+4829M21lo64HA4Zx7uDcnTAXXxvO+nY3Nre2d3cJecf/g8OjYPSm1dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv13VISETNCom2ejFFJFH237FW8Bcg68XNShhyNvvvVGyQsi1EaJqjWXd9LTTClynAmcFbsZRpTysZ0iF1LJY1RB9PF7TNyYZUBiRJlnzRkof5OTGms9SQO7WRMzUivenPxP6+bmegmmHKZZgYlWy6KMkFMQuZFkAFXyIyYWEKZ4vZWwkZUUWZsXUVbgr/65XXSqlb8WuXqvlqu1/I6CnAG53AJPlxDHe6gAU1g8ATP8Apvzsx5cd6dj+XohpNnTuEPnM8fZmuUAA==</latexit>

of the sine kernel

<latexit sha1_base64="+cjOlSP+mLgSxwofSHAGKunJ9VI="></latexit>

⌧ ⌘ det
�
I � z�1K

�



Even z : Entanglement entropies of an interval on the line
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Figure 3: Entanglement entropies: The data points have been obtained from (4.1), while the

dashed lines correspond to the small interval expansion (see (7.3)) and to the large interval

expansion (see (8.14), (8.16) and (8.20)).

The data points displayed in Fig. 3 are numerical results for the entanglement entropies of

the interval A = (�R,R) for some values of ↵ and the data for the entanglement entropy

correspond to ↵ = 1. They have been obtained by using (4.1) and (4.3), with �n computed

through the Fortran code developed by Rokhlin and by evaluating the finite sums made by

the contributions corresponding to the first nmax = 5(n0 + 2) eigenvalues, where n0 is the

critical value (3.10). We checked numerically that the entanglement entropies do not change

significantly by increasing nmax. This is due to the fact that nmax is linear in n0, while the width

of the region II depends logarithmically on n0 (see (A.7)). This criterion for the truncation of

the infinite sums have been adopted also for in the numerical determination of other quantities

considered in this manuscript.

An analytic formula for the entanglement entropies as functions of ⌘ is not known in the

entire domain ⌘ > 0; hence it is worth studying analytic expressions for their expansions in

the regimes of small and large ⌘. These analyses are discussed in Sec. 7 and Sec. 8 respectively.

We study these expansions through two di↵erent approaches: one based on the expansions of

the eigenvalues �n (employed only in the regime of small ⌘) [75, 124] and another one based

on the tau function of the sine kernel [81, 82, 87, 125], which allows to obtain results both for

⌘ ! 0 and for ⌘ ! 1.

The approach involving the sine kernel tau function is based on the method first employed

in [77, 78] for the entanglement entropies in some spin chains, where the spectrum of a Toeplitz
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Figure 4: Entanglement entropies S(↵)
A for di↵erent values of ↵. The dashed lines (shown only

for ⌘ > 10) correspond to the large ⌘ expansion given by (8.14), (8.16) and (8.20).

function introduced in [20] for the relativistic field theories in d = 1 (Sec. 5.2).

5.1 Entanglement entropy loss for decreasing ⌘

In the free fermionic Schrödinger field theory on the line, at zero temperature and finite

density, we found that the entanglement entropy SA of an interval A is finite (see Sec. 4).

This crucial property makes SA a natural candidate to quantify the amount of information

shared by the two parts of this bipartition. Let us recall that, for any quantum system in a

pure state and for any bipartition A[B of the space, SA = SB and it measures the bipartite

entanglement associated to the state and to the bipartition.

Consider two finite and non-vanishing values of ⌘, assuming 0 < ⌘1 < ⌘2 without loss of

generality. The area of the limited phase space (2.40), given in (2.39), is proportional to the

dimensionless parameter ⌘ and, in particular, it decreases as ⌘ decreases.

As for the entanglement entropy, the curves corresponding to ↵ = 1 in Fig. 3 and Fig. 4

show that SA increases monotonically as ⌘ increases. This important feature is not observed

for entanglement entropies with ↵ 6= 1.

For a given interval, changing µ modifies the area of the limited phase space. In this case,

SA increases as µ increases. For the states at zero temperature and di↵erent finite density

that we are exploring, this behaviour is observed also for the mean energy hE(t, x)i1,µ, the

mean density h%(t, x)i1,µ and the central term cµ of the Schödinger algebra, given in (2.34).

20
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SA is a strictly increasing function of ⌘



<latexit sha1_base64="82E3Nyf6ecJZcpTFI5UgSTvjdcw=">AAACEnicbZDLSgMxFIYz9VbHW7UrcRMUQbGUGRF1WenGZUXbCp0yZNIzbTBzMckUytBncOPat3DjQhG3rtz5FL6CmbYLrf4Q+PjPOUnO78WcSWVZn0ZuZnZufiG/aC4tr6yuFdY3GjJKBIU6jXgkrj0igbMQ6oopDtexABJ4HJreTTWrN/sgJIvCKzWIoR2Qbsh8RonSllvYr5pOyYHbhPWdEjaxA4pocGIiFCPcTTNjiC/dM7ewY5WtkfBfsCewU9l8KB7Uv3DNLXw4nYgmAYSKciJly7Zi1U6ziymHoekkEmJCb0gXWhpDEoBsp6OVhnhXOx3sR0KfUOGR+3MiJYGUg8DTnQFRPTldy8z/aq1E+aftlIVxoiCk44f8hGMV4Swf3GECqOIDDYQKpv+KaY8IQpVO0dQh2NMr/4XGYdk+Lh9d6DSO0Vh5tIW20R6y0QmqoHNUQ3VE0R16RM/oxbg3noxX423cmjMmM0X0S8b7N7rJnos=</latexit>

C ⌘ ⌘ @⌘SA

<latexit sha1_base64="4X4I9vjoc6wqpREJkbZGI9djOF4=">AAACHHicbVDLTgIxFO3gC/E16tJNI5i4IjNo0CUJG5eYCJjAhHTKHWjotJO2Y0IIH+LGX3HjQmPcuDDxb+wACwVv0uT0nHtue0+YcKaN5307ubX1jc2t/HZhZ3dv/8A9PGppmSoKTSq5VPch0cCZgKZhhsN9ooDEIYd2OKpnevsBlGZS3JlxAkFMBoJFjBJjqZ57UZdCsz4obIaAiSBcDlLAMprdQRglE0ZxqV7CUSpoZsI9t+iVvVnhVeAvQBEtqtFzP7t9SdPYjqOcaN3xvcQEE6IMoxymhW6qISF0RAbQsVCQGHQwmS03xWeW6eNIKnuEwTP2t2NCYq3HcWg7Y2KGelnLyP+0Tmqi62DCRJIaEHT+UJRybCTOksJ9poAaPraAUMXsXzEdEkWosXkWbAj+8sqroFUp+9Xy5W2lWKsu4sijE3SKzpGPrlAN3aAGaiKKHtEzekVvzpPz4rw7H/PWnLPwHKM/5Xz9AEw2oNM=</latexit>

Consider the analogue of the entropic C function

<latexit sha1_base64="lc8UZXlyq1BOok/e9Nu3zNxTSN0=">AAACAXicdVDLSgMxFM34rPVVdSO4CRahQhkyY5+7QjddVrAPaIeSSdM2NJMZkoxQSt34K25cKOLWv3Dn35g+BBU9cOFwzr3ce48fcaY0Qh/W2vrG5tZ2Yie5u7d/cJg6Om6qMJaENkjIQ9n2saKcCdrQTHPajiTFgc9pyx9X537rlkrFQnGjJxH1AjwUbMAI1kbqpU47VayYYFlYi6nUOAszLkK5S6+XSiMbFd18vgCR7eSLJefKkHK55BrFsdECabBCvZd67/ZDEgdUaMKxUh0HRdqbYqkZ4XSW7MaKRpiM8ZB2DBU4oMqbLj6YwQuj9OEglKaEhgv1+8QUB0pNAt90BliP1G9vLv7ldWI9KHlTJqJYU0GWiwYxhzqE8zhgn0lKNJ8Ygolk5lZIRlhiok1oSRPC16fwf9J0badg567ddAWt4kiAM3AOMsABRVABNVAHDUDAHXgAT+DZurcerRfrddm6Zq1mTsAPWG+frE+VEA==</latexit>

[Casini, Huerta, (2004)]

<latexit sha1_base64="BLqpNIPyafTFK0A1MKFpvPViKU0=">AAACFHicbVC7SgNBFJ2Nrxhfq5Y2g0GIRMNukGgjBNJYRjAPyC5hdjKbDJl9MHNXCEt6Wxt/xcZCEVsLO8GPcfIoNHpg4HDOPdy5x4sFV2BZn0ZmaXlldS27ntvY3NreMXf3mipKJGUNGolItj2imOAhawAHwdqxZCTwBGt5w9rEb90yqXgU3sAoZm5A+iH3OSWgpa5ZrOFLjE8dXxKalsepE/Oxc4IdBsQRUb8wIce46PQiUF0zb5WsKfBfYs9Jvlryv1x659e75ofO0SRgIVBBlOrYVgxuSiRwKtg45ySKxYQOSZ91NA1JwJSbTo8a4yOt9LAfSf1CwFP1ZyIlgVKjwNOTAYGBWvQm4n9eJwH/wk15GCfAQjpb5CcCQ4QnDeEel4yCGGlCqOT6r5gOiO4HdI85XYK9ePJf0iyX7Erp7Fq3UUEzZNEBOkQFZKNzVEVXqI4aiKJ79Iie0YvxYDwZr8bbbDRjzDP76BeM929jdaAw</latexit>

C = � 2

⇡
⌘ log(⌘) + . . .

<latexit sha1_base64="4BF3l6ZJdxOnjdg2Iw17ykATvD8="></latexit>

C =
1

3
+

1

24 ⌘2
+ . . .

<latexit sha1_base64="afDIj3U4670zNLxnY21rO3Nlzc8="></latexit>

Asymptotic behaviour as ⌘ ! 0 and ⌘ ! 1 is respectively

Even z : Analogue of the relativistic entropic C function

<latexit sha1_base64="hs6ZO90Btj3KhI47QiB2JznVYrM=">AAACInicbVDLSgMxFM3UV62vqks3wSq6KjNFqu4KblxW6ENoS7mT3mlDM5khyRRL6be48VfcuFDUleDHmD4W2nogcDjnXG7u8WPBtXHdLye1srq2vpHezGxt7+zuZfcPajpKFMMqi0Sk7n3QKLjEquFG4H2sEEJfYN3v30z8+gCV5pGsmGGMrRC6kgecgbFSO3td6SGF5IELDmpIg0SyiUFPmpp3QzihGW2TOuCoKdAycClw0DxDWmtnc27enYIuE29OcmSOcjv70exELAlRGiZA64bnxqY1AmU4EzjONBONMbA+dLFhqYQQdWs0PXFMT63SoUGk7JOGTtXfEyMItR6Gvk2GYHp60ZuI/3mNxARXrRGXcWJQstmiIBHURHTSF+1whcyIoSXAFLd/pawHCpixrWZsCd7iycukVsh7xfzFXSFXKs7rSJMjckzOiUcuSYnckjKpEkYeyTN5JW/Ok/PivDufs2jKmc8ckj9wvn8AteWjFw==</latexit>

The auxiliary function � satisfies a Painlevé V
<latexit sha1_base64="Vxl6/rF7IB1JDnsbh9689WEzn0E="></latexit>

[Jimbo, Miwa, Mori, Sato, (1980)]
<latexit sha1_base64="bV+knw5DGiHINm4aTXT6UMg0CEQ=">AAAB/nicdVDLSsNAFJ3UV62vqrhyM1iECiUk1b52hW7cCBX6gjSUyXTaDp1MwsxECKHgr7hxoYhbv8Odf+P0IajogQuHc+7l3nu8kFGpLOvDSK2tb2xupbczO7t7+wfZw6OODCKBSRsHLBA9D0nCKCdtRRUjvVAQ5HuMdL1pY+5374iQNOAtFYfE9dGY0xHFSGlpkD1xbnAjiAuwhfi4APN2rVq+cAfZnGValWKpVIaWaZcqVftSk1qtWtSKbVoL5MAKzUH2vT8McOQTrjBDUjq2FSo3QUJRzMgs048kCRGeojFxNOXIJ9JNFufP4LlWhnAUCF1cwYX6fSJBvpSx7+lOH6mJ/O3Nxb88J1KjqptQHkaKcLxcNIoYVAGcZwGHVBCsWKwJwoLqWyGeIIGw0olldAhfn8L/Sado2mXz6raYq1urONLgFJyBPLBBBdTBNWiCNsAgAQ/gCTwb98aj8WK8LltTxmrmGPyA8fYJLx6TqQ==</latexit>

[McCoy, Tang, (1986)]
<latexit sha1_base64="jGwiU9ed3WSIvvPyRUSGgBp5xA4="></latexit>�
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<latexit sha1_base64="hLCgCtP+ikGdFnM08XdKFn96JXQ="></latexit>

� = � 2 ⌘
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3
� <latexit sha1_base64="6Q236Cq2IaDw3FY+h77u34G1Vvg=">AAAB+XicbVC7SgNBFL0bXzG+NtppMxgECwm7ItEyYGMZwTwgu4TZyWwyZHZ2mZkNhCWf4B/YWChiJfgVtnZ+iL2TR6GJB2Y4nHMv994TJJwp7ThfVm5ldW19I79Z2Nre2d2zi/sNFaeS0DqJeSxbAVaUM0HrmmlOW4mkOAo4bQaD64nfHFKpWCzu9CihfoR7goWMYG2kjm17VGPknXk6Nj9yUMcuOWVnCrRM3DkpVYv39vfhx1utY3963ZikERWacKxU23US7WdYakY4HRe8VNEEkwHu0bahAkdU+dl08zE6MUoXhbE0T2g0VX93ZDhSahQFpjLCuq8WvYn4n9dOdXjlZ0wkqaaCzAaFKUfmzEkMqMskJZqPDMFEMrMrIn0sMdEmrIIJwV08eZk0zstupXxxa9KowAx5OIJjOAUXLqEKN1CDOhAYwgM8wbOVWY/Wi/U6K81Z854D+APr/QePzJVP</latexit>

⌘ ! 0

<latexit sha1_base64="2a5JvDbIlRmR3heYJ/+erCOAcsU=">AAACCnicbVA9SwNBEN3z2/h1aqnFqghWx51ItAzYCDYKJlFyR9jbzCWLex/szgnhuNrGv2JjoYitYK2djb/FTWLh14OBx3szuzMvzKTQ6Lrv1tj4xOTU9MxsZW5+YXHJXl5p6DRXHOo8lak6D5kGKRKoo0AJ55kCFocSmuHl4cBvXoHSIk3OsJ9BELNuIiLBGRqpbW/4EiL0C+qrXELhZlgWnuPxuDSK6PbQadtbruMOQf8S74ts1Y6ti/XXl4+Ttv3md1Kex5Agl0zrlmdeDQqmUHAJZcXPNWSMX7IutAxNWAw6KIanlHTbKB0apcpUgnSofp8oWKx1Pw5NZ8ywp397A/E/r5VjdBAUIslyhISPPopySTGlg1xoRyjgKPuGMK6E2ZXyHlOMo0mvYkLwfp/8lzR2Ha/q7J2aNKpkhBmyRjbJDvHIPqmRI3JC6oSTa3JL7smDdWPdWY/W06h1zPqaWSU/YD1/AkYinaM=</latexit>8
>>><

>>>:

<latexit sha1_base64="PzwajDC73bWMsDpQBZUjv4RZP/c=">AAACHHicbVC7SgNBFJ2Nrxhfq5Y2g4kgCGE3SrQM2FhGMA9IQpidvZsMmZ1ZZmYDIeRDbPwVGwtFbCwE/8bJo9DEUx3OuZdz7wkSzrTxvG8ns7a+sbmV3c7t7O7tH7iHR3UtU0WhRiWXqhkQDZwJqBlmODQTBSQOODSCwe3UbwxBaSbFgxkl0IlJT7CIUWKs1HUvmTBKhimFEEdSYQXcOkMbzCiOGPAQmz5IxUBjJnDBv/ALXTfvFb0Z8CrxFySPFqh23c92KGkagzCUE61bvpeYzpgoG8JhkmunGhJCB6QHLUsFiUF3xrPnJvjMKvPbIikMnqm/N8Yk1noUB3YyJqavl72p+J/XSk100xkzkaQGBJ0HRSnHRuJpUzhkCqjhI0sIVWxaCO0TRaixfeZsCf7yy6ukXir65eLVfSlfKS/qyKITdIrOkY+uUQXdoSqqIYoe0TN6RW/Ok/PivDsf89GMs9g5Rn/gfP0AsQehAg==</latexit>

introduced for relativistic field theories in 1 + 1

<latexit sha1_base64="I26yoHLuBm8JVHDnd7+WA1k/lJw="></latexit>
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C
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<latexit sha1_base64="kEpv9Dw/GBveQvPF/Cyy2sEATm0=">AAACJnicbVDLSgNBEJz1bXxFPXoZjIKnsCuiXgRBEI8RjRGSEHonvWZwdmaZ6RVC8Gu8+CtePCgi3vwUZ2PAZ5+KqupXxZmSjsLwLRgbn5icmp6ZLc3NLywulZdXLpzJrcC6MMrYyxgcKqmxTpIUXmYWIY0VNuLro0Jv3KB10uhz6mfYTuFKy0QKIE91ygfnPeS1s8YxhyyzBkSPG8vJkxstgnyDJ7kWhfVLF6B5jDx32O2UK2E1HBb/C6IRqLBR1Trlp1bXiDxFTUKBc80ozKg9AEtSKLwttfzUDMQ1XGHTQw0puvZg+OYt3yxW8sTflxhNfMh+7xhA6lw/jb0zBeq531pB/qc1c0r22wOps5xQi89FSa44GV5kxrvSoiDV9wCElf5WLnpgQZBPtuRDiH6//BdcbFej3erO6XblcHcUxwxbY+tsi0Vsjx2yE1ZjdSbYHXtgT+w5uA8eg5fg9dM6Fox6VtmPCt4/ADdKpGU=</latexit>

The PSWF approach or the ⌧ function approach can be used

<latexit sha1_base64="pPc2r0KvZ5f1qbPAs5nGMETyin8="></latexit>

� ⌘ ⌘ @⌘ log(⌧)



Even z : Analogue of the relativistic entropic C function
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Figure 5: The quantity C defined in (5.9): The data points have been obtained from (5.11),

while the dashed lines correspond to the small and large interval expansions, found from (7.4)

and (5.16) respectively. The inset focuses on the large interval regime in logarithmic scale

and the straight dashed magenta line corresponds to (5.16).

behaviours of C when ⌘ ! 0 (green line) and when ⌘ ! 1 (red and magenta lines), which

are analytic expressions derived respectively from (7.4) (see also (7.8)) and from (8.14), (8.16)

and (8.20). In particular, we find that C = �
2
⇡ ⌘ log(⌘) + . . . as ⌘ ! 0 and that

C =
1

3
+

1

24 ⌘2
+O(1/⌘4) ⌘ ! 1 . (5.16)

These two asymptotic behaviours and the assumption that C is a continuous function imply

that C must possess at least one local maximum; hence it cannot be monotonous. This

analysis cannot determine the number of local maxima. From the numerical data points in

Fig. 5 we observe that C has only one local maximum. It would be insightful to find a proof

for this numerical result.

In Fig. 6 we show the quantities C↵ introduced in (5.9) (see also Fig. 12). The numerical data

points (empty circles) are obtained through (5.11) and the coloured dashed lines correspond

to the asymptotic results derived in Sec 7 (see (7.4)) and Sec 8 (see (8.14), (8.16) and (8.20)).

We remark that, while C does not oscillate, C↵ with ↵ > 1 display an oscillatory behaviour,

which tends to a sawtoothed curve as ↵ ! +1, as discussed also at the end of Sec. 8.

24

<latexit sha1_base64="JlmF94fVX77nTEZfNJyt94oI1aQ=">AAACJHicbVDLSgMxFM3UV62vqks3wVZwIWWmSBXcKN24VLQPqKVk0owNzSRDciOU4se48VfcuPCBCzd+i5l2wOeBG07OuZfknjAR3IDvv3u5mdm5+YX8YmFpeWV1rbi+0TTKasoaVAml2yExTHDJGsBBsHaiGYlDwVrhsJ76rRumDVfyEkYJ68bkWvKIUwJO6hWPLgcMR1bS9IrL9TLmBksFOFbudGXNHg4t4PJF72Rifhm9Ysmv+BPgvyTISAllOOsVX676itqYSaCCGNMJ/AS6Y6KBU8FuC1fWsITQIblmHUcliZnpjidL3uIdp/RxpLQrCXiifp8Yk9iYURy6zpjAwPz2UvE/r2MhOuyOuUwsMEmnD0VWYFA4TQz3uWYUxMgRQjV3f8V0QDSh4HItuBCC3yv/Jc1qJahV9s+rpeNaFkcebaFttIsCdICO0Sk6Qw1E0R16QE/o2bv3Hr1X723amvOymU30A97HJ7wmo6M=</latexit>

The function C is not monotonous, but SA is monotonous



<latexit sha1_base64="Er9NlxnQF31/cwvxjBn9epq2axU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g63gqiRFqsuCG5dV7AOaUCbTm3boZBJmJkINxV9x40IRt/6HO//GaZuFth64cDjnXu69J0g4U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKk4lRSaNOax7AREAWcCmpppDp1EAokCDu1gdD312w8gFYvFvR4n4EdkIFjIKNFG6tnHdzBgEeCyB5pgT8fYKRd7dsmpODPgZeLmpIRyNHr2l9ePaR qB0JQTpbquk2g/I1IzymFS9FIFCaEjMoCuoYJEoPxsdv0Enxmlj8NYmhIaz9TfExmJlBpHgemMiB6qRW8q/ud1Ux1e+RkTSapB0PmiMOXYPDmNAveZBKr52BBCJTO3YjokklBtApuG4C6+vExa1Ypbq1zcVkv1Wh5HAZ2gU3SOXHSJ6ugGNVATUfSIntErerOerBfr3fqYt65Y+cwR+gPr8wfXT5N+</latexit>

Regime ⌘ ! 0

<latexit sha1_base64="x5ltUY47n+neZ5ltDGxhY2W7yDM="></latexit>
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<latexit sha1_base64="QI9BOELhUjcBaIoPiTaht01KdNQ="></latexit>
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⇡

✓
22n (n!)3

(2n)! (2n+ 1)!

◆2

⌘2n+1

<latexit sha1_base64="ePVs3tGI83nPhno5rsNq7CItgrc=">AAAB+nicdVDLSgMxFM3UV62vVpdugkWoIEOm2teu4MZlRfuAdiiZNNOGZjJDklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57vIgzpRH6sFIrq2vrG+nNzNb2zu5eNrffUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vpj57VsqFQvFjZ5E1A3wUDCfEayN1M/mutecRgyLU1hwauXSidvP5pGNKsVSqQyR7ZQqVefMkFqtWjSKY6M58mCJRj/73huEJA6o0IRjpboOirSbYKkZ4XSa6cWKRpiM8ZB2DRU4oMpN5qdP4bFRBtAPpSmh4Vz9PpHgQKlJ4JnOAOuR+u3NxL+8bqz9qpswEcWaCrJY5Mcc6hDOcoADJinRfGIIJpKZWyEZYYmJNmllTAhfn8L/SatoO2X7/KqYr6NlHGlwCI5AATigAurgEjRAExBwBx7AE3i27q1H68V6XbSmrOXMAfgB6+0TJ3CSmQ==</latexit>

[Slepian, (1965)]
<latexit sha1_base64="klYyev1msiqM2c8R5v4pjEwTrOc="></latexit>

PSWF approach: Expansion of the eigenvalues �n as ⌘ ! 0

<latexit sha1_base64="WwJ9XZ9/XUsFyK9pRFkIq6ytI7w="></latexit>

⌧ =
1X

n=0

(�1)n
G(1 + n)6

G(1 + 2n)2
(4 ⌘)n

2

(2⇡ z)n
Bn(⌘)

<latexit sha1_base64="skQ7p7+KXQmUggYOHUozCSRNJTY="></latexit>

[Gamayun, Iorgov, Lisovyy, (2013)]

<latexit sha1_base64="6ZgZEvx0boc0Dbj3Ki5cv8N7t64=">AAACGnicbVDLSgNBEJz1bXxFPXoZTARPYVdEPQoieIxgHpCE0DvpNYOzs8tMrxiC3+HFX/HiQRFv4sW/cTbJQY0FA0VVNz1VYaqkJd//8mZm5+YXFpeWCyura+sbxc2tuk0yI7AmEpWYZggWldRYI0kKm6lBiEOFjfDmLPcbt2isTPQVDVLsxHCtZSQFkJO6xeD8LgWd2zyJOPWRl9sEWZlHmRb5CAfrJCTgbUq4Xy50iyW/4o/Ap0kwISU2QbVb/Gj3EpHFqEkosLYV+Cl1hmBICoX3hXZmMQVxA9fYclRDjLYzHEW753tO6fEoMe5p4iP158YQYmsHcegmY6C+/evl4n9eK6PopDOUOs0ItRgfijLFXci8J96TBgWpgSMgjHR/5aIPBgS5NvMSgr+Rp0n9oBIcVQ4vD0qnR5M6ltgO22X7LGDH7JRdsCqrMcEe2BN7Ya/eo/fsvXnv49EZb7KzzX7B+/wG8jSe2g==</latexit>

Expansion of the ⌧ function as ⌘ ! 0
<latexit sha1_base64="GSbQ1z4+AZ8fAay7TJCCHDJ9mOA=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIlVcFdy4rNAXtEO5k2ba0EwSkoxQSjf+ihsXirj1M9z5N860s9DWAxdOzrmX3HtCxZmxnvftrK1vbG5tF3aKu3v7B4fu0XHLyEQT2iSSS90JwVDOBG1aZjntKE0hDjlth+O7zG8/Um2YFA07UTSIYShYxAjYVOq7pw1IcJQIkj0xKKUlkNFtse+WvLI3B14lfk5KKEe97371BpIkMRWWcDCm63vKBlPQlhFOZ8VeYqgCMoYh7aZUQExNMJ0fMMMXqTLAkdRpCYvn6u+JKcTGTOIw7YzBjsyyl4n/ed3ERjfBlAmVWCrI4qMo4dhKnKWBB0xTYvkkJUA0S3fFZAQaiE0zy0Lwl09eJa1K2a+Wrx4qpVo1j6OAztA5ukQ+ukY1dI/qqIkImqFn9IrenCfnxXl3Phata04+c4L+wPn8AepHle4=</latexit>

Tau function approach:

Expansions of the entanglement entropies (I)

<latexit sha1_base64="9AOjCvO5bJ/DNufn9l2AGP/Pfv0="></latexit>

eS(↵)
A;N ⌘

X

j

s↵(z̃j)

<latexit sha1_base64="kFymkLIz2jwW4YHPbUyQ3vMPL3A=">AAACH3icbVDLTgIxFO3gC/GFunTTSExckRli0CXGjUtM5JEAIZ1yBxo606btGMiEP3Hjr7hxoTHGHX9jB2ah4F2dnnPv7T3Hl5xp47pzJ7exubW9k98t7O0fHB4Vj0+aWsSKQoMKLlTbJxo4i6BhmOHQlgpI6HNo+eO7VG89gdJMRI9mKqEXkmHEAkaJsVS/WL2VUokJC4kBDBM7q9NeHAiFzchSkSHRkENoQfpQQjLQhX6x5JbdReF14GWghLKq94vf3YGgcbqGcqJ1x3Ol6SVEGUY5zArdWIMkdEyG0LEwIiHoXrLwN8MXlhksTgqEPWPB/p5ISKj1NPRtp/Ux0qtaSv6ndWIT3PQSFsnYQESXHwUxx0bgNCw8YAqo4VMLCFXM3orpiChCjY00DcFbtbwOmpWyVy1fPVRKtWoWRx6doXN0iTx0jWroHtVRA1H0jF7RO/pwXpw359P5WrbmnGzmFP0pZ/4DO3OjqQ==</latexit>

Approximate expression for the entanglement entropies

<latexit sha1_base64="V7jZr9HSCvu9q3eqjQ3SQNpmuo4="></latexit>

z̃j are zeros of the polynomials obtained by truncating the series for ⌧
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Figure 7: Entanglement entropies S(↵)
A in the small ⌘ regime. Di↵erent values of ↵ are

considered in the di↵erent panels. The numerical results correspond to the black empty

markers and the coloured curves to the analytic approximate expressions as follows: the

dashed curves are obtained from (7.3) for increasing values of N (see Sec. 7.1) and the solid

blue lines from (7.8), (7.12) and (7.14) (see Sec. 7.2).
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Expansions of the entanglement entropies (I)



<latexit sha1_base64="u7o7NFH0v61RQI3J5NC69OX83yM="></latexit>

⌧ =
e4i⌫?⌘

(4⌘)2⌫2
?

⇥
G(1� ⌫?)G(1 + ⌫?)

⇤2

<latexit sha1_base64="+LfUvydI3eU7mF4AQ8NBdEvcO8E="></latexit>

⇥
X

n2Z

1

(2⇡z)2n


G(1 + ⌫? + n)

G(1 + ⌫?)

�4 e4in⌘

(4i⌘)2n(n+2⌫?)

1X

k=0

Dk(⌫? + n)

(4i⌘)k

<latexit sha1_base64="31wEWgiNMC25oRfIF9sCAnjdzr4="></latexit>

⌫? =
1

2⇡i
log(1� 1/z)

<latexit sha1_base64="JFi+dZGTGHmkBa/HnUFB2eGvz04="></latexit>

The polynomials Dk(⌫?) for 0 6 k 6 4 are known and

<latexit sha1_base64="WAsIzqxcWKyvz2k2Nzd48+XFOfE="></latexit>

[Lisovyy, Nagoya, Roussillon, (2018)]
<latexit sha1_base64="8VduDvBMm+RRT2/IiiRqTUO6n/8="></latexit>

[Bonelli, Lisovyy, Maruyoshi, Sciarappa, Tanzini, (2016)]

Expansions of the entanglement entropies (II)
<latexit sha1_base64="Pf8b5RfJ6lC+48b2zRfz15zTjuE=">AAACH3icbVDLSgNBEJz1bXxFPXoZTARPYVckehRE8KhgEiEbQu+k1wzOzi4zvWII/okXf8WLB0XEm3/jbMxBEwsGiqpueqqiTElLvv/lzczOzS8sLi2XVlbX1jfKm1tNm+ZGYEOkKjXXEVhUUmODJCm8zgxCEilsRbenhd+6Q2Nlqq9okGEngRstYymAnNQt18/uM9CFzdOYUx95NSTIqzzOtShGOFgnIQEPKeWh1DENqqVuueLX/BH4NAnGpMLGuOiWP8NeKvIENQkF1rYDP6POEAxJofChFOYWMxC3cINtRzUkaDvDUb4HvueUHo9T454mPlJ/bwwhsXaQRG4yAerbSa8Q//PaOcXHnaHUWU6oxc+hOFfcJS3K4j1pUJAaOALCSPdXLvpgQJCrtCghmIw8TZoHtaBeO7w8qJzUx3UssR22y/ZZwI7YCTtnF6zBBHtkz+yVvXlP3ov37n38jM54451t9gfe1zeSHKFi</latexit>

Expansion of the ⌧ function as ⌘ ! 1

<latexit sha1_base64="URqPn9JyKCR1bpOgqRwY31CSnQw="></latexit>

The strong subadditivity and the logarithmic growth for large ⌘
<latexit sha1_base64="VijmOihZSQiEZlGe6OKMTgmmorU="></latexit>

allow to prove that SA is a strictly increasing function of ⌘

<latexit sha1_base64="L4RKnDvxgQJTer4Y6AvK67lRAI4="></latexit>

S(↵)
A =

1

6

✓
1 +

1

↵

◆
log(4⌘)+E↵+ eS(↵)

A,1,0+
eS(↵)
A,1,1

⌘
+

eS(↵)
A,1,2

⌘2
+

eS(↵)
A,1,3

⌘3
+ . . .

<latexit sha1_base64="gVZ4ceQfFwRj10FzwzZISaM0RVY=">AAACHXicbVDLSgMxFM3UV62vUZdugq3gqsyUUl0Kbly4qGBVaEu5k95pQzPJkGTEUvwRN/6KGxeKuHAj/o2Z2oWvA4GTc+5N7j1RKrixQfDhFebmFxaXisulldW19Q1/c+vCqEwzbDEllL6KwKDgEluWW4FXqUZIIoGX0eg49y+vURuu5Lkdp9hNYCB5zBlYJ/X8+inoAdJKBy1UKN6kIPNaqmJqh0hRWpADgYkj+UWrlKPp+eWgGkxB/5JwRspkhmbPf+v0FcvyV5gAY9phkNruBLTlTOBtqZMZTIGNYIBtRyUkaLqT6Xa3dM8pfRor7Y6bYqp+75hAYsw4iVxlAnZofnu5+J/Xzmx82J1wmWYWJfv6KM4EtYrmUdE+18isGDsCTHM3K2VD0MCsC7TkQgh/r/yXXNSqYaNaP6uVjxqzOIpkh+ySfRKSA3JETkiTtAgjd+SBPJFn79579F6816/Sgjfr2SY/4L1/Aisoof0=</latexit>

Large ⌘ expansion of the entanglement entropies



Expansions of the entanglement entropies (II)

<latexit sha1_base64="ogb5FKMkRYsmRCs1BaeO1M8Eh2I="></latexit>

eS(↵)
A,1,N = eS(↵)

A,1,N,a +
eS(↵)
A,1,N,b

<latexit sha1_base64="HXNV6az/AtN8ibjHRJv0yorsOZM=">AAACA3icbVDLSgMxFM3UV62vUTeiC4NFcFHKTJXqRii4cSUV7AM6Q8mkmTY0kxmSjFCGghv3gv/gxoUibv0Jd36Bv2Ha6UJbD1w4Oedecu/xIkalsqwvIzM3v7C4lF3OrayurW+Ym1t1GcYCkxoOWSiaHpKEUU5qiipGmpEgKPAYaXj9i5HfuCVC0pDfqEFE3AB1OfUpRkpLbXP3yqEcOh7tOgm0CnahVDhOn8O2mbeK1hhwltgTkq/snz/sfDceq23z0+mEOA4IV5ghKVu2FSk3QUJRzMgw58SSRAj3UZe0NOUoINJNxjcM4aFWOtAPhS6u4Fj9PZGgQMpB4OnOAKmenPZG4n9eK1b+mZtQHsWKcJx+5McMqhCOAoEdKghWbKAJwoLqXSHuIYGw0rHldAj29MmzpF4q2uXiybVOowxSZMEeOABHwAanoAIuQRXUAAZ34Am8gFfj3ng23oz3tDVjTGa2wR8YHz/fYpi0</latexit>

N 2
�
0, 1, 2, 3

 

<latexit sha1_base64="Kr7AGosr7yqbR5Lz/QwX73beRfc="></latexit>

eS(↵)
A,1,N,a = 0

<latexit sha1_base64="PsXvmNGb6F49Ep/wMHwOwG1o7m0=">AAACAXicbVDLSgMxFL3js9bXqJuCC4NFcFHKjEp1IxTcuJIK9gGdUjJp2oZmMkOSEcpQN/6A4C+4caGIW//CnV/gb5g+Ftp64MLJOfeSe48fcaa043xZc/MLi0vLqZX06tr6xqa9tV1RYSwJLZOQh7LmY0U5E7Ssmea0FkmKA5/Tqt+7GPrVWyoVC8WN7ke0EeCOYG1GsDZS085ceUwgz2cdL0FOzs0djx+Dpp118s4IaJa4E5It7p0/ZL6rj6Wm/em1QhIHVGjCsVJ114l0I8FSM8LpIO3FikaY9HCH1g0VOKCqkYwuGKADo7RQO5SmhEYj9fdEggOl+oFvOgOsu2raG4r/efVYt88aCRNRrKkg44/aMUc6RMM4UItJSjTvG4KJZGZXRLpYYqJNaGkTgjt98iypHOXdQv7k2qRRgDFSsAv7cAgunEIRLqEEZSBwB0/wAq/WvfVsvVnv49Y5azKzA39gffwA+ZeYQg==</latexit>

N 2
�
0, 1, 3

 
<latexit sha1_base64="vPKQ0Mefgosx2bN4b1AtxQkThXs="></latexit>

eS(↵)
A,1,2,a =

(1 + ↵) (3↵2 � 7)

384↵3

<latexit sha1_base64="SvRGJsx6/RQjScPn1sv8oWP2kMs=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAYhgiyzq3ndBBE8RjAaSJYwO+nVIbMPZmaFsOTgxV/x4kERr36EN//GSYygogUNRVU33V1+IrjShLxbubn5hcWl/HJhZXVtfaO4uXWh4lQyaLNYxLLjUwWCR9DWXAvoJBJo6Au49IfHE//yBqTicXSuRwl4Ib2KeMAZ1UbqF0vdYyqoL0HBPj5RSoDcxxWXOGTP6xfLxCZ1t1qtYWI71XrDOTCk2Wy4RnFsMkUZzdDqF996g5ilIUSaCapU1yGJ9jIqNWcCxoVeqiChbEivoGtoRENQXjZ9Yox3jTLAQSxNRRpP1e8TGQ2VGoW+6Qypvla/vYn4l9dNddDwMh4lqYaIfS4KUoF1jCeJ4AGXwLQYGUKZ5OZWzK6ppEyb3AomhK9P8f/kwrWdmn145paPyCyOPCqhHVRBDqqjI3SKWqiNGLpF9+gRPVl31oP1bL18tuas2cw2+gHr9QMBMJZb</latexit>

[Calabrese, Essler, (2010)]

<latexit sha1_base64="Cxblr/6cWR2j62TPeEOsRj15ceo=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIFWTITO1rV3AjuqlgH9AOJZOmbWgmMyQZodQu/BU3LhRx62+4829MH4KKHrhwOOde7r3HjzhTGqEPK7G0vLK6llxPbWxube+kd/fqKowloTUS8lA2fawoZ4LWNNOcNiNJceBz2vCH51O/cUulYqG40aOIegHuC9ZjBGsjddIHrUsmTuFVKGk0JVkXodyJ10lnkI2Kbj5fgMh28sWSkzOkXC65RnFsNEMGLFDtpN/b3ZDEARWacKxUy0GR9sZYakY4naTasaIRJkPcpy1DBQ6o8saz+yfw2Chd2AulKaHhTP0+McaBUqPAN50B1gP125uKf3mtWPdK3piJKNZUkPmiXsyhDuE0DNhlkhLNR4ZgIpm5FZIBlphoE1nKhPD1Kfyf1F3bKdhn126mghZxJMEhOAJZ4IAiqIALUAU1QMAdeABP4Nm6tx6tF+t13pqwFjP74Aest08gxZQ0</latexit>

[Jin, Korepin, (2003)]
<latexit sha1_base64="9WKOkIeNh8D3iofZmzVadmi+8os=">AAACFnicbVC7SgNBFJ31GeNr1dJmMAg2ht0g0TJiYxnBPCBZwuzkJhky+2AekbDkK2z8FRsLRWzFzr9xdrOFJl4YOJx7zp17jx9zJpXjfFsrq2vrG5uFreL2zu7evn1w2JSRFhQaNOKRaPtEAmchNBRTHNqxABL4HFr++CbttyYgJIvCezWNwQvIMGQDRokyVM8+vx4KgABChR+YGmFjnrBIS8yJUowCpoRTzTO1LPbsklN2ssLLwM1BCeVV79lf3X5EdTqfciJlx3Vi5SVEmNkcZsWulhATOiZD6BgYkgCkl2RnzfCpYfp4EAnzzH4Z+9uRkEDKaeAbZUDUSC72UvK/XkerwZWXsDDWCkI6/2igOVYRTjPCfSaAKj41gFDBzK6YjoggVJkk0xDcxZOXQbNSdqvli7tKqVbN4yigY3SCzpCLLlEN3aI6aiCKHtEzekVv1pP1Yr1bH3PpipV7jtCfsj5/ALJjn6s=</latexit>

Agreement with previous lattice calculations

<latexit sha1_base64="JuSWo58vMx/HvCEMGfeUUambNDQ="></latexit>

eS(↵)
A,1,N,b =

N

(↵� 1) 22N�1

1X

j=1
k=0

(�1)j
⇥
⌦(�iy � 1/2)j eD�

N,j�1

⇤��
ỹk

(4⌘)2j(2k+1)/↵
·
(
cos(4⌘j)

sin(4⌘j)

<latexit sha1_base64="q98JRS6Leib3NtXW+svirxwRBHU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gNEj0GvHiSCOYByRJmJ51kyOzsOjMbCEt+wosHRbz6O978GyePgyYWNBRV3XR3BbHg2rjut5PZ2Nza3snu5vb2Dw6P8scnDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbmd+c4xK80g+mkmMfkgHkvc5o8ZKreJ9keAYZTdfcEvuHGSdeEtSgCVq3fxXpxexJERpmKBatz03Nn5KleFM4DTXSTTGlI3oANuWShqi9tP5vVNyYZUe6UfKljRkrv6eSGmo9SQMbGdIzVCvejPxP6+dmP6Nn3IZJwYlWyzqJ4KYiMyeJz2ukBkxsYQyxe2thA2poszYiHI2BG/15XXSKJe8SunqoVyoVpZxZOEMzuESPLiGKtxBDerAQMAzvMKb8+S8OO/Ox6I14yxnTuEPnM8f18GPKQ==</latexit>

N even

<latexit sha1_base64="LgZRlTjbTDJTmZ+0ZZWVdZb/DS8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbpHosePEkFewHtEvJZrNtaDZZkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0g408Z1v53CxubW9k5xt7S3f3B4VD4+6WiZKkLbRHKpegHWlDNB24YZTnuJojgOOO0Gk9u5332iSjMpHs00oX6MR4JFjGBjpW71vopkGA7LFbfmLoDWiZeTCuRoDctfg1CSNKbCEI617ntuYvwMK8MIp7PSINU0wWSCR7RvqcAx1X62OHeGLqwSokgqW8Kghfp7IsOx1tM4sJ0xNmO96s3F/7x+aqIbP2MiSQ0VZLkoSjkyEs1/RyFTlBg+tQQTxeytiIyxwsTYhEo2BG/15XXSqde8Ru3qoV5pNvI4inAG53AJHlxDE+6gBW0gMIFneIU3J3FenHfnY9lacPKZU/gD5/MH/HKOqA==</latexit>

N odd

<latexit sha1_base64="JaFalgMBeUp3/ua/2KvohrB+40g="></latexit>

ỹk ⌘ i

↵

✓
k +

1

2

◆

<latexit sha1_base64="+SPz8zR5GgCAVb0RUJymK1uPTcg="></latexit>

where ⌦(z) ⌘ �(1+z)2

�(�z)2 , N ⌘ sin(⇡N/2) + cos(⇡N/2) is constant
<latexit sha1_base64="e1yFHCszqICcqTNNtG6hQIeMdIA="></latexit>

eD�
N,j�1 for N 2 {0, 1, 2, 3} are known polynomials and

<latexit sha1_base64="BgHDXpXnwtX2MmimXEYtmoEn53Q="></latexit>

The terms eS�
A,1,k with ↵ 6= 1 contain oscillating terms
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Figure 9: Oscillatory behaviour of the entanglement entropies with ↵ > 1 in the regime of

large ⌘. The dashed curves are obtained from (8.14), (8.16) and (8.20).

growth of S(↵)
A described by (8.16), the oscillatory behaviour for S(↵)

A when ↵ > 1 (see (8.23))

and also the lack of such oscillations for the entanglement entropy. The approximate analytic

expressions for large ⌘ mentioned above have been employed also in Fig. 3 and they nicely

agree with the numerical data points for ⌘ > 1, which is quite remarkable.

The oscillations of the entanglement entropies S(↵)
A with index ↵ 6= 1 occurring in Fig. 4

have the same period equal to ⇡/2, as one can observe from (8.23). In Fig. 9 we focus on the

range ⌘ 2 (990 , 1000) and show the change of these oscillations for di↵erent values of ↵ in the

regime of large ⌘. We emphasise the fact that the numerical code employed in our analysis

gives safe access to these large values of ⌘. Instead, we find that Wolfram Mathematica does

not provide reliable results when ⌘ & 350. The numerical data points in Fig. 9 (filled circles)

are nicely reproduced by the dashed curves, obtained from (8.14), (8.16) and (8.20) with

o(1/⌘2) terms neglected. For small values of ↵ > 1 harmonic oscillations are observed. As ↵

increases, this behaviour changes and the local maxima of these oscillations become singular

in the extreme case of the single-copy entanglement.

Including more terms in the analytic expressions for the large ⌘ expansion leads to improved

approximations for the entanglement entropies, as expected. This is shown in Fig. 10 for the

case of ↵ = 20, where we compare the numerical data (filled circles) with the coloured dashed

curves obtained from (8.14), (8.16), (8.21) and with the sum in (8.23) truncated at di↵erent

orders by neglecting the o(1/⌘r) terms (in Fig. 10 and Fig. 11, “up to o(1/⌘r)” means that all

the terms proportional to 1/⌘b with b 6 r have been included, while “up to O(1/⌘r)” indicates

38
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Modular Hamiltonian for odd Lifshitz exponents

<latexit sha1_base64="Nin9Lnsc1ER1mFU7v0At5txrZUs="></latexit>Z R

�R

e�ikF,z(x�y)

2⇡i (x� y � i")
�s(y) dy = �s �s(x)

<latexit sha1_base64="D5s1fMNjUkLgMdJ3bX0dP6UBSr4=">AAAB+3icbVDLSgMxFL3js7Y+xrp0EyyCqzIjUt1ZcOOyPvqAdiiZNNOGZjJDkhHr0I/wB9y4UMStP+LOr/AXzLRdaOuBwOGce7knx485U9pxvqyl5ZXVtfXcRr6wubW9Y+8WGypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0hxeZ37yjUrFI3OpRTL0Q9wULGMHaSF27qFCHCZR2QqwHvo+ux6hrl5yyMwFaJO6MlM6/CyT/ePNQ69qfnV5EkpAKTThWqu06sfZSLDUjnI7znUTRGJMh7tO2oQKHVHnpJPsYHRqlh4JImic0mqi/N1IcKjUKfTOZRVTzXib+57UTHZx5KRNxoqkg00NBwpGOUFYE6jFJieYjQzCRzGRFZIAlJtrUlTcluPNfXiSN47JbKZ9cOaVqBabIwT4cwBG4cApVuIQa1IHAPTzBC7xaY+vZerPep6NL1mxnD/7A+vgB0K6Wlg==</latexit>

s 2 R

<latexit sha1_base64="Zow9EIPGWqqG93KIqwpjQcvLrvs=">AAACEXicbVDLSgMxFM3UV62vqks3wSJ0VWaKVHFVcONCsKJ9QDuUTCbThmaSkGTEWvoLbvwVNy4UcevOnX9j2s5CWw8EDufcR+4JJKPauO63k1laXlldy67nNja3tnfyu3sNLRKFSR0LJlQrQJowykndUMNISyqC4oCRZjA4n/jNO6I0FfzWDCXxY9TjNKIYGSt188WrMISXNNJ9ah4guZeCE27O4I0k2CjEoFTCzopz3XzBLblTwEXipaQAUtS6+a9OKHAS23GYIa3bniuNP0LKUMzIONdJNJEID1CPtC3lKCbaH00vGsMjq4QwEso+buBU/d0xQrHWwziwlTEyfT3vTcT/vHZiolN/RLlMDOF4tihKGDQCTuKBIVX2cDa0BGFF7V8h7iOFsLEhTkLw5k9eJI1yyauUjq/LhWoljSMLDsAhKAIPnIAquAA1UAcYPIJn8ArenCfnxXl3PmalGSft2Qd/4Hz+ANhOnP4=</latexit>

Odd Lifshitz exponent: Spectral problem

<latexit sha1_base64="gQ3tqXs4pvI6l2AhpZ7xKihWlfE="></latexit>

KA = � 2⇡

Z R

�R

R2 � x2

2R

⇥
Ttt(0, x)� kF,z %(0, x)

⇤
dx

<latexit sha1_base64="0WLeIvb9gcv+MfW/pHdVUEJJsw0="></latexit>

The modular Hamiltonian and its modular flow depend on kF,z

<latexit sha1_base64="3cPQSHUf36uW+Cf+zX3QunctkXU="></latexit>

�̃s(x) ⌘ eikF,zx �s(x)
<latexit sha1_base64="AtgbyVVNYyXGKZ6q5wBYUtq7nVs=">AAAB+3icbVBNT8JAEJ3iF+JXxaOXjWDiibTEoEcSLx48YCJgAg3ZLtuyYbvb7G5VQvgrXjxojFf/iDf/jS30oOBLJnl5byYz8/yYM20c59sqrK1vbG4Vt0s7u3v7B/ZhuaNloghtE8mluvexppwJ2jbMcHofK4ojn9OuP77K/O4DVZpJcWcmMfUiHAoWMIJNKg3scrV/I0WoWDgyWCn5WC0N7IpTc+ZAq8TNSQVytAb2V38oSRJRYQjHWvdcJzbeFCvDCKezUj/RNMZkjEPaS6nAEdXedH77DJ2myhAFUqUlDJqrvyemONJ6EvlpZ4TNSC97mfif10tMcOlNmYgTQwVZLAoSjoxEWRBoyBQlhk9Sgoli6a2IjLDCxKRxZSG4yy+vkk695jZq57f1SrORx1GEYziBM3DhAppwDS1oA4EneIZXeLNm1ov1bn0sWgtWPnMEf2B9/gA5dpPh</latexit>

=)
<latexit sha1_base64="cOCjvj+tnA+O+r74z9aBf96C3gg="></latexit>

�s (hence also S(↵)
A ) independent of kF,z

<latexit sha1_base64="rLlA+f15kZJn50+NBN+QNjV6xdU="></latexit>

S
(↵)
A =

1

12

✓
1 +

1

↵

◆
log(2R/✏) +O(1)

<latexit sha1_base64="wta6eHsUfwrkGlm1HM7pk1X4geo="></latexit>

Also the modular flow of the field depends on kF,z



EH in field theories: Bisognano-Wichmann & CFT EH in field theories: Bisognano-Wichmann & CFT 

<latexit sha1_base64="YGFsmZ9ZYQolY/9xbeVFdWqjLnQ=">AAACEnicbVBNSwMxEM3W7/q16tFLsAh6KbtF/LgJInhUsLbQLmU2na3BbLIk2UJZ/A1e/CtePCji1ZM3/41p7UFbHww83ptJZl6cCW5sEHx5pZnZufmFxaXy8srq2rq/sXljVK4Z1pkSSjdjMCi4xLrlVmAz0whpLLAR350N/UYfteFKXttBhlEKPckTzsA6qePvt+OEnksLsicwRWmpK60yjoaqhIKkXFrUfRAdvxJUgxHoNAnHpELGuOz4n+2uYvnwUSbAmFYYZDYqQFvOBN6X27nBDNgd9LDlqIQUTVSMTrqnu07p0kRpV26pkfp7ooDUmEEau84U7K2Z9Ibif14rt8lxVHCZ5RYl+/koyQW1ig7zoV2ukVkxcASY5m5Xym5BA3MpmLILIZw8eZrc1KrhYfXgqlY5PRnHsUi2yQ7ZIyE5IqfkglySOmHkgTyRF/LqPXrP3pv3/tNa8sYzW+QPvI9vM8udyw==</latexit>

Entanglement entropies of an interval
<latexit sha1_base64="Q1fws5RHdmd45siQKw8UAgQnKRs=">AAACJHicbVC7TgJBFJ3FF+ILtbSZQEysyC4xPmJDYmOJUR4JEDI7e5edMDuzmZk1IYSPsfFXbCx8xMLGb3EWKBQ81ck55+bee/yEM21c98vJrayurW/kNwtb2zu7e8X9g6aWqaLQoJJL1faJBs4ENAwzHNqJAhL7HFr+8DrzWw+gNJPi3owS6MVkIFjIKDFW6hevun6ImcAmAhwqAHxHI9UtyYCJASgcMuBBZko1wnIWiwgPcbavXyy7FXcKvEy8OSmjOer94ns3kDSNQRjKidYdz01Mb0yUYZTDpNBNNSSEDskAOpYKEoPujadPTvCxVQIcSnuUFAZP1d8TYxJrPYp9m4yJifSil4n/eZ3UhBe9MRNJakDQ2aIw5dhInDWGA6aAGj6yhFDF7K2YRkQRamyvBVuCt/jyMmlWK95Z5fS2Wq5dzuvIoyNUQifIQ+eohm5QHTUQRY/oGb2iN+fJeXE+nM9ZNOfMZw7RHzjfP2XLpAs=</latexit>

in the free Schrödinger field theory on the half line



Schroedinger field theory on the half line at finite density 

<latexit sha1_base64="hU/DwhjeoxeY56u6JoBlFQR2NCw=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7ItHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0kvj3U=</latexit>

0
<latexit sha1_base64="9eVWMwdWK3aVjR1qG1FfE8WTVAE=">AAAB9HicbVC7SgNBFJ31GeMramkzGITYhF2RaGfAxjKCeUB2CbOTu8mQ2dnNzGwwLPkGSxsLRWz9Ais/wc4PsXfyKDTxwIXDOfdy7z1+zJnStv1lLS2vrK6tZzaym1vbO7u5vf2aihJJoUojHsmGTxRwJqCqmebQiCWQ0OdQ93tXY78+AKlYJG71MAYvJB3BAkaJNpJ3h90O9BUnQmO7lcvbRXsCvEicGclfvhe+P+7dk0or9+m2I5qEIDTlRKmmY8faS4nUjHIYZd1EQUxoj3SgaaggISgvnRw9wsdGaeMgkqbM9on6eyIloVLD0DedIdFdNe+Nxf+8ZqKDCy9lIk40CDpdFCQc6wiPE8BtJoFqPjSEUMnMrZh2iSRUm5yyJgRn/uVFUjstOqXi2Y2dL5fQFBl0iI5QATnoHJXRNaqgKqKojx7QE3q2Btaj9WK9TluXrNnMAfoD6+0HWRqVhg==</latexit>

x > 0

<latexit sha1_base64="bvz+FV+p8Cxou7vzim/3JNBvvxc="></latexit>✓
i @t +

1

2m
@2x

◆
 (t, x) = 0

<latexit sha1_base64="Qou2fKtXOGGdayStVW0eOiwd/GQ="></latexit>

h%±(t, x)i1,µ =
kF

⇡
± sin(2kFx)

2⇡ x
= h%(t, x)i1,µ ± sin(2kFx)

2⇡ x

<latexit sha1_base64="F5XdxCdCYeXEF292BT6py+l+Cmg=">AAACLHicbVBNSwMxEM36WetX1aOXYBE8lV2R6rFQEI8V+gVtKdns1Aaz2SWZLZalP8iLf0UQDxbx6u8wbfegrQ8Cj/dmJjPPj6Uw6LpTZ219Y3NrO7eT393bPzgsHB03TZRoDg0eyUi3fWZACgUNFCihHWtgoS+h5T9WZ35rBNqISNVxHEMvZA9KDARnaKV+oVofAo2ZRsEl0ACUETimITBFR0wmQOFpKHyBhqZdgfRWCwhA0shwIeV8hpn0C0W35M5BV4mXkSLJUOsX3rpBxJMQFHLJjOl4boy9NNtiku8mBmLGH9kDdCxVLATTS+fHTui5VQI6iLR9Culc/d2RstCYcejbypDh0Cx7M/E/r5Pg4KaXChUnCIovPhokkmJEZ8nRQGjgKMeWMK6F3ZXyIdOMo803b0Pwlk9eJc3LklcuXd1fFivlLI4cOSVn5IJ45JpUyB2pkQbh5Jm8kg8ydV6cd+fT+VqUrjlZzwn5A+f7B0KWqNc=</latexit>

The particle density mean value exhibits Friedel oscillations

<latexit sha1_base64="kN0E4A/sVXF4lqeJgeojZt8WB+o="></latexit>

lim
x!0+

@x +(t, x) = 0
<latexit sha1_base64="3UkaEg4Jc0tYu1N/uedE9OoGnNk=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoqGVGpLoRC25cVrAP6IxDJk3b0GRmSDLSMnTrxl9x46Ii7sQfKO78G9PHQlsPBA7n3MvNOX7EqFSW9W2kFhaXllfSq5m19Y3NLXN7pyLDWGBSxiELRc1HkjAakLKiipFaJAjiPiNVv3M98qsPREgaBneqFxGXo1ZAmxQjpSXPhA6j3Eu6jgqhdX/Uh04kqXcCc+q4ewgvoeWZWStvjQHniT0l2aI9+LgaDtslz/xyGiGOOQkUZkjKum1Fyk2QUBQz0s84sSQRwh3UInVNA8SJdJNxkj480EoDNkOhX6DgWP29kSAuZY/7epIj1Zaz3kj8z6vHqnnhJjSIYkUCPDnUjBnUsUe1wAYVBCvW0wRhQfVfIW4jgbDS5WV0CfZs5HlSOc3bhfzZrW6jACZIgz2wD3LABuegCG5ACZQBBo/gGQzAq/FkvBhvxvtkNGVMd3bBHxifP7FYnCE=</latexit>

lim
x!0+

 �(t, x) = 0

<latexit sha1_base64="LK6rgjVur9C+uksZyc0178IRAJw="></latexit>

Either Neumann (+) or Dirichlet (�) b.c. are imposed at the origin

<latexit sha1_base64="nLN7yTfpFyHPj8yC4z+6t116SJk="></latexit>

h ⇤
±(t, x1) ±(t, x2)i1,µ =

sin(kFx12)

⇡ x12
± sin(kFex12)

⇡ ex12

<latexit sha1_base64="oPFyeL9bPXDWlCnXfofC+r83K5E=">AAACEnicbVBNSwMxEM36bf2qehIvQRH0UneLqEdBEI8KVoVuKdl0qqFJdk0mYln2N3jxrwjiQRGvnrz5b0xbD349GObx3gzJvCSTwmIYfgRDwyOjY+MTk6Wp6ZnZufL8wqlNneFQ46lMzXnCLEihoYYCJZxnBphKJJwlnf2ef3YNxopUn2A3g4ZiF1q0BWfopWZ5o9PMY4QbNMp3obv0oChoDFdOXNPYXhmkeVXFyhXN8mpYCfugf0n0RVb3ljZ33MNicNQsv8etlDsFGrlk1tajMMNGzgwKLqEoxc5CxniHXUDdU80U2EbeP6mga15p0XZqfGmkffX7Rs6UtV2V+EnF8NL+9nrif17dYXu3kQudOQTNBw+1naSY0l4+tCUMcJRdTxg3wv+V8ktmGEefYsmHEP0++S85rVai7crWsU9jmwwwQZbJClknEdkhe+SQHJEa4eSW3JMn8hzcBY/BS/A6GB0KvnYWyQ8Eb5/graBf</latexit>

kF ⌘
p
2mµ

<latexit sha1_base64="DOoeJros2bgBwn42NlrSdF+YEOY="></latexit>

Equal time t1 = t2 ⌘ t, zero temperature � ! 1 two point function

<latexit sha1_base64="RUZ/3lhJOhbhBSXj/2xVajoURew="></latexit>

It depends both on x12 and on ex12 ⌘ x1 + x2
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<latexit sha1_base64="3cH+n/SwVsMoRx1pUpXPhmxl5Ww=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozIurOgBuXiZgHJEPo6dQkbXoedPcIYcgXuHGhSFz6F/6GO//GniQLTbzQcLi3iq4qLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+goaJEMqyzSESy5VGFgodY11wLbMUSaeAJbHrDmyxvPqJUPArv9ShGN6D9kPucUW2s2l23WLLL9lRkGZw5lK4/J5neq93iV6cXsSTAUDNBlWo7dqzdlErNmcBxoZMojCkb0j62DYY0QOWm00HH5MQ4PeJH0rxQk6n7uyOlgVKjwDOVAdUDtZhl5n9ZO9H+lZvyME40hmz2kZ8IoiOSbU16XCLTYmSAMsnNrIQNqKRMm9sUzBGcxZWXoXFWdi7K5zW7VDmHmfJwBMdwCg5cQgVuoQp1YIDwBC/waj1Yz9abNZmV5qx5zyH8kfXxA8v0kVw=</latexit>

R
<latexit sha1_base64="h7slEEcwFGeHnJRVtIdT0/aL1VY=">AAAB6XicbZDLSgMxFIbP1Futt6pLN8EiuLHMSFE3YkERl7XYC7RDyaSZNkwmMyQZoQx9AzcuFHHrG/go7nwTFy5MLwtt/SHw8f/nkHOOF3OmtG1/WpmFxaXllexqbm19Y3Mrv71TV1EiCa2RiEey6WFFORO0ppnmtBlLikOP04YXXI7yxj2VikXiTg9i6oa4J5jPCNbGqh5VO/mCXbTHQvPgTKFw8X11fv0efFU6+Y92NyJJSIUmHCvVcuxYuymWmhFOh7l2omiMSYB7tGVQ4JAqNx1POkQHxukiP5LmCY3G7u+OFIdKDULPVIZY99VsNjL/y1qJ9s/clIk40VSQyUd+wpGO0Ght1GWSEs0HBjCRzMyKSB9LTLQ5Ts4cwZldeR7qx0XnpFi6tQvlEkyUhT3Yh0Nw4BTKcAMVqAEBHx7gCZ6twHq0XqzXSWnGmvbswh9Zbz+S5ZEb</latexit>

�R
<latexit sha1_base64="hU/DwhjeoxeY56u6JoBlFQR2NCw=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIsQm7ItHOgI1lBHOBZAmzk7PJmNkLM7NCWPIEFlootj6IlY9g54PYO7kUmvjDwMf/n8Occ/xEcKUd58vKrayurW/kN+2t7Z3dvYK931BxKhnWWSxi2fKpQsEjrGuuBbYSiTT0BTb94dUkb96jVDyObvUoQS+k/YgHnFFtrBunWyg6ZWcqsgzuHIqX76Xvj8fOSa1b+Oz0YpaGGGkmqFJt10m0l1GpORM4tjupwoSyIe1j22BEQ1ReNh10TI6N0yNBLM2LNJm6vzsyGio1Cn1TGVI9UIvZxPwva6c6uPAyHiWpxojNPgpSQXRMJluTHpfItBgZoExyMythAyop0+Y2tjmCu7jyMjROy26lfFasVmCmPBzCEZTAhXOowjXUoA4MEB7gGV6sO+vJep0V5qx5xwH8kfX2A0kvj3U=</latexit>

0

<latexit sha1_base64="5vqB6GyJNQUu4rBARmlo/wGIL9c="></latexit>Z 1

0
K±(⌘;x, y) f

±
n (⌘; y) dy = �±

n f±
n (⌘;x)

<latexit sha1_base64="1vQbDsA3sq8LMxDSO9Zr3ub9Q10="></latexit>

S(↵)
A,± =

1X

n=0

s↵(�
±
n )

<latexit sha1_base64="MkuI0wlX68Ay7NGKypG9ZqX89ig=">AAAB/XicbVDLSgMxFL1TX7W+xsdCcGGwCC6kzIhUN0LBjcsK9gGdoWTStA1mMkOSEWsp/oLgD7hxoYhb/8OdX+BvmGm70NYDl3s4515yc4KYM6Ud58vKzMzOzS9kF3NLyyura/b6RlVFiSS0QiIeyXqAFeVM0IpmmtN6LCkOA05rwfV56tduqFQsEle6F1M/xB3B2oxgbaSmvYVukccE8gLWaTiHbtr9pp13Cs4QaJq4Y5Iv7Z49bH/XHstN+9NrRSQJqdCEY6UarhNrv4+lZoTTQc5LFI0xucYd2jBU4JAqvz+8foD2jdJC7UiaEhoN1d8bfRwq1QsDMxli3VWTXir+5zUS3T71+0zEiaaCjB5qJxzpCKVRoBaTlGjeMwQTycytiHSxxESbwHImBHfyy9OkelRwi4XjS5NGEUbIwg7swQG4cAIluIAyVIDAHTzBC7xa99az9Wa9j0Yz1nhnE/7A+vgBf6uW7Q==</latexit>

x 2
⇥
0, 1

⇤

<latexit sha1_base64="X2goCU+re91Mn9nuGG8N4Qo/tSI=">AAACGHicbVDLTgIxFO34RHyNunTTCCaYGJwhBt2YYNy4RMMrAUI65Q40dKaTtmNCCJ/hxl9x40Jj3LLzb+wACwVP0uTccx+993gRZ0o7zre1srq2vrGZ2kpv7+zu7dsHhzUlYkmhSgUXsuERBZyFUNVMc2hEEkjgcah7g7skX38CqZgIK3oYQTsgvZD5jBJtpI59UekDhlCTsMchMCQJpIgYKCx8nL3FNzjnnOPHsyw2c7sdO+PknSnwMnHnJIPmKHfsSasraJyMppwo1XSdSLdHRGpGOYzTrVhBROiA9KBpaEgCUO3R9LAxPjVKF/tCmmdWm6q/O0YkUGoYeKYyILqvFnOJ+F+uGWv/uj1iYRRrCOnsIz/mWAucuIS7TALVfGgIoZKZXTHtE0moNl6mjQnu4snLpFbIu8X85UMhUyrO7UihY3SCcshFV6iE7lEZVRFFz+gVvaMP68V6sz6tr1npijXvOUJ/YE1+AN1lna4=</latexit>

The entanglement entropies of A = (0, R) read
<latexit sha1_base64="bSR14x6ao91UeWn3WmRIyB330Oo=">AAACKnicbVDLSgNBEJz1bXxFPXoZjIKnsCsSPSpePEYwKiQx9E56k8F5MTOrhOD3ePFXvOSgiFc/xEnMQRMLBoqqbnqqUiO483H8Ec3Mzs0vLC4tF1ZW19Y3iptb107nlmGNaaHtbQoOBVdY89wLvDUWQaYCb9L786F/84DWca2ufM9gU0JH8Ywz8EFqFc8eu2iR7jU6ICW01F3DyD0KQfJdpMg7qB5A5OiozkaSM8i8BUGN1eGIdK1iKS7HI9BpkoxJiYxRbRUHjbZmuUTlmQDn6klsfLMP1nMm8KnQyB0aYPfQwXqgCiS6Zn8U9YnuB6VNM23DU56O1N8bfZDO9WQaJiX4rpv0huJ/Xj332Umzz5XJPSr2cyjLBfWaDnujbW5DcNELBJjl4a+UdcEC86HdQighmYw8Ta4Py0mlfHR5WDqtjOtYIjtklxyQhByTU3JBqqRGGHkmr+SNvEcv0SD6iD5/Rmei8c42+YPo6xthZqc/</latexit>

where �±
n are the eigenvalues of the spectral problems

<latexit sha1_base64="a0wIwoY8AwT0nCDgNOVDpmKAVaQ="></latexit>

K±(kF;x, y) ⌘
sin[kF(x� y)]

⇡(x� y)
± sin[kF(x+ y)]

⇡(x+ y)

<latexit sha1_base64="Hj98UU3TK8wCLzGfxbra6zVzL1k=">AAAB+3icbVDLSgMxFL1TX7X1Ueuym2ARXJUZkeqy4EJXUsE+oB2GTCbThmYyQ5IRy9APcePGhSJu/QR/wJ1/Y/pYaOuBC4dz7iUnx084U9q2v63c2vrG5lZ+u1Dc2d3bLx2U2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxR5dTv3NPpWKxuNPjhLoRHggWMoK1kbxSWaA+MxNhPfT97Gbi2V6patfsGdAqcRak2ihePVY+u0HTK331g5ikERWacKxUz7ET7WZYakY4nRT6qaIJJiM8oD1DBY6ocrNZ9gk6NkqAwliaERrN1N8XGY6UGke+2ZxmVMveVPzP66U6vHAzJpJUU0HmD4UpRzpG0yJQwCQlmo8NwUQykxWRIZaYaFNXwZTgLH95lbRPa069dnZr2qjDHHmowBGcgAPn0IBraEILCDzAE7zAqzWxnq03632+mrMWN4fwB9bHD+aylp8=</latexit>

n 2 N0

<latexit sha1_base64="g/jFIwsPFHpmBTNFZiGx0+Q04tw="></latexit>

The eigenvalues �±
n can be read from the spectrum of the sine kernel

<latexit sha1_base64="5puW/BaM1VQsYwxKC07UX3R4f4A=">AAACIHicbVBNSwMxFMz6bf2qevQSbIUKWnZF1KPgxWMtthXqUrLpWxvMJiHJFsriT/HiX/HiQRG96a8x3fagrXMaZt7w3ptIcWas7395M7Nz8wuLS8uFldW19Y3i5lbTyFRTaFDJpb6JiAHOBDQssxxulAaSRBxa0f3F0G/1QRsmxbUdKAgTcidYzCixTuoUT40CajXhWGnpQgmOpca2B5gJC7rvjHLlsH6A6/tlLEXuDHd1iiW/6ufA0yQYkxIao9Ypft52JU0TEJZyYkw78JUNM6ItoxweCrepAUXoPbmDtqOCJGDCLH/wAe85pZtfFkthca7+TmQkMWaQRG4yIbZnJr2h+J/XTm18FmZMqNSCoKNFccqxlXjYFu4y7erhA0cI1czdimmPaEJdN6bgSggmX54mzaNqcFI9vjoqnZ+M61hCO2gXVVCATtE5ukQ11EAUPaJn9IrevCfvxXv3PkajM944s43+wPv+AfgioYQ=</latexit>

spectral problem for the interval (�R,R) on the line

<latexit sha1_base64="yGN89Kjeijn2kIk1PP0ooowms+8=">AAACAXicbVDLSgMxFM3UV62vUUEEQYJFEIQyU6S6EQpuXFaxD2jHIZNmamiSGZKMUIa6Ef/EjQtFXAn+hTu/wZ8wfSy09cCFk3PuJfeeIGZUacf5sjIzs3PzC9nF3NLyyuqavb5RU1EiManiiEWyESBFGBWkqqlmpBFLgnjASD3ong38+i2RikbiSvdi4nHUETSkGGkj+fZ2q4M4R764PoSncPxIi6Lv23mn4AwBp4k7Jvnylvv9sPt+WfHtz1Y7wgknQmOGlGq6Tqy9FElNMSP9XCtRJEa4izqkaahAnCgvHV7Qh/tGacMwkqaEhkP190SKuFI9HphOjvSNmvQG4n9eM9HhiZdSESeaCDz6KEwY1BEcxAHbVBKsWc8QhCU1u0J8gyTC2oSWMyG4kydPk1qx4JYKRxcmjRIYIQt2wB44AC44BmVwDiqgCjC4A4/gGbxY99aT9Wq9jVoz1nhmE/yB9fEDe46ZOw==</latexit>

�+
n = �2n

<latexit sha1_base64="TMMEQgMOm7pYxNMEJyGK0byktOY=">AAACA3icbVDLSgMxFM3UV62vUcGFggSLIIhlpkh1IxTcuKxiH9COQyZN29AkMyQZoQwFN/0VNy4UceHGn3DnN/gTpo+Fth64cHLOveTeE0SMKu04X1Zqbn5hcSm9nFlZXVvfsDe3KiqMJSZlHLJQ1gKkCKOClDXVjNQiSRAPGKkG3cuhX70nUtFQ3OpeRDyO2oK2KEbaSL6922gjzpEv7k7gBZw8krw4dvu+nXVyzghwlrgTki3uuN+D/febkm9/NpohjjkRGjOkVN11Iu0lSGqKGelnGrEiEcJd1CZ1QwXiRHnJ6IY+PDRKE7ZCaUpoOFJ/TySIK9XjgenkSHfUtDcU//PqsW6dewkVUayJwOOPWjGDOoTDQGCTSoI16xmCsKRmV4g7SCKsTWwZE4I7ffIsqeRzbiF3em3SKIAx0mAPHIAj4IIzUARXoATKAIMH8AiewYs1sJ6sV+tt3JqyJjPb4A+sjx9lNpmt</latexit>

��
n = �2n+1

<latexit sha1_base64="nLMzx63vk1/5hLdyHc713JLgcGs="></latexit>

S(↵)
2A⇢R = S(↵)

A,+ + S(↵)
A,�

<latexit sha1_base64="ou97D8OfyetTXu+gIWVbP4tuHno=">AAAB+HicbVC7SgNBFJ31GeMjq5Y2g0GITdgViXYGbCwsIpgHZJcwO5ndDJmdWWZmlbjkG/wAGwtFbK2t/AQ7P8TeyaPQxAMXDufcy733BAmjSjvOl7WwuLS8sppby69vbG4V7O2dhhKpxKSOBROyFSBFGOWkrqlmpJVIguKAkWbQPx/5zRsiFRX8Wg8S4sco4jSkGGkjdeyCdyl4JGnU00hKcduxi07ZGQPOE3dKimfvpe+Pe++w1rE/va7AaUy4xgwp1XadRPsZkppiRoZ5L1UkQbiPItI2lKOYKD8bHz6EB0bpwlBIU1zDsfp7IkOxUoM4MJ0x0j01643E/7x2qsNTP6M8STXheLIoTBnUAo5SgF0qCdZsYAjCkppbIe4hibA2WeVNCO7sy/OkcVR2K+XjK6dYrYAJcmAP7IMScMEJqIILUAN1gEEKHsATeLburEfrxXqdtC5Y05ld8AfW2w+I+Jdd</latexit>

=)
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Figure 1: Entanglement entropy of an interval A = [0, R] adjacent to the boundary of the

half-line, for Neumann b.c. (red curve SA,+) and Dirichlet b.c. (blue curve SA,�), obtained

numerically from (3.14). The black curve corresponds to the entanglement entropy S2A⇢R of

an interval of length 2R on the line. The relation (3.18) occurs among these quantities.

where S
(↵)
2A⇢R are the entanglement entropies of an interval of length 2R on the line for the

Schrödinger field theory at zero temperature and finite density, which have been studied in

[44]. Since S
(↵)
A,± are positive functions of ⌘ and S

(↵)
2A⇢R is finite for any given ⌘ (the proof has

been reported in Sec. 4 of [44]), also S
(↵)
A,± are finite functions of ⌘.

In Fig. 1 we show SA,±, evaluated numerically from (3.14), and compare them with the

entanglement entropy S2A⇢R of an interval of length 2R on the line. These three quantities

are related through (3.18). The numerical analysis has been performed as explained in [44],

by employing an optimised Fortran code provided to us by Vladimir Rokhlin. In particular,

the infinite sums (3.14) have been truncated to n 6 2(n0 + 2), where n0 is the critical index

(3.13). We checked numerically that the entanglement entropies do not change significantly

by including more terms. This truncation criterion, which is the one adopted in [44], has been

applied to evaluate numerically all the quantities in this manuscript that involve a sum over

the spectra (3.11) and (3.12).

The main feature to highlight in Fig. 1 is the fact that SA,± are not monotonic functions.

Instead, S2A⇢R is a monotonic function as proved in [44]. The proof of this feature of S2A⇢R
exploits the invariance under translations, which does not hold for the model on the half line.
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Entanglement entropies: tau function approach

<latexit sha1_base64="UFyx3y2+u+0VkJeMbO0glDsM2mg="></latexit>

S(↵)
A,± = lim

✏,�!0

1

2⇡i

I

C
s↵(z) @z log(⌧±) dz

<latexit sha1_base64="+wRCVBu3mlGTSWljHm0gdelUIzQ="></latexit>

⌧± ⌘ det
�
I � z�1K±

�

<latexit sha1_base64="BZK9AZzhueoA3tALu25UkqPLg+4=">AAACC3icbVA9SwNBEN2LXzF+RS1tliSCVbgLEi0DNpYR8gVJCHObuWTJ3t6xuxcIIb2Nf8XGQhFb/4Cd/8bNR6GJDwYe780wM8+PBdfGdb+d1Nb2zu5eej9zcHh0fJI9PWvoKFEM6ywSkWr5oFFwiXXDjcBWrBBCX2DTH93N/eYYleaRrJlJjN0QBpIHnIGxUi+bqw2RFjoGkgINEsnmKoU4VhGwIR3wMepeNu8W3QXoJvFWJE9WqPayX51+xJIQpWECtG57bmy6U1CGM4GzTCfRGAMbwQDblkoIUXeni19m9NIqfRpEypY0dKH+nphCqPUk9G1nCGao1725+J/XTkxw251yGScGJVsuChJBTUTnwdA+V8iMmFgCTHF7K2VDUMCMjS9jQ/DWX94kjVLRKxevH0r5SnkVR5pckBy5Ih65IRVyT6qkThh5JM/klbw5T86L8+58LFtTzmrmnPyB8/kD9ZGaWw==</latexit>

The ⌧ function approach gives

<latexit sha1_base64="6gRXJxJ4SoVZ7h9yBF9ajHFS7tI="></latexit>�
t�00
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III0
�
+ 4 ✓⇤✓? �

0
III0 �

�
✓2⇤ + ✓2?

�
= 0

<latexit sha1_base64="/3cyPwyMhtYN0OmuRxN4JuVOzjI="></latexit>

�III0(t) ⌘ t @t log
⇥
⌧III0(t)

⇤
<latexit sha1_base64="RyyNB4khTp5K98XLeBkkIoFUSzg=">AAAB/3icbVDLSgNBEOyNrxhfUcGLl8EgeAq7QaLHgBePEfKCJITZyWwyZHZ2mYe4rDn4K148KOLV3/Dm3zhJ9qCJBQ1FVTfdXX7MmdKu++3k1tY3Nrfy24Wd3b39g+LhUUtFRhLaJBGPZMfHinImaFMzzWknlhSHPqdtf3Iz89v3VCoWiYZOYtoP8UiwgBGsrTQonjTGFGHzwDjDMkGBEWRhlNyyOwdaJV5GSpChPih+9YYRMSEVmnCsVNdzY91PsdSMcDot9IyiMSYTPKJdSwUOqeqn8/un6NwqQxRE0pbQaK7+nkhxqFQS+rYzxHqslr2Z+J/XNTq47qdMxEZTQRaLAsORjtAsDDRkkhLNE0swkczeisgYS0y0jaxgQ/CWX14lrUrZq5Yv7yqlWjWLIw+ncAYX4MEV1OAW6tAEAo/wDK/w5jw5L86787FozTnZzDH8gfP5AxlVliE=</latexit>

The auxiliary function
<latexit sha1_base64="JG4bY3QadtUOZS5v2uleC7UFfIs=">AAACFHicbZA9SwNBEIb34leMX6eWNotRIgjhLki0FGxMF8FEIQlhbzNnFvf2jt05MRz5ETb+FRsLRWwt7Pw3bmIKTXxh4eGdGWbnDRIpDHrel5Obm19YXMovF1ZW19Y33M2tpolTzaHBYxnr64AZkEJBAwVKuE40sCiQcBXcno3qV3egjYjVJQ4S6ETsRolQcIbW6rqHxoIJBRiKfaC0zoSScNcuAd1rI9yjjrJarTYsdf29rlv0yt5YdBb8CRTJRPWu+9nuxTyNQCGXzJiW7yXYyZhGwSUMC+3UQML4LbuBlkXFIjCdbHzUkO5bp0fDWNunkI7d3xMZi4wZRIHtjBj2zXRtZP5Xa6UYnnQyoZIUQfGfRWEqKcZ0lBDtCQ0c5cAC41rYv1LeZ5pxtDkWbAj+9Mmz0KyU/Wr56KJSPK1O4siTHbJLDohPjskpOSd10iCcPJAn8kJenUfn2Xlz3n9ac85kZpv8kfPxDebHnWk=</latexit>

satisfies the Painlevé III01

<latexit sha1_base64="UmKb3WVKE4Jj/96fEDW57JY1Cec="></latexit>⌧sine = ⌧+ ⌧�
<latexit sha1_base64="HiMfriu4gWVdYdXQMuS6PPUDWhs=">AAACJXicbVDLSgMxFM34rPVVdekmWAVXZaZIdeFCcOOyQqtCW0omvdOGZpIhuSmU4s+48VfcuLCI4MpfMX0stHogcDjn3iTnxJkUFsPwM1haXlldW89t5De3tnd2C3v7d1Y7w6HOtdTmIWYWpFBQR4ESHjIDLI0l3Mf964l/PwBjhVY1HGbQSllXiURwhl5qFy5rPaCZ0R3HkeqEHjeRuXYzS49pVwzAUvS+9ZfTPhgFknqbJk7x2XoxLIVT0L8kmpMimaPaLoybHc1dCgq5ZNY2ojDD1ogZFFzCY77pLGSM91kXGp4qloJtjaYpH+mJVzo00cYfhXSq/twYsdTaYRr7yZRhzy56E/E/r+EwuWiNhMocguKzhxLno2o6qYx2hAGOcugJ40b4v1LeY4Zx9MXmfQnRYuS/5K5ciiqls9ty8aoyryNHDskROSUROSdX5IZUSZ1w8kReyBsZB8/Ba/AefMxGl4L5zgH5heDrG9XSpNo=</latexit>

The product of ⌧± gives the sine kernel tau function

<latexit sha1_base64="ln436WD2jmqm2GE2q+w9wQR07Fg=">AAAB/3icdVDJSgNBEO2JW4zbqODFS2MQIoShZ8w2t4AXjxGyQTKEnk4nadKz0N0jhJiDv+LFgyJe/Q1v/o2dRVDRBwWP96qoqufHnEmF0IeRWlvf2NxKb2d2dvf2D8zDo6aMEkFog0Q8Em0fS8pZSBuKKU7bsaA48Dlt+eOrud+6pUKyKKyrSUy9AA9DNmAEKy31zJNOXWAyycMW60dBHuZs1y1ceD0ziyxUdorFEkSWXSxX7EtNXLfiaMW20AJZsEKtZ753+xFJAhoqwrGUHRvFyptioRjhdJbpJpLGmIzxkHY0DXFApTdd3D+D51rpw0EkdIUKLtTvE1McSDkJfN0ZYDWSv725+JfXSdSg4k1ZGCeKhmS5aJBwqCI4DwP2maBE8YkmmAimb4VkhHUgSkeW0SF8fQr/J03HsktW4cbJVtEqjjQ4BWcgB2xQBlVwDWqgAQi4Aw/gCTwb98aj8WK8LltTxmrmGPyA8fYJTY6UUA==</latexit>

[Tracy, Widom, (1994)]

<latexit sha1_base64="pON+gFnS2Izi7r83BTEnzJOl1t0=">AAACIXicbVBNTwIxEO3iF+IX6tFLI5h4IrvEIEeiFxMvmACSACGzZVYaut1N2zUhhL/ixb/ixYPGcDP+GQvsQdFJmry892am8/xYcG1c99PJrK1vbG5lt3M7u3v7B/nDo5aOEsWwySIRqbYPGgWX2DTcCGzHCiH0Bd77o+u5fv+ISvNINsw4xl4ID5IHnIGxVD9fbQyRjlBJFJoWb/vdOCxSUEh1jIyDoMwO1zQKKNAr1HZR6u7nC27JXRT9C7wUFEha9X5+1h1ELAlRGiZA647nxqY3AWU4EzjNdRONMbARPGDHQgkh6t5kceGUnllmQINI2ScNXbA/OyYQaj0OfesMwQz1qjYn/9M6iQmqvQmXcWJQsuWiIBHURHQeFx1whcyIsQXAFLd/pWwICpixoeZsCN7qyX9Bq1zyKqWLu3KhVknjyJITckrOiUcuSY3ckDppEkaeyAt5I+/Os/PqfDizpTXjpD3H5Fc5X990OaJz</latexit>

The kernels K± are special cases of a Bessel kernel
<latexit sha1_base64="BYDZ6XaLi8iXrZdmlwKUdQUcjgA="></latexit>

whose auxiliary � function satisfies a Painlevé III01

<latexit sha1_base64="qPmrbpMP150YcuB9Pv3gw6mGZI8="></latexit>

⌧±(⌘) =
21/8

⇡±1/2 e⌘2/8 ⌘1/8
⌧III0(⌘

2/4)
��
✓⇤= ✓?=±1/4



Expansions of the entanglement entropies
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Figure 2: Entanglement entropies for either Neumann (left panel) or Dirichlet (right panel)

boundary conditions. The data points have been obtained numerically from (3.14), while the

dashed lines correspond to the small (see Sec. 5) and large (see Sec. 6) interval expansion.

In Fig. 2 and Fig. 3 we also show the entanglement entropies S(↵)
A,± for di↵erent values of ↵,

obtained numerically from (3.14).

Since �±n 2 (0, 1) for any n 2 N and ⌘ > 0 in (3.14), we can adapt to our case the procedure

employed in [58, 59] to evaluate the entanglement entropies in some spin chains, as done in [44]

for the entanglement entropies of an interval on the line for the Schrödinger model at finite

density and zero temperature. This allows to write (3.14) as the following contour integral in

the complex plane

S
(↵)
A,± = lim

✏,�!0

1

2⇡i

I

C
s↵(z) @z log(⌧±) dz (3.19)

where s↵(z) is the holomorphic function obtained from (3.15). The closed path C encircles

the interval [0, 1] ⇢ R and is parameterised by the infinitesimal parameters ✏ and � through

its decomposition C = C0 [C� [C1 [C+, where C0 and C1 are two arcs of radius ✏/2 centered

in 0 and 1 respectively, while C± are the segments belonging to the horizontal lines x ± i�

with x 2 R and intersecting C0 and C1 (see e.g. Fig. 1 of [58], where a similar path is shown);

hence ✏ ! 0 implies � ! 0. The functions ⌧± in the integrand of (3.19) are the tau functions

associated to the kernels (3.1)

⌧± ⌘ det
�
I � z

�1
K±

�
=

1Y

n=0

�
1� z

�1
�
±

n

�
(3.20)

i.e. the Fredholm determinants of the corresponding kernels, where I denotes the identity

operator, z 2 C and �
±
n are the eigenvalues of K±, which are obtained from the eigenvalues

of the sine kernel Ksine (see (3.11) and (3.12)). From this relation, it is straightforward to

observe that the tau function ⌧sine ⌘ det(I � z
�1

Ksine) associated to the sine kernel can be
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Figure 2: Entanglement entropies for either Neumann (left panel) or Dirichlet (right panel)

boundary conditions. The data points have been obtained numerically from (3.14), while the

dashed lines correspond to the small (see Sec. 5) and large (see Sec. 6) interval expansion.

In Fig. 2 and Fig. 3 we also show the entanglement entropies S(↵)
A,± for di↵erent values of ↵,

obtained numerically from (3.14).

Since �±n 2 (0, 1) for any n 2 N and ⌘ > 0 in (3.14), we can adapt to our case the procedure

employed in [58, 59] to evaluate the entanglement entropies in some spin chains, as done in [44]

for the entanglement entropies of an interval on the line for the Schrödinger model at finite

density and zero temperature. This allows to write (3.14) as the following contour integral in

the complex plane

S
(↵)
A,± = lim

✏,�!0

1

2⇡i

I

C
s↵(z) @z log(⌧±) dz (3.19)

where s↵(z) is the holomorphic function obtained from (3.15). The closed path C encircles

the interval [0, 1] ⇢ R and is parameterised by the infinitesimal parameters ✏ and � through

its decomposition C = C0 [C� [C1 [C+, where C0 and C1 are two arcs of radius ✏/2 centered

in 0 and 1 respectively, while C± are the segments belonging to the horizontal lines x ± i�

with x 2 R and intersecting C0 and C1 (see e.g. Fig. 1 of [58], where a similar path is shown);

hence ✏ ! 0 implies � ! 0. The functions ⌧± in the integrand of (3.19) are the tau functions

associated to the kernels (3.1)

⌧± ⌘ det
�
I � z

�1
K±

�
=

1Y

n=0

�
1� z

�1
�
±

n

�
(3.20)

i.e. the Fredholm determinants of the corresponding kernels, where I denotes the identity

operator, z 2 C and �
±
n are the eigenvalues of K±, which are obtained from the eigenvalues

of the sine kernel Ksine (see (3.11) and (3.12)). From this relation, it is straightforward to

observe that the tau function ⌧sine ⌘ det(I � z
�1

Ksine) associated to the sine kernel can be
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[Gamayun, Iorgov, Lisovyy, (2013)]

<latexit sha1_base64="y0NWg24nH61htkGmqtzf2A6HntE="></latexit>

⌧± =
1

⇡±1/2 e⌘2/4

1X

n=0

CIII0
�
± 1

4 ,±
1
4 ,

1
4 ⌥ n

� (⌘/2)n(2n⌥1)

zn
B±(n; ⌘

2/4)

<latexit sha1_base64="oHEb9P8n8HZbIVdIvc2RPjC7W5M="></latexit>

CIII0(✓, ✓, �̂) ⌘
⇥
G(1 + ✓ + �̂)G(1 + ✓ � �̂)

⇤2

G(1 + 2�̂)G(1� 2�̂)

<latexit sha1_base64="hutK+5co4/ISaj4P/xjB3u6mOiQ=">AAACGXicbVDLSgNBEJz1bXxFPXoZTARPYVdEPQoieIxgHpCE0DvpNYOzs8tMrxiCv+HFX/HiQRGPevJvnE1yUGPBQFHVTU9VmCppyfe/vJnZufmFxaXlwsrq2vpGcXOrbpPMCKyJRCWmGYJFJTXWSJLCZmoQ4lBhI7w5y/3GLRorE31FgxQ7MVxrGUkB5KRu0T+/S0HnNk8iTn3k5TZBVuZRpkU+wsE6CQl4mxLul7vFkl/xR+DTJJiQEpug2i1+tHuJyGLUJBRY2wr8lDpDMCSFwvtCO7OYgriBa2w5qiFG2xmOkt3zPaf0eJQY9zTxkfpzYwixtYM4dJMxUN/+9XLxP6+VUXTSGUqdZoRajA9FmeIuY14T70mDgtTAERBGur9y0QcDglyZBVdC8DfyNKkfVIKjyuHlQen0aFLHEtthu2yfBeyYnbILVmU1JtgDe2Iv7NV79J69N+99PDrjTXa22S94n9+ta57G</latexit>

Expansion of the ⌧ function as ⌘ ! 0

<latexit sha1_base64="xig7KFnXO77rf00OE2jt8KGp8mA="></latexit>

This gives e.g. SA,+ = � 2
⇡ ⌘ log(⌘)+O(⌘) and SA,� = � 2

3⇡ ⌘
3 log(⌘)+O(⌘3)
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Figure 5: Entanglement entropies S
(↵)
A for ↵ = 1 (top panels), ↵ = 3 (middle panels) and

↵ ! 1 (bottom panels) in the small ⌘ regime. The blue solid curves correspond to the

expansions obtained through the PSWF (see Sec. 5.1), while the coloured dashed curves have

been found through the expansion (5.9) of the tau function (see Sec. 5.2 and (5.12)).
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↵ ! 1 (bottom panels) in the small ⌘ regime. The blue solid curves correspond to the

expansions obtained through the PSWF (see Sec. 5.1), while the coloured dashed curves have

been found through the expansion (5.9) of the tau function (see Sec. 5.2 and (5.12)).
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expansions obtained through the PSWF (see Sec. 5.1), while the coloured dashed curves have

been found through the expansion (5.9) of the tau function (see Sec. 5.2 and (5.12)).
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Expansions of the entanglement entropies

<latexit sha1_base64="2yCcLJPjlD51uLRcVZroeI6pnGA="></latexit>

⌧± =
X

n2Z
e±i⇡2 (⌫+n) ei2⌘(n+⌫)

(4⌘)(⌫+n)2
G(1 + ⌫ + n)G(1� ⌫ � n)

1X

p=0

Dp(⌫ + n)�
2⌘

�p

<latexit sha1_base64="8VduDvBMm+RRT2/IiiRqTUO6n/8="></latexit>

[Bonelli, Lisovyy, Maruyoshi, Sciarappa, Tanzini, (2016)]

<latexit sha1_base64="H5tiTUae/xjHnFqbzcEbs11m9A0="></latexit>

where ⌫ = 1
2⇡i log(1� 1/z) and the first polynomials Dp are known

<latexit sha1_base64="VJrJ+uVJzz8zsr6RjyFeQD6m2bM=">AAACHnicbVDLSgNBEJz1GeMr6tHLYCJ4Crui0aMggscIRoVsCL2TXjM4O7vM9Ioh+CVe/BUvHhQRPOnfOBtz8FUwUFR101MVZUpa8v0Pb2JyanpmtjRXnl9YXFqurKye2TQ3AlsiVam5iMCikhpbJEnhRWYQkkjheXR1WPjn12isTPUpDTLsJHCpZSwFkJO6ld2jmwx0YfM05tRHXgsJ8hqPcy2KEQ7WSUjAQ0p5KHVMg1q3UvXr/gj8LwnGpMrGaHYrb2EvFXmCmoQCa9uBn1FnCIakUHhbDnOLGYgruMS2oxoStJ3hKN4t33RKj8epcU8TH6nfN4aQWDtIIjeZAPXtb68Q//PaOcX7naHUWU6oxdehOFfcBS264j1pUJAaOALCSPdXLvpgQJBrtOxKCH5H/kvOtutBo75zsl09aIzrKLF1tsG2WMD22AE7Zk3WYoLdsQf2xJ69e+/Re/Fev0YnvPHOGvsB7/0TSvOhTg==</latexit>

Expansion of the ⌧ function as ⌘ ! 1

<latexit sha1_base64="l2zxCVIapuFoqyt2sEPTtm7tdbM="></latexit>

S(↵)
A,± =

1

12

✓
1 +

1

↵

◆
log(4⌘) +

E↵

2
+

1X

N=0

eS(↵)
A,±,1,N

(4⌘)N

<latexit sha1_base64="gVZ4ceQfFwRj10FzwzZISaM0RVY=">AAACHXicbVDLSgMxFM3UV62vUZdugq3gqsyUUl0Kbly4qGBVaEu5k95pQzPJkGTEUvwRN/6KGxeKuHAj/o2Z2oWvA4GTc+5N7j1RKrixQfDhFebmFxaXisulldW19Q1/c+vCqEwzbDEllL6KwKDgEluWW4FXqUZIIoGX0eg49y+vURuu5Lkdp9hNYCB5zBlYJ/X8+inoAdJKBy1UKN6kIPNaqmJqh0hRWpADgYkj+UWrlKPp+eWgGkxB/5JwRspkhmbPf+v0FcvyV5gAY9phkNruBLTlTOBtqZMZTIGNYIBtRyUkaLqT6Xa3dM8pfRor7Y6bYqp+75hAYsw4iVxlAnZofnu5+J/Xzmx82J1wmWYWJfv6KM4EtYrmUdE+18isGDsCTHM3K2VD0MCsC7TkQgh/r/yXXNSqYaNaP6uVjxqzOIpkh+ySfRKSA3JETkiTtAgjd+SBPJFn79579F6816/Sgjfr2SY/4L1/Aisoof0=</latexit>

Large ⌘ expansion of the entanglement entropies

<latexit sha1_base64="4OPU8+xyoCDsu7S49p//K0KXZnQ="></latexit>

[Fagotti, Calabrese, (2010)]
<latexit sha1_base64="seQPW9x3CZbAxSkeYU4YcjzegJc=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRFqsuKG5cV7APaUCbT23boJBNmJpUS+hNu/BU3LhRxK7jzb5ykWWjrhYHDuefcuff4EWdKO863tbK6tr6xWdgqbu/s7u3bB4dNJWJJoUEFF7LtEwWchdDQTHNoRxJI4HNo+eObtN+agFRMhPd6GoEXkGHIBowSbaiefX49lAABhBo/MD3CxjxhIlaYE60ZBUwJpzHP1Kpnl5yykxVeBm4OSiives/+6vYFjdPxlBOlOq4TaS8h0ozmMCt2YwURoWMyhI6BIQlAeUl21QyfGqaPB0KaZ9bL2N+OhARKTQPfKAOiR2qxl5L/9TqxHlx5CQujWENI5x8NYo61wGlEuM8kUM2nBhAqmdkV0xGRhGoTZNGE4C6evAyalbJbLV/cVUq1ah5HAR2jE3SGXHSJaugW1VEDUfSIntErerOerBfr3fqYS1es3HOE/pT1+QNsqZ+X</latexit>

Agreement with previous lattice calculations

<latexit sha1_base64="jd+6Jt8R4e2nBVmSyozZ2iZ3USQ=">AAACH3icbVDLSgMxFM34rPVVdekm2AoupMwUqS4rbnRX0T6gHUomTdvQTDLkZoRh6J+48VfcuFBE3PVvTB8LbT0QOJx7T5JzgkhwMK47dlZW19Y3NjNb2e2d3b393MFhHVSsKatRJZRuBgSY4JLVDDeCNSPNSBgI1giGN5N544lp4Eo+miRifkj6kvc4JcZKnVz5TmIz4ICpvQQwEaBw4aGTXp/jdhSOCrjLIRIkwQooF2Lqgmy2k8u7RXcKvEy8OcmjOaqd3He7q2gcMmmoIAAtz42MnxJtOBVslG3HwCJCh6TPWpZKEjLw02m+ET61Shf3lLZHGjxVfztSEgIkYWA3Q2IGsDibiP/NWrHpXfkpl1FsmKSzh3qxwEbhSVk2vGbUiMQSQjW3f8V0QDShxlY6KcFbjLxM6qWiVy5e3JfylfK8jgw6RifoDHnoElXQLaqiGqLoGb2id/ThvDhvzqfzNVtdceaeI/QHzvgHuY+hhQ==</latexit>

In this cases also SA,± display oscillations
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Figure 3: Entanglement entropies S
(↵)
A,� for Dirichlet boundary conditions. The dashed lines

(shown only for ⌘ > 10) correspond to the large ⌘ expansion discussed in Sec. 6.

written in terms of the tau functions in (3.20) as follows2

⌧sine = ⌧+ ⌧� (3.21)

(see also Proposition 1 in [86] with athere = 0).

The relation (3.21), combined with (3.19), provides (3.18) in a straightforward way. This

observation can be extended to a class of quantities having the form GA =
P

n>0 g(�n), where

g(0) = 0. Indeed, by writing these quantities like in (3.19) and exploiting (3.21), one finds the

relation G2A⇢R = GA,+ + GA,� , where G2A⇢R corresponds to GA for the interval [�R,R]

on the line, and GA,± to GA for the interval [0, R] adjacent to the boundary of the half line

where either Neumann (+) or Dirichlet (�) are imposed at the origin. Also the Schatten

norms (7.3) (see Sec. 7) belong to this class of quantities and (7.6) gives the above mentioned

relation for them.

Fredholm determinants of integrable kernels occur in many interesting problems in physics

and mathematics. In particular, the Fredholm determinants (3.20) are related to some proba-

bility distribution of the level spacings for random matrices [87] and to the inverse scattering

problem [88].

In our analyses we exploit in a crucial way the fact that the Fredholm determinants (3.20)

are related to the solutions of a particular Painlevé III di↵erential equation [62, 89, 90]. In

2The relation (3.21) implies �sine = �+ + �� for the corresponding auxiliary functions (see [63] and also

Appendix A).
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Figure 6: Entanglement entropy for Neumann b.c. in a range where the large ⌘ expansion

(see (6.7), (6.9), and (6.11)) deviates from the curve obtained numerically (black points).

where P2,c(ŷk)� P2,a(ŷk) = �18k4 + 16k3 � 8k + 3 is obtained from (C.74) and (C.76), and

eS(↵)
A,±,1,2 =

(↵+ 1)(3↵2
� 7)

48↵3
�

2

↵� 1

1X

j=1

cos
⇥
(2⌘ �

⇡
2 )j

⇤ 1X

k=1

eP2(j; yk/↵)

✓
±⌦(ŷk/↵)

(4⌘)(2k�1)/↵

◆j

(6.17)

with eP2(j; y) defined as (from (C.76), (C.77) and (C.78))

eP2(j; y) ⌘ �P2,c(y) + P2,d(y) + (1� j)P2,e(y) = 18j y4 � 3j y2 +
j

8
+ 20i y3 � 5i y . (6.18)

In the Appendix C.3.6 some consistency checks for the analytic expressions of eS(↵)
A,±,1,N

reported above have been discussed. In particular, we have considered the limit ↵ ! 1, the

relation (3.18) and the double scaling limit of the lattice results obtained in [71].

In Fig. 6, Fig. 7 and Fig. 8, the curves for the entanglement entropies found numerically are

compared with the curves corresponding to the analytic expressions valid at larg ⌘ obtained

from (6.7), (6.9) and (6.11), where eSA,±,1,N and eS(↵)
A,±,1,N are respectively (6.12) and (6.13)

for N = 0, (6.14) and (6.15) for N = 1, and (6.16) and (6.17) for N = 2. We show these results

only for Neumann b.c. because the ones for Dirichlet b.c. are qualitatively very similar.

In Fig. 6 the entanglement entropy SA,+ is considered: the exact curve is labelled by the

black circles, the dashed grey line correspond only to the leading terms (6.9) and the dashed

coloured lines are obtained by including also the three subleading terms having N 2 {0, 1, 2}
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Figure 7: Oscillatory behaviour of the entanglement entropies with ↵ > 1 for Neumann b.c. in

the large ⌘ regime. The dashed curves are obtained from (6.7), (6.9) and (6.11) with N 6 2.

in (6.11). The analytic approximation that takes into account also the subleading terms

nicely reproduce the exact curve for ⌘ & 6.5 . For smaller values of ⌘, the subleading term

corresponding to N = 0 is not enough to capture the exact curve. When ⌘ < 2.5 all the

approximate curves obtained from an analytic expression that we have considered deviate

from the one of SA,+.

In Fig. 7 we focus on the range ⌘ 2 [990, 1000], where ⌘ takes large values and the amplitude

of the oscillations is small. The curves for the Rényi entropies found numerically (coloured

circles) are nicely captured by the corresponding approximate analytic expressions (dashed

lines) found by including all the subleading terms that we have evaluated (i.e. the ones having

N 2 {0, 1, 2} in (6.11)), truncated at order O(1/⌘3).

In Fig. 8 we consider S(20)
A,+ in a regime where ⌘ is large enough and show how the agreement

between the exact curve (black circles) and the ones obtained from the analytic expressions

of the large ⌘ expansion truncated at some order improves as the number of subleading terms

in this truncated sum increases, i.e. when higher orders in 1/⌘ are included. The dashed grey

line corresponds to the leading terms (6.9).

We find it worth remarking that the oscillating terms in eSA,+,1,N and eSA,�,1,N have

opposite signs (see (6.12), (6.14) and (6.16)), while the non oscillating ones (only the constant

in (6.16) for the terms we are considering) are equal to half of the corresponding ones in the

large ⌘ expansion of S(↵)
2A⇢R [44]. This implies that the oscillating terms cancel in the r.h.s. of
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Entanglement entropies & Friedel oscillations

<latexit sha1_base64="bEe+DDBN9EaWUykDq/uj3JID2Tc="></latexit>

S(↵)
A,± � 1

2
S(↵)
2A⇢R = ±

S(↵)
A,+ � S(↵)

A,�
2

<latexit sha1_base64="K7BcvLYDzm0amFSp//Z8zYy41cw="></latexit>

h%±(t, R)i1,µ

kF

=
h%(t, R)i1,µ

kF

± sin(2⌘)

2⇡ ⌘

<latexit sha1_base64="mAr4VfinJSEH8QOG5CvH/khJfJQ=">AAACJnicbVBNSwMxFMz6bf2qevQSLIKnsitSvQiCFy+CglWhLeVt+rYNZpMleVsopb/Gi3/FiwdFxJs/xbTuQasDgWHmvQxv4kxJR2H4EczMzs0vLC4tl1ZW19Y3yptbN87kVmBdGGXsXQwOldRYJ0kK7zKLkMYKb+P7s7F/20frpNHXNMiwlUJXy0QKIC+1yycXCJr3QeXITcKphzwDS1Io5B3UTpJEx4EmDmoC3fVRXZ4ZqanULlfCajgB/0uiglRYgct2+aXZMSJP/U9CgXONKMyoNSwSR6Vm7jADcQ9dbHiqIUXXGk7OHPE9r3R4Yqx/mvhE/bkxhNS5QRr7yRSo56a9sfif18gpOW4Npc5yQi2+g5JccTJ83BnvSIuC1MATENZXIrjogQVBvtlxCdH0yX/JzUE1qlUPrw4qp7WijiW2w3bZPovYETtl5+yS1ZlgD+yJvbDX4DF4Dt6C9+/RmaDY2Wa/EHx+Aem+pWk=</latexit>

Mean value of the particle densities at the entangling point

<latexit sha1_base64="9QY0r+9zp40/3FgYvSonuxncJj4="></latexit>

NA,± ⌘
Z R

0
h%±(t, x)i1,µ dx =

⌘

⇡
± Si(2⌘)

2⇡

<latexit sha1_base64="6l0QnqWEzin1ehmeB6cSvFYVELM=">AAACD3icbVDLSsNAFJ3UV42vqEs3g0VxVZIi1WXBjRuhgn1AG8pketMOnUzCzKRQSv/Ajb/ixoUibt2682+ctFlo64FhDufcy733BAlnSrvut1VYW9/Y3Cpu2zu7e/sHzuFRU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAWjm8xvjUEqFosHPUnAj8hAsJBRoo3Uc87vgAicEKkZ5YBFGgUgMRNYD8F8GuSYcNvuOSW37M6BV4mXkxLKUe85X91+TNMIhKacKNXx3ET703zOzO6mChJCR2QAHUMFiUD50/k9M3xmlD4OY2me0Hiu/u6YkkipSRSYyojooVr2MvE/r5Pq8NqfMpGkGgRdDApTjnWMs3Bwn0mgmk8MIVQysyumQyIJNTmoLARv+eRV0qyUvWr58r5SqlXzOIroBJ2iC+ShK1RDt6iOGoiiR/SMXtGb9WS9WO/Wx6K0YOU9x+gPrM8flWKbsQ==</latexit>

Mean particle number in the interval

<latexit sha1_base64="0SOYsWMfC9V/jvbU+ncpWXOiCLY="></latexit>

The large ⌘ expansion of SA,± can be written as

<latexit sha1_base64="diEBf8cxGAwq3F/jcdbd1KUNroo="></latexit>

SA,± =
1

6
log(4⌘) +

E1

2
+

h%±(t, R)i1,µ � h%(t, R)i1,µ

2kF/⇡
+O

�
1/⌘2

�
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Figure 4: Entanglement entropy, normalised density at the entangling point (2.22) and mean

particle number in the interval (2.23) in the case of Neumann b.c., where half of the corre-

sponding quantity on the line has been subtracted (see (3.23) for ↵ = 1, (2.26) and (2.25)) to

highlight the oscillatory behaviour.

Since S2A⇢R is a monotonic function [44] while SA,± display an oscillatory behaviour (see

Fig. 1), the combinations (3.23) in the special case of ↵ = 1 are oscillating functions of ⌘

for both Neumann and Dirichlet boundary conditions. In Fig. 4 we focus on Neumann b.c.

as prototypical case, and compare the combination (3.23) for ↵ = 1 with the density at

the entangling point (2.22), which exhibits the Friedel oscillations, and the mean particle

number in the interval (2.23). The oscillatory behaviours are highlighted when half of the

corresponding quantities on the line are subtracted (see (3.23) for ↵ = 1 and (2.26)). The

density at the entangling point (2.22) can be rewritten as follows

1

2kF/⇡


h%±(t, R)i1,µ �

1

2

�
h%(t, R)i1,µ + h%(t,�R)i1,µ

��
= ±

sin(2⌘)

4 ⌘
(3.24)

where the r.h.s. provides the Friedel oscillations and the quantity within the square brackets

has a form similar to the one of the other quantities displayed in Fig. 4. The functions in (3.24)

oscillate around zero with decreasing amplitudes and their zeros correspond to 2⌘ = n⇡, where

n 2 N and ⌘ > 0. These zeros correspond to the values of ⌘ where the critical index (3.13) has

jump discontinuities. The parity of the critical index is a ⇡-periodic function of ⌘ taking values

+1 for ⌘ 2 [k⇡, (k + 1/2)⇡) and �1 for ⌘ 2 [(k + 1/2)⇡, (k + 1)⇡), where k 2 N0. When n0 is
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Schatten norms & Cumulants expansion
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Schatten p-norm of the kernels K±
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Expansion of the entanglement entropy in terms of the charge cumulants



Cumulants expansion
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Figure 9: Cumulant expansion of the entanglement entropy for Neumann b.c. (see (7.4)).

The inset zooms in on a range of small values of ⌘, where a complete overlap is observed when

qmax is large enough.

where the Schatten p-norm of the kernels (3.1) is defined as

Tr
�
K

p
±

�
=

1X

n=0

�
�
±

n

�p
p > 1 . (7.3)

The n-th cumulant C(n)
A,± is a finite linear combinations of the Schatten norms (7.3) with p 2 N

and p = 1, . . . , n; hence we can evaluate numerically the cumulants by computing the Schatten

norms from (7.3), as done for the entanglement entropies.

In [72–74] a remarkable relation between the entanglement entropies and the charge cumu-

lants has been studied (the final form has been reported in [73]). A similar relation has been

found also for the Rényi entropies with integer index [74]. Focussing only on the entanglement

entropy for simplicity, for the models we are considering this relation reads

SA,± = lim
q!1

q+1X

n=1

an(q) C
(n)
A,± an(q) ⌘

8
><

>:

0 odd n

2
qX

k=n�1

S1(k, n� 1)

k! k
even n

(7.4)

where S1(k, n) are the unsigned Stirling numbers of the first kind. We remark that the

coe�cients in (7.4) are independent of ⌘; hence the dependence on ⌘ of SA,± is encoded only

in the cumulants.
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Conclusions

Thank you!

<latexit sha1_base64="BW7bUG02hkGiI0V9hHOi9Pdk+/U="></latexit>

Entanglement entropies of an interval for free fermionic spinless fields
<latexit sha1_base64="C4P30kObVuQpPmOKuMX/MaTE49Q="></latexit>

with integer Lifshitz exponent z, on the line and on the half line
<latexit sha1_base64="wuE3A0TbZqPueRJMDyv9uaxfiYY="></latexit>

(either Neumann or Dirichlet b.c.)

<latexit sha1_base64="SpfgF5zsO204zjyAARh4tg0fTno="></latexit>

⌘ ! 0 and ⌘ ! 1 expansions: PSWF and ⌧ function approaches

<latexit sha1_base64="6Id1ObOuLkDQ89qnYIO+DmpCvDk=">AAACJnicbZBNSwMxEIaz9avWr1WPXoJF8CBlt0j1IhS8eLOC/YC2lGw624Zms0uSFcrSX+PFv+LFQ0XEmz/F7HYP2joQePJOJjPzehFnSjvOl1VYW9/Y3Cpul3Z29/YP7MOjlgpjSaFJQx7KjkcUcCagqZnm0IkkkMDj0PYmt2m+/QRSsVA86mkE/YCMBPMZJdpIA/vmXmA9BpzWX2QEQhMx4hAYSC8yjKaYKay0ZFRzw4KaDoqJUWlgl52KkwVeBTeHMsqjMbDnvWFI4/RvyolSXdeJdD8hUjPKYVbqxQoiQidkBF2DggSg+km25gyfGWWI/VCaY2bL1N8VCQmUmgaeeRkQPVbLuVT8L9eNtX/dT5iIYg2CLhr5Mcc6xKlneMgkZKsPGaGSmVkxHRNJqDbOpia4yyuvQqtacWuVy4dquV7L7SiiE3SKzpGLrlAd3aEGaiKKntErmqN368V6sz6sz8XTgpXXHKM/YX3/AFu4pbU=</latexit>

On the line, the entanglement entropy is strictly increasing

<latexit sha1_base64="U8SKNyEMa9xd4tW3pR0V4VLu2g0=">AAACI3icbVBNTwIxEO3iN36hHr00goknsksMGk8mXjxqAkgChMyWWWjotpu2a0II/8WLf8WLB43x4sH/Yhc4KDhJ0zdv5mVmXpgIbqzvf3m5ldW19Y3Nrfz2zu7efuHgsGFUqhnWmRJKN0MwKLjEuuVWYDPRCHEo8CEc3mT1h0fUhitZs6MEOzH0JY84A+uobuGqNkCK0oLsC4wdyBKtEo6GgkYaccmt+1LJMoGhKqKlNloo5buFol/2p0GXQTAHRTKPu27ho91TLM2mMAHGtAI/sZ0xaMuZwEm+nRpMgA2hjy0HJcRoOuPpjRN66pgejZR2z205ZX8rxhAbM4pD1xmDHZjFWkb+V2ulNrrsjLlMUouSzQZFqaBW0cww2uMamRUjB4Bp7nalbAAamHW2ZiYEiycvg0alHFTL5/eV4nV1bscmOSYn5IwE5IJck1tyR+qEkSfyQt7Iu/fsvXof3uesNefNNUfkT3jfP3gApBM=</latexit>

The entanglement entropies are finite functions of ⌘

<latexit sha1_base64="l+TYu2ME3V2BzmoQ5cYHwcOQZfw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUqeKpIILHCvYD21A22027dLMJu5tCDf0XXjwo4tV/481/46bNQVsfDDzem2FmnhdxprRtf1u5tfWNza38dmFnd2//oHh41FJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N75J/faESsVC8aCnEXUDPBTMZwRrIz3eTqhA5afydaFfLNkVew60SpyMlCBDo1/86g1CEgdUaMKxUl3HjrSbYKkZ4XRW6MWKRpiM8ZB2DRU4oMpN5hfP0JlRBsgPpSmh0Vz9PZHgQKlp4JnOAOuRWvZS8T+vG2v/yk2YiGJNBVks8mOOdIjS99GASUo0nxqCiWTmVkRGWGKiTUhpCM7yy6ukVa04tcrFfbVUr2Vx5OEETuEcHLiEOtxBA5pAQMAzvMKbpawX6936WLTmrGzmGP7A+vwBowaPjQ==</latexit>

Even z:

<latexit sha1_base64="iBgVJ/nY/T0aQkBsy52n8EHbK18=">AAACKXicbVDLSgMxFM34rPVVdekmWAQXUmaKVJcFN+6sYB/QDiWT3mlDM8mQZISh9Hfc+CtuFBR164+YmXahrQcC5577yL0niDnTxnU/nZXVtfWNzcJWcXtnd2+/dHDY0jJRFJpUcqk6AdHAmYCmYYZDJ1ZAooBDOxhfZ/n2AyjNpLg3aQx+RIaChYwSY6V+qX4rsBkBHhEe4mzIeR5KTRnneY3GMsw1EIaIIYfIkixQMk5xsV8quxU3B14m3pyU0RyNfum1N5A0yaZQTrTuem5s/AlRhlEO02Iv0RATOiZD6FoqSATan+SXTvGpVQY4lMo+u0Wu/u6YkEjrNApsZUTMSC/mMvG/XDcx4ZU/YSJODAg6+yhMODYSZ7bhAVNADU8tIVQxuyumI6IINdbczARv8eRl0qpWvFrl4q5artfmdhTQMTpBZ8hDl6iOblADNRFFj+gZvaF358l5cT6cr1npijPvOUJ/4Hz/ANDcpls=</latexit>

On the half line, the oscillations of the entanglement entropy
<latexit sha1_base64="n719sG9h0AgFWY9LTYVmUG/EzfI=">AAACKXicbVBNSwMxEM3W7/pV9eglWARPZbdI9VgQxKOCVaGWMpudtsFssiSzQin9O178K14UFPXqHzFde/BrIPB4781M5sWZko7C8C0ozczOzS8sLpWXV1bX1isbmxfO5FZgSxhl7FUMDpXU2CJJCq8yi5DGCi/jm6OJfnmL1kmjz2mYYSeFvpY9KYA81a00wSK3qIAw4WQ4DZAfW4kJKm6ckEoVRseBCg01ge77bX2eGamp3K1Uw1pYFP8LoimosmmdditP14kReeonCQXOtaMwo84ILEmhcFy+zh1mIG6gj20PNaToOqPi0jHf9UzCe8b6p4kX7PeOEaTODdPYO1OggfutTcj/tHZOvcPOSOosJ9Tia1EvV0UkPjaeSIuC1NADEFb6v3IxAAuCfLiTEKLfJ/8FF/Va1Kjtn9WrzcY0jkW2zXbYHovYAWuyE3bKWkywO/bAntlLcB88Bq/B+5e1FEx7ttiPCj4+AYN/psM=</latexit>

are related to the Friedel oscillations at the entangling point

<latexit sha1_base64="wyBjJsW3Xqn4QO4bXc1RggilDy8="></latexit>

[Benfatto, Gallavotti, (1995)]

<latexit sha1_base64="4cUm8ghhdh5EPddFaICdE4bkgPw=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQrMJukChWARvLiOYByRJmJ3eTIbMP5iGEJTb+io2FIrb+hZ1/42yyhSYeGDiccy93zvETzqRynG+rsLK6tr5R3Cxtbe/s7tn7By0Za0GhSWMei45PJHAWQVMxxaGTCCChz6Htj68zv/0AQrI4uleTBLyQDCMWMEqUkfr20V0cAg600gLwgAmgmS6vcN8uOxVnBrxM3JyUUY5G3/7qDWKqQ4gU5UTKruskykuJUIxymJZ6WkJC6JgMoWtoREKQXjpLMMWnRhngIBbmRQrP1N8bKQmlnIS+mQyJGslFLxP/87paBZdeyqJEK4jo/FCgOVYxzurII/OJIYQKZv6K6YgIQpUprWRKcBcjL5NWteLWKue31XK9ltdRRMfoBJ0hF12gOrpBDdREFD2iZ/SK3qwn68V6tz7mowUr3zlEf2B9/gAEHJaT</latexit>

Some future directions:
<latexit sha1_base64="sV07gcpsn++A5IgTO3w2COGSm6E=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbJHoMCOIxgnlAEsLspDcZMju7zPSKYcmvePGgiFd/xJt/4+Rx0MSChqKqm+6uIJHCoOd9O7mNza3tnfxuYW//4PDIPS42TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxvZn7rEbQRsXrASQK9iA2VCAVnaKW+W7wVSiBQhCgBzTDV0HdLXtmbg64Tf0lKZIl63/3qDmKeRqCQS2ZMx/cS7GVMo+ASpoVuaiBhfMyG0LFUsQhML5vfPqXnVhnQMNa2FNK5+nsiY5ExkyiwnRHDkVn1ZuJ/XifF8LqXCZWkCIovFoWppBjTWRB0IDRwlBNLGNfC3kr5iGnG0cZVsCH4qy+vk2al7FfLl/eVUq26jCNPTskZuSA+uSI1ckfqpEE4eSLP5JW8OVPnxXl3PhatOWc5c0L+wPn8ATcelIc=</latexit>

Finite temperature

<latexit sha1_base64="5HynbH75CgUU9WbvemthgtNgCMs=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXisYD+gXUs2m21Ds8mSZJWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY38z8ziNVmklxbyYJ9WM8FCxiBBsrPVxLLQUjKGKUh3pQrrhVdw60SrycVCBHc1D+6oeSpDEVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SwWOqfaz+dVTdGaVEEVS2RIGzdXfExmOtZ7Ege2MsRnpZW8m/uf1UhNd+RkTSWqoIItFUcqRkWgWAQqZosTwiSWYKGZvRWSEFSbGBlWyIXjLL6+Sdq3q1asXd7VKo57HUYQTOIVz8OASGnALTWgBAQXP8ApvzpPz4rw7H4vWgpPPHMMfOJ8/Xd6SZQ==</latexit>

Bosonic fields
<latexit sha1_base64="VhIwmmkQoc8dIGNn0jtCPM3KCM0=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBFclaRIdVlw02UF+4A2lMn0th06mYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM65zL0niDlT2nW/rY3Nre2d3cJecf/g8OjYLp20VZRIii0a8Uh2A6KQM4EtzTTHbiyRhAHHTjC9zfzOA0rFInGvZzH6IRkLNmKUaCMN7FKDjSconSELUWQpNbDLbsVdwFknXk7KkKM5sL/6w4gmZl5TTpTqeW6s/ZRIzSjHebGfKIwJnZIx9gwVJETlp4vV586FUYbOKJLmCe0s1N8TKQmVmoWBSYZET9Sql4n/eb1Ej278lIk40Sjo8qNRwh0dOVkP5mCJVPOZIYRKZnZ16IRIQrVpq2hK8FZPXiftasWrVa7uquV6La+jAGdwDpfgwTXUoQFNaAGFR3iGV3iznqwX6936WEY3rHzmFP7A+vwBTMKUAA==</latexit>

Higher dimensions

<latexit sha1_base64="St87vZgv/CPl5viaBFXtm/UPVto=">AAAB83icbZBNS8NAEIYn9avWr6pHL4tF8FSSItVjwYveKtgPaEPZbCft0s0m7G6EUvo3vHhQxKt/xpv/xk2bg7a+sPDwzgwz+waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTG6zeucJleaxfDTTBP2IjiQPOaPGWv17aVBRlrEelCtu1V2IrIOXQwVyNQflr/4wZmmE0jBBte55bmL8GVWGM4HzUj/VmFA2oSPsWZQ0Qu3PFjfPyYV1hiSMlX3SkIX7e2JGI62nUWA7I2rGerWWmf/VeqkJb/wZl0lqULLlojAVxMQkC4AMuUJmxNQCZYrbWwkb0ywEG1PJhuCtfnkd2rWqV69ePdQqjXoeRxHO4BwuwYNraMAdNKEFDBJ4hld4c1LnxXl3PpatBSefOYU/cj5/AGBtkeA=</latexit>

Interactions

<latexit sha1_base64="S/gaI9mtcadr15ZcRTI5js7ZxXw=">AAAB83icbVDLSgMxFL1TX3V8VV26CRbBVZkpUl0W3HRZwT6gHUomTdvQTCYkGWEY+htuXCji1p9x59+YaWehrQcCh3PO5d6cUHKmjed9O6Wt7Z3dvfK+e3B4dHxSOT3r6jhRhHZIzGPVD7GmnAnaMcxw2peK4ijktBfO73O/90SVZrF4NKmkQYSngk0YwcZKw5YNTBWWs9R1R5WqV/OWQJvEL0gVCrRHla/hOCZJRIUhHGs98D1pggwrwwinC3eYaCoxmeMpHVgqcER1kC1vXqArq4zRJFb2CYOW6u+JDEdap1FokxE2M73u5eJ/3iAxk7sgY0ImhgqyWjRJODIxygtAY6YoMTy1BBPF7K2IzLDCxNia8hL89S9vkm695jdqNw/1arNR1FGGC7iEa/DhFprQgjZ0gICEZ3iFNydxXpx352MVLTnFzDn8gfP5AzoJkR4=</latexit>

Holography


