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Entanglement . . . 

� to wrap or twist together

� the condition of being 
deeply involved 
� their entanglement in 

politics

� to involve in a perplexing 
or troublesome situation 
� became entangled in a 

lawsuit

� to make complicated 
� the story is entangled

with legends

Webster
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Quantum Entanglement

“. . love between entangled 
particles. . . “

o Elementary particles described by wave functions

o Entanglement between different parts of wave function

o We know of no classical counterpart
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Questions . . . 
� What is quantum entanglement in HEP?

� What is entanglement entropy in HEP?

� What is the connection to black holes?

� Is there experimental HEP data to support this claim?

� Where is this headed . . . ?
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The Physics . . . 
� apparent thermalization in high energy collisions

� (surprising?) thermal features in HEP collisions
� inferred from presence of exponential component and 

thermal hadron abundances in pT (transverse 
momentum) distribution

� parton scattering è strong color fields èhuge 
deceleration; short times (quench)
� produces thermal radiation akin to Hawking/Unruh 

radiation

� can be viewed as resulting from quantum 
entanglement inside nucleon wave function
� additional examples in nuclear, atomic, and condensed 

matter physics
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black hole event horizon

Entanglement at Black Hole Event Horizon

at BH, one particle escapes and
one particle is trapped inside the
BH event horizon

detected
(thermal)

undetected

§ Hawking radiation at event 
horizon

§ black holes - thermodynamic 
behavior
§ black holes have entropy

§ entropy between two regions 
scale with the area of their 
mutual boundary 6



High Energy Physics Examples
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Example: e-N DIS Scattering

e e’

g*(q)
d ~ λdeBroglie =

h
!q

proton

transvese

d

This example is for DIS
scattering; similar for
neutrino-nucleus scattering
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e e’

g*(q)
d ~ λdeBroglie =

h
!q

proton

transvese

d

l

l ~ 1
mx

longitudinal

m - proton mass
x - parton momentum fraction

This example is for DIS
scattering; similar for
neutrino-nucleus scattering

Example: e-N DIS Scattering
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HEP Collisions and Entanglement

ρA = trBρAB = α 2
n Ψn

A

n
∑ Ψn

A

where α 2
n = pn

proton

S = − pn ln pn
n
∑and

Mixed quantum state – a
statistical ensemble of
quantum states

A

B

S(rA) = -Tr rA lnrA

S is the von Neumann entropy of subregion A; results from
the entanglement between regions A and B; interpreted as
the entanglement entropy; related to Shannon or
Information entropy 10



A

B

ΨAB = cij ϕi
A

i , j
∑ ⊗ ϕ j

B

ΨAB = ϕi
A ⊗ ϕ j

B

proton

not separable - entangled

separable – not entangled

HEP Collisions and Entanglement

pure quantum state
single term

mixed quantum state
sum of terms

when only one term contributes the state is 
separable; otherwise the state is entangled11



Thermal (Exponential) and Hard Scattering 
(Power Law) Components

€ 
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(okb, DE Kharzeev, (2017); PRD 98, 054007 (2018) )

center of mass energy
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W(pW)

nucleon

d
l

nucleon

A

B

#̅$

Neutrino Scattering

charged current weak interaction

G. Iskander, J. Pan, M. Tyler, C. Weber, OKB
Phys Lett B 811, 135948 (2020) 13
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Neutrino Scattering

hard scattering

thermal component

total (hard + thermal)

G. Iskander, J. Pan, M. Tyler, C. Weber, OKB
Phys Lett B 811, 135948 (2020) 
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Neutrino Scattering

hard scattering

scattering from the carbon
nucleus as a whole è no
entanglement, no thermal 

component

G. Iskander, J. Pan, M. Tyler, C. Weber, OKB
Phys Lett B 811, 135948 (2020) 15



Additional examples: 
heavy ions and cold atoms
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Entanglement in Heavy Ion Collisions
3

of the energy is still in highly boosted nucleons largely
collinear with the beamline. However, the complex pure
state  describing all possible combinatorial scattering
trajectories is clearly highly entangled, and tracing over
most of its degrees of freedom generates a large amount of
entropy. ⇢A is therefore a high entropy state even if it is
not fully thermalized. It seems plausible that ⇢A might
be described in macroscopic terms using some kind of
hydrodynamic approximation [13–15], even at times as
early as ⌧ ⇡ 1 fm.

Indeed, the quantum thermalization contemplated
here generates much more entropy in ⇢A at early times
than could arise from the usual picture of incoherent scat-
terings of individual partons. In the usual picture, one
must explain how degrees of freedom with typical energy
200 to 300 MeV (given by the initial conditions used in
hydrodynamical simulations [13–15]) are able to assume
a nearly thermal or at least highly entropic distribution.
The timescale ⌧ ⇡ 1 fm allows at most a single scatter-
ing with momentum transfer less than 200 MeV for each
particle, so there is not enough time for fine adjustment
of energies or momenta of soft modes.

On the other hand, superposition – quantum paral-
lelism – can adjust the probability distribution over soft
energies and momenta in the density matrix ⇢A. That is,
since all possible scatterings occur in the superposition
state, the final probability distribution takes into account
much finer grained e↵ects.

To better understand the superposition state, consider
a parton i in one of the heavy nuclei, with momentum
pi. This parton will pass through the opposing nucleus,
and (in a given scattering amplitude) might (or might
not) scatter against any of a large number of opposing
partons. The first scattering of i leads to a range of

possibilities for its new momentum p
(1)
i

, and after each
subsequent scattering there is another new momentum

p
(n)
i

. So a sequence of values

{p
(1)
i

, p
(2)
i

, · · · p
(n)
i

} , (6)

is associated with each parton’s trajectory. Inelastic scat-
tering creates many additional particles of lower energy,
and each of these new particles has its own trajectory.
All possible scattering histories of all partons appear in
the superposition state  . When most of the degrees of
freedom in  are traced over, the resulting ⇢A has very
high entropy.

Clearly, the amount of entanglement entropy gener-
ated increases with the total energy of the collision. At
energies below some threshold, ⇢A presumably does not
become approximately isotropic or hydrodynamic. Simi-
larly, the strength of interactions plays an important role.
In the limit of weak coupling we would not have signif-
icant particle creation, nor multiple scatterings per par-
ticle. Region A would not be highly populated with soft
modes, whose specific state (e.g., energy-momentum dis-

FIG. 2: The collision at ⇡ 1 fm after crossing of the two

Lorentz-contracted nuclei. Hard and collinear modes lie in

part B of the Hilbert space. The soft central modes lie in

part A. Tracing over all or most of the degrees of freedom in

B leads to a high entropy density matrix describing A.

tribution) is correlated to that of region B. In the earlier
discussion of “typical” states the coupling does not play
a role because the results assume that the state  of the
system is typical – how and whether it becomes typical
depends on the dynamics or strength of interactions.
For earlier work (with a somewhat di↵erent perspec-

tive) on entanglement entropy and thermalization in
strong interactions, see [16–18].

Conclusion

Fast thermalization in HIC might be a real-world ex-
ample of a novel and intrinsically quantum mechani-
cal phenomenon. Rapid growth of entanglement in the
complex superposition of all possible scattering ampli-
tudes leads to a large entropy S(⇢A) = �Tr ⇢A ln ⇢A
even if thermalization is incomplete. This observation
might explain the applicability of hydrodynamical mod-
els (isotropization) even at early times such as ⌧ ⇡ 1
fm.
It would be interesting to explore these ideas further

in AdS models, where fast thermalization and colliding
gravitational shocks have been studied [19, 20]. The
Ryu-Takayanagi (RT) formula relates the entanglement
entropy of a gauge state A to the area of the bulk ex-
tremal surface �A which terminates on the boundary of
A [21, 22]:

SA =
Area(�A)

4
. (7)

In bulk collisions which correspond to the HIC (e.g., col-
lisions of gravitational waves), a horizon (black hole) is
typically formed, which causes an increase in the area of
the extremal surface.

2

A

B

FIG. 1: The entire system is in a pure state  subject to a

constraint on total energy. Tracing over the shaded region B

yields a density matrix ⇢A. For typical  (which dominate

the set of possible states), ⇢A is nearly thermal.

where ⇢⇤ = 1R/dR is the equiprobable maximally mixed
state on the restricted Hilbert space HR (1R is the iden-
tity projection on HR and dR the dimensionality of HR).
⌦A = TrB (⇢⇤) is the corresponding canonical state of
the subsystem A. The result holds as long as dB � dA,
where dA and dB are the dimensionalities of the HA and
HB Hilbert spaces. (Recall that these dimensionalities
grow exponentially with the number of degrees of free-
dom. The Hilbert space of an n qubit system is 2n–
dimensional.) In the case of an energy constraint R, ⌦A

describes a perfectly thermalized subsystem with tem-
perature determined by the total energy of the system
(i.e., a micro canonical ensemble).

To state the theorem in [4] more precisely, the
(measurement-theoretic) notion of the trace-norm is re-
quired, which can be used to characterize the distance
between two mixed states ⇢A and ⌦A:

k⇢A � ⌦Ak1 ⌘ Tr
q

(⇢A � ⌦A)
2
. (3)

This quantifies how easily the two states can be distin-
guished by measurements, according to the identity

k⇢A � ⌦Ak1 = supkOk1 Tr (⇢AO � ⌦AO) , (4)

where the supremum runs over all observables O with op-
erator norm kOk  1. The trace on the right-hand side of
(4) is the di↵erence of the observable averages hOi evalu-
ated on the two states ⇢A and ⌦A, and therefore specifies
the experimental accuracy necessary to distinguish these
states in measurements of O.

The theorem then states that (for ✏ > 0)

Prob
h
k⇢A ( )� TrB (⇢⇤) k1 � ✏+ dAd

�1/2
R

i

< 2 exp(�✏2dR/18⇡
3) . (5)

In words: let  be chosen randomly (according to the
Haar measure on the Hilbert space) out of the space of
allowed states HR; the probability that a measurement
on the subsystem A only, with measurement accuracy
given in (5), will be able to tell the pure state  (of the

entire system) apart from the maximally mixed state ⇢⇤ is
exponentially small in dR, the dimension of the space HR

of allowed states. Conversely, for almost all pure states
 any small subsystem A will be found to be extremely
close to perfectly thermalized (assuming the constraint
R on the whole system was an energy constraint).
As mentioned, the overwhelming dominance of typi-

cal states  is due to the geometry of high-dimensional
Hilbert space and the resulting concentration of measure.
It is a consequence of kinematics only – no assumptions
have been made about the dynamics. Almost any dy-
namics – i.e., choice of Hamiltonian and resulting uni-
tary evolution of  – leads to the system spending nearly
all of its time in typical states for which the density ma-
trix describing any small subsystem A is nearly thermal
[2, 3, 9]. Typical states  are maximally entangled (i.e.,
SA is nearly maximal), and the approach to equilibrium
can be thought of in terms of the spread of entanglement,
as opposed to the more familiar non-equilibrium kinetic
equations, which describe incoherent scattering.
Explicit demonstrations of fast quantum thermaliza-

tion have been obtained for broad classes initial states,
on timescales of order the inverse temperature (i.e., av-
erage energy per mode) [10, 11]. Indeed the conceptual
challenge is to understand the conditions which lead to
the more familiar slow (semi-classical) thermalization.
Since generic pure states tend to evolve into typical

states, any mixture of pure states is likely to evolve into
a mixture of typical states. Hence, our analysis does
not require any specific assumptions about whether the
system is in a pure or mixed state. If it is in a mixture, we
simply have (classical) probabilities of finding the system
in one of two or more typical pure states. For simplicity,
we can assume the system as a whole is in a pure state.

Application to Heavy Ion Collisions

In HIC we let A represent mostly soft particles in the
central region, and let B represent all other modes (Fig.
2). In highly central collisions at RHIC, the nucleons
comprising each heavy nucleus pass through each other,
losing energy due to interactions. Some of this energy
is deposited in the central region. The rapidity of the
original nucleons drops from about 6 to 5 [12]. Therefore,
at most about 40 percent of the total energy in the two
nucleus system ends up in the central region, with not all
of it registered in detectors. In most collisions, which are
peripheral (lower centrality), much less than 40 percent
of the total energy is deposited in the central region. So,
the dimensionalities dA,B of the relevant Hilbert spaces
describing A and B obey the inequality dA ⌧ dB .
Thus, the conditions are appropriate for the applica-

tion of the results discussed above, IF the post collision
state  at time ⌧ ⇡ 1 fm after the initial overlap of the
two nuclei is su�ciently typical among states of the same
energy. Obviously the state is not fully typical – most

region B; no collision

overlap region A; collision

Ho and Hsu, 
Entanglement and Fast Quantum Thermalization in Heavy Ion Collisions 

Phys. Lett. A 18, 1650110 (2016) 17



𝒗𝒏 𝒑𝑻, 𝐲 = 𝐜𝐨𝐬[𝒏 𝝓 −𝝍𝑹𝑷 ]

Elliptic Flow in pp and HI Collisions

Ø Fourier coefficients, vn,
Ø characterize anisotropic flow patterns
Ø averaged over all particles in an event

v2 :elliptic flow
Reaction Plane

𝒅𝒗𝟐
𝒅𝒑𝑻

≈ 𝒗𝟐
𝒑𝑻
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Thermal Behavior and Entanglement in 
Pb-Pb Collisions

Ø Pb-Pb collisions 

𝒔𝑵𝑵 = 2.76 TeV

Ø centrality; 

70%-80% è 0%-5%

ØR = 𝑯
𝑯"𝑬

(intergral under curves)

H: power law  E: exponential
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FIG. 4: Normalized di�erential charged particle production in Pb-Pb collisions at Ô
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the area Sn of the cluster. Thus Q̨
2
n

= (q
n

1 Q̨i)2, and given that the individual string colors

can be arbitrarily oriented in color space, the average Q̨i · Q̨j is zero, so Q̨
2
n

= nQ̨
2
1. As Qn

depends also on the area, we have Qn =
Ò

nSn/S1Q1, where S1 is the area of the individual

string. The mean multiplicity and the mean transverse momentum are proportional to the

color charge and to the color field respectively

µn =
Û

nSn

S1
µ1 Èp2

t
Ín =

Û
nS1
Sn

Èp2
t
Í1, (10)

which in the limit of high density, › = NsS1/S, becomes

µn = NsF (›)µ1 Èp2
t
Ín = 1

F (›)Èp2
t
Í1, (11)

where Ns is the number of color sources and F (›) is an universal factor

F (›) =
Û

1 ≠ e≠›

›
. (12)

Feal, Pajares, Vazquez, Phys. Rev. C 99, 015205 (2019)
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R = T
Tth +TIhsIth+

Ihs
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Figure 5: Normalized v2 for 40-50% centrality for Pb+Pb collisions at
p
sNN = 2.76

TeV, ⌘ < 1. The left plot shows the thermal (red dashed) and hard scattering (green
solid) fits, along with the sum (blue solid) of those two fits. The fit statistics are shown
in the box on the plot to the right where the total fit (thermal plus hard scattering) is
shown.

Table 1: Centrality versus R
Centrality R± 0.0003

0-10% 0.115
20-30% 0.215
40-50% 0.152
70-80% 0.144
p-p 0.193

Table 1.

8

Elliptic Flow 
in PbPb

collisions

40%-50% centrality

0%-10% centrality

I is area 
under curves

20



Example From Cold Atom Physics

Quantum thermalization through entanglement in an 
isolated many-body system  (Greiner Lab, Harvard 
University); Science 353, 794 (2016)

Quantum entanglement è entanglement entropy è
thermalization; thermal entropy

� Isolated quantum state at T=0  (cold Rb
atoms), a pure state;  subsystems appear 
pure if negligible entanglement

� Sudden perturbation by a quench (laser 
firing), full system evolves unitarily, 
developing significant entanglement between 
all parts of the system.

� Full state remains pure (zero entropy); 
entanglement entropy  causes subsystems to 
equilibrate; local, thermal mixed states 
emerge within globally pure quantum state

Ho and Hsu, 
21



High Energy Physics example
proton-proton collisions

(okb, DE Kharzeev, (2017); PRD 98, 054007 (2018) ) 22



Proton-Proton Collisions

A

B

B
……

… …

region A probed in p-p
collision; regions A and B
are entangled

proton can be described as a
pure macrostate consisting of a
region of parton microstates
probed in the collison and a
region of parton microstates
NOT probed in the collision

proton-proton collisions at LHC energies mediated by 
gluon-gluon “fusion” mainly; short range compared to DIS

(okb, DE Kharzeev, (2017); PRD 98, 054007 (2018) ) 23



black hole event horizon proton-proton collision

Entanglement in Proton-Proton Collisions and at 
Black Holes

at BH, one particle escapes and
one particle is trapped inside the
BH event horizon

x

t

’τ

τ

2-x2 = t2τ

L

detected

undetected

in pp collision, one region is
probed and the complimentary
region is not probed 24



Example at LHC: Charged Particle 
Normalized pT Distribution

hard component 

total

the ATLAS collaboration, 
Eur. Phys. J. C76, 502 (2016); PLB 758 , 67 (2016)

normalized transverse
momentum distribution

pp collisions

€ 

s =13  TeV
η ≤ 2.5

lum( )∫ =151 µb−1

(okb, DE Kharzeev, (2017); PRD 98, 054007 (2018) )

25



Higgs Combination:  
ATLAS: 139 fb-1 (black circle);  CMS 36 fb-1 

(blue squares)

26R=0.15



Extends to Higgs Sector …!
(okb, DE Kharzeev, (2017); PRD 98, 054007 (2018) )

hard component 

total

the ATLAS Collaboration
High Energ. Phys., 2017:132 
(2017);  LHCP2017, Shanghai, 
China, June 2017

the CMS Collaboration
J. Tao on behalf of the CMS 
collaboration,arXiv:1708.09215, 
1 (2017); LHCP2017, Shanghai, 
China, June 2017

27



€ 

(pp)γγ →µ+µ−(X'X")
hard component 

pp 
collisions

€ 

s =13  TeV

should be no thermal
component according to
proposed mechanism

Diffractive Production; No Thermal Component?

diffractive 
processes

28



R = T
Tth +T

uncertainties on the detector correction and acceptance factors are at most
3.2% and are mostly less than 1%.

Shown in Figure 5 is the normalized di↵erential cross section, 1
pT

d�

dpT
in

units of fb/GeV2 between 5 and 275 GeV transverse momenta for the H !

ZZ
⇤
! 4l reaction. Just as for the case H ! �� in the previous subsection,

there is here also a clear hard scattering component as well as a thermal
component to the full distribution. (The curves are defined as before). As
in the H ! �� distribution described in the previous subsection, the power-
law and exponential components yield an e↵ective temperature and the hard
scale parameter that are about 20 times larger than those determined from
the charged hadron spectrum. The ratio R calculated in the 4l case (see
equation (11)) is R = 0.23 ± 0.05, which is consistent within the error bars
with the value R = 0.15± 0.05 extracted from the H ! �� decay mode.

Table 1 presents a compilation of the e↵ective temperatures, hard scale
parameters and the ratio R (defined by (11) for the processes considered in
this paper.

Table 1: The e↵ective temperature Tth, the hard scale parameter T , and the fraction of
the hard component in the spectrum (11) for di↵erent processes.

Tth, GeV T, GeV R process
0.17± 0.03 0.72± 0.1 0.16± 0.05 pp ! charged hadrons

none 0.1± 0.02 1.0± 0.1 pp (��) ! (µµ)pp
3.5± 0.7 14.4± 0.3 0.15± 0.05 pp! H ! ��

3.5± 0.7 14.4± 0.3 0.23± 0.05 pp! H ! 4l (e, µ)

6. Discussion

The theoretical arguments and the analysis of the LHC data presented
above point to an unconventional mechanism of apparent thermalization in
high-energy collisions. The e↵ective temperature Tth deduced from the data
has been found here to be non-universal and proportional to the hard scale
of the collision T , i.e. to the momentum transfer, with T ' 4.2 Tth. Strik-
ingly, this conclusion seems to apply even to the Higgs boson production,
suggesting that even in this very hard process the QCD radiation may be

16

5

standing for the contribution of the power-law (“hard”)
term to the full spectra integrated over p2T . Thus, it is
interesting to look at the values of this parameter cal-
culated from the fits (1) to various experimental data.
The values of R are shown in figure 10 for charged par-
ticle spectra measured in pp, �� and D�p interactions
together. One can notice a striking di↵erence between
these values obtained for pp-collisions at ISR [5] from
those measured in ��-interaction at OPAL [13] or D�p
at HERA [11, 12, 15]3. Therefore, further evidence of
absence of the “thermal” component in di↵ractive events
is obtained.

FIG. 10. Value of R shown for pp, �� and D�p interactions,
as calculated from the fits (1) to various experimental data [5,
11, 12, 15].

In addition, it is interesting to plot the predictions for
the R-value, using eq. (6)-(10) and compare it with the
results obtained from the fits of the transverse momen-
tum spectra. Figure 11 shows such predictions for dif-
ferent energies together with the fit results of PHENIX,
BRAHMS and UA1 [2, 16, 17] data.

Since the similarity between �� and D�p interactions
has been observed one can also expect that R as a func-
tion of pseudorapidity for �p interactions should be sim-
ilar to the case of single-di↵ractive (SD) pp-collisions.
Thus, predictions on R for SD events and values of R ob-
tained from the fits of DIS data [18, 19] are also shown in
figure 11. One can conclude that they qualitatively agree
with the behaviour predicted by the proposed model for
hadroproduction.

In conclusion, qualitative model for hadroproduction

in high energy collisions considering two components
(“thermal” and “hard”) to hadroproduction has been in-
troduced. Inclusive pseudorapidity distributions, d�/d⌘,
and transverse momentum spectra, d2�/(d⌘dp2T ), were
considered in terms of this model. The shapes of the
pseudorapidity distributions agree with that one can ex-
pect from the described qualitative picture of hadropro-
duction. The dependences observed have been used to

FIG. 11. Predictions on the contribution R of the power-law
term to the charged particle spectra for non-single-di↵ractive
(NSD, solid lines) and single-di↵ractive (SD, dashed lines)
charged particle production in pp collisions. Points show the
values of R calculated from the fits (1) to the experimental
data [2, 11, 13, 16–19].

make predictions on the pseudorapidity distributions,
d�/d⌘, at higher energies and tested on the available ex-
perimental data. Finally, the di↵erence between charged
particle production in inclusive and di↵ractive processes
has been discussed. Similarity between ��, D�p and
DPE pp-collisions has been observed. Contrary to in-
clusive charged particle production in pp-collisions the
absence of the “thermal” component in these processes
has been observed. Thus, the “thermal” contribution has
been related to the presence of quarks in the initial col-
liding system.
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summary

� quantum entanglement proposed as a universal 
phenomenon underlying the behavior of strongly 
interacting systems across vastly different scales

� theoretical and experimental studies of thermal 
radiation and entanglement in HEP collisions 
� first demonstration of this QIS related effect at highest 

LHC energies and in weak interactions;
� can quantum entanglement be used to address open 

problems in:
� Bell Inequality Violation?
� hadron structure?
� quark confinement?
� qubit decoherence in quantum computing?

Entanglement dynamics
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