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Motivation

diverse in length-scales…
diverse in time-scales…
diverse in energy-scales…

Different fields to explore 

e.g., energy-scales (in eV) for a few prominent fields of physics…

Theoretical 

quantum 

information and 
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(0 K)

Ultra-cold atomic physics
(~ nK — mK)

Quantum many-body physics
(upto ~ 50K)

Condensed matter physics

The subject of Physics encompasses a massive range of phenomena and concepts
from sub-atomic particles to the observable universe
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Particle Physics
Standard model and beyond

Grand Unified Theory
10!" − 10!# eV (??)

M Theory
10!" eV (??)

Can there  exist 

common interfaces 

between these 

topics?

The subject of Physics encompasses a massive range of phenomena and concepts
from sub-atomic particles to the observable universe
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Quantum Simulations

Proposed by Yuri Manin and Richard Feynman around ~ 1980s
quantum

^

Two Kinds

Digital simulations
Unitary (or any other) operators are simulated 
using quantum gates in a quantum circuit

𝑒$%& ≈ 𝑒$%&!𝑒$%&"𝑒$%&# . . .

Analog simulations 

“True quantum simulations”

An ‘analogous’ synthetic system are tuned to 
mimic the physics of a ‘target system’

Very successful in simulating solid state physics

Scalability problems:
1. in physical dimensions
2. in range of interactions
3. in system-size
4. in time



Quantum Simulations

Analog simulations 

“True quantum simulations”

An ‘analogous’ synthetic system are tuned to 
mimic the physics of a ‘target system’

Successful in quantum 
simulating theoretical models, like
1. Bose- and Fermi-Hubbard models
2. Isotropic Heisenberg model
3. Ising model (thanks to tilted optical lattice

and then to Rydberg systems)
4. And very recently, anisotropic XXZ model 



Quantum Simulations

Analogue/Analog simulations 

As in ‘analogous’

“True quantum simulations”

An ‘analogous’ synthetic system are tuned to 
mimic the physics of a ‘target system’

Successful in quantum 
simulating theoretical models, like
1. Bose- and Fermi-Hubbard models
2. Isotropic Heisenberg model
3. Ising model (thanks to tilted optical lattice

and then to Rydberg systems)
4. And very recently, anisotropic XXZ model 



Quantum Simulations

Analogue/Analog simulations 

As in ‘analogous’

“True quantum simulations”

An ‘analogous’ synthetic system are tuned to 
mimic the physics of a ‘target system’

Theoreticians’ perspective…

2. Theoretical analysis of strongly-correlated many-body systems 
that are within the reach of present day experiments

(in turn, we peak the interests of our experimental colleagues
to quantum simulate the respective systems)

Needs algorithms for classical simulations… 
1. Exact diagonalization…
2. Mean field theories, including DMFT
3. Several types of Monte-Carlo: Classical, Quantum…
4. Density functional theory…
5. Tensor Network Algorithms…

1. Theoretical propositions of experimental setups

Successful in quantum 
simulating theoretical models, like
1. Bose- and Fermi-Hubbard models
2. Isotropic Heisenberg model
3. Ising model (thanks to tilted optical lattice

and then to Rydberg systems)
4. And very recently, anisotropic XXZ model 

where we come in along with 
the ideas from Quantum Information



Tensor Networks
Goal: Efficient representation of quantum many-body states

𝑁 body quantum state → Hilbert space dimension = 𝑑!, exponential in system size

A generic quantum state… |𝜓⟩ = ∑
!!,!",!#..,!$

𝐶!!!"!#...!$|𝑖$𝑖%𝑖&. . . 𝑖'⟩

𝑑# terms, inefficient!!
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Tensor Networks
Tensor Network: Efficient representation of quantum many-body states with poly(𝑁) terms 

Providing answers to long-standing open problems

Haldane spin-gap in 
spin-1 Heisenberg chain

Quantum spin liquids in
frustrated antiferromagnets

Conclusive evidence of stripe 
order in 2D Hubbard model

‘Hard’ problems in strongly
correlated systems
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Examples…

=

∑
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Connected lines: sum over corresponding indices
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Key Idea:

1. Systematically restricting the virtual dimensions 
⇒ No. of terms in TN ∼ poly(𝑁)

2. A variational ansatz for the many-body 
wavefunction 

𝑑) terms

Matrix-product states (MPS)

Decomposition in terms of 
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Tensor Networks
Key Idea:

1. Systematically restricting the virtual dimensions 
⇒ No. of terms in TN ∼ poly(𝑁)

2. A variational ansatz for the many-body 
wavefunction 

𝑑) terms

Matrix-product states (MPS)

Decomposition in terms of 
a network of smaller tensors

𝑑 𝑑!

𝑑)/!$+
𝑑 ⁄, *

𝑑)/!$+ 𝑑! 𝑑

𝑑) terms… still (!!)Instead… an MPS with maximum bond dimension 𝜒

≤ 𝜒
Number of non-zero elements ≤ 𝑁𝑑𝜒"
Linear in system-size (!!!)

How do we determine the value of 𝜒 ?

That is the ‘systematic’ part of the restriction.
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Key Idea:
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wavefunction 

Many-body Hilbert space
dim ∼ 𝑂(exp(𝑁))

Area-law states
dim ∼ 𝑂(poly(𝑁))

Mean-field states
all virtual dimension = 1

The answer comes from quantum information theory

Specifically, from the entanglement structure of low-lying
eigenstates of many-body Hamiltonians…

They follow Area-law of entanglement
Entanglement grows proportional to the Area of the 
bipartition, not the volume.

Why it works!!!



Tensor Networks
Key Idea:

1. Systematically restricting the virtual dimensions 
⇒ No. of terms in TN ∼ poly(𝑁)

2. A variational ansatz for the many-body 
wavefunction 

Renormalization of entanglement content or
‘entanglement degrees of freedom’

where all of these started…

Many-body Hilbert space
dim ∼ 𝑂(exp(𝑁))

Area-law states
dim ∼ 𝑂(poly(𝑁))

Mean-field states
all virtual dimension = 1

The answer comes from quantum information theory

Specifically, from the entanglement structure of low-lying
eigenstates of many-body Hamiltonians…

They follow Area-law of entanglement
Entanglement grows proportional to the Area of the 
bipartition, not the volume.

Why it works!!!



Tensor Networks
Various types… for different systems/geometries

Matrix-product states (MPS)

Projected entangled pair states (PEPS)

Tree tensor network (TTN)

Multi-scale entanglement renormalization ansatz (MERA)

1. Annals of Physics 326, 96 (2011)
2. Annals of Physics 349, 117 (2014)
3. Annals of Physics 411, 167998 (2019)
4. SciPost Phys. Lect. Notes 8 (2019)



Tensor Networks
Various types… for different systems/geometries

Matrix-product states (MPS)

Projected entangled pair states (PEPS)

Tree tensor network (TTN)

Multi-scale entanglement renormalization ansatz (MERA)

1. Annals of Physics 326, 96 (2011)
2. Annals of Physics 349, 117 (2014)
3. Annals of Physics 411, 167998 (2019)
4. SciPost Phys. Lect. Notes 8 (2019)

Till now… Most successful and complete
But only suitable for 1D systems State of the Art algorithms…

For equilibrium physics…
Different variations of density-matrix renormalization group (DMRG) methods

Out-of-equilibrium…
1. Time-evolving block decimation (TEBD) (~2004)

2. Tangent-space method of time-dependent variational principle (TDVP) (2011 - 2016)



An entirely new domain…
Quantum simulations and tensor networks are successful in strongly-correlated many-body systems… Great… but…
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Gauge Theories on Lattice
Gauge Theories —> Theories with Local conservation laws (Gauss law)

e.g., classical electrodynamics … 𝑈(1) gauge theory

(Quantum) Gauge theories came in the form of quantum electrodynamics, 
non-Abelian Yang-Mills theories etc.

Standard model of particle physics is a non-Abelian gauge theory with the 
symmetry group U(1) × SU(2) × SU(3).

Lattice gauge theory (LGT) on Euclidean space-time Hamiltonian formulation of LGT

Discretized space, but real continuous time
LGT to approach non-perturbative limits…. e.g., by quantum Monte Carlo



In present days… from quantum many-body perspective…

Advancements in quantum simulation 
(digital + analog)

First proof of concept

Gauge Theories on Lattice

New experimental results 
and propositions are coming very frequently

Long-term goal being the scalable simulation 
of non-Abelian theories



Gauge Theories on Lattice

Advancements in quantum simulation 
(digital + analog)

First proof of concept

Recent developments in tensor network 
methods

New experimental results 
and propositions are coming very frequently

Long-term goal being the scalable simulation 
of non-Abelian theories

In 2+1 D…
Some advancement using PEPS, but computationally very hard

e.g., Phys. Rev. D 97, 034510 (2018)

1. Hamiltonian formulation
2. Access to state or wave-function
3. Entanglement entropy becomes almost free
4. No sign problem
5. Real-time dynamics 

A better way forward… Tree Tensor Network (TTN)
In 2+1 D…

Phys. Rev. X 10, 041040 (2020)
In 3+1 D…

Nat. Comm. 12, 3600 (2021)

In present days… form quantum many-body perspective…



Bosonic Schwinger Model
Scalar QED in 1+1D

Maciej Lewenstein

Luca Tagliacozzo

Matter particles are also bosonic
➞ bosons are easier to cool in

cold atomic experiments

Goal:

1.Signatures of confinement out-of-equilibrium, 
easier to experimentally verify confinement.
(Ala Nat. Phys. 13, 246 (2017))

2.Lack of thermalization and slow dynamics due 
to confinement.

Equilibrium characterization of confinement 
requires calculation of “Wilson loops”

Not possible in experiments

Lack of thermalization, memory effect, 
exotic asymptotic states without disorder

Titas Chanda



Bosonic Schwinger Model
Scalar QED in 1+1D

Lagrangian….   ℒ = −[𝐷/𝜙]∗𝐷/𝜙 −𝑚%|𝜙|% − $
1
𝐹/2𝐹/2

Metric convention ➞ (-1,1,1,1) or (-1,1)
𝐷! = (∂! + 𝑖𝑞𝐴!)

Prescription for discretization: (Kogut-Susskind-1974)

1. Fix temporal gauge 𝐴3(𝑥, 𝑡) = 0 in 1+1 dimension

2. Canonical quantization, get the  Hamiltonian in continuum

3. Discretize the Hamiltonian on a lattice with spacing a

4. Discretization is such that matter fields sit on lattice sites, gauge fields on bonds

And then we discretize…











Bosonic Schwinger Model
Time evolution…

We excite the system out of equilibrium via the non-local operator…

𝑀
̂
- ≡ 𝜙

̂
)
!$-
. ,

/0)!$-

)
!1-

𝑈
̂

/
. 𝜙

̂
)
!1-1+

Creates unit opposite charges separated by a distance of 2R+1 connected 
by a string of electric field…  i.e., an extended meson

Initial state ➞ |𝜓(𝑡 = 0)⟩ = 𝒩𝑀
̂
#|Ω⟩

≈ (2𝑅 + 1) + 4 𝑥((𝑚/𝑞)$ + 2𝑥) ⁄& $with extra energy ➞



Bosonic Schwinger Model
Time evolution… N = 60 sites, N-1 = 59 bonds, R = 5
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1. No ballistic spreading of the information/excitation
2. Light-cone bends (signal of confinement)
3. Periodic and coherent oscillations
4. No thermalization
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Gauge sector Matter sector

1. No ballistic spreading of the information/excitation
2. Light-cone bends (signal of confinement)
3. Periodic and coherent oscillations
4. No thermalization

1. String breaking from the boundary
2. Radiation of lighter mesons, propagates freely 
3. Two domains — confined core and deconfined 

outer region

Concentration of bosons in the core gets depleted after 
few string-oscillations due to heavy meson radiation

1. String inversion in the bulk
2. Confined core disappears after one oscillation 

around 𝑡 ≈ 10



Bosonic Schwinger Model
Time evolution… N = 60 sites, N-1 = 59 bonds, R = 5

Pa
rt

ic
le

 a
nd

 g
au

ge
 se

ct
or

Gauge sector Matter sector

En
ta

ng
le

m
en

t e
nt

ro
py

 a
t e

ac
h 

bo
nd

1. Initial spreading of entanglement 
slows down.

2.Starts to spread ballistically in 
correspondence with the radiation 
of lighter mesons.

3.Entanglement stays concentrated 
in the confined core, even long 
after the accumulation of bosons 
disappears.

4.Strong memory effect.

Entanglement entropy at the 
bond between the sites 𝑗 and 𝑗 + 1…

𝒮!(𝑡) = −Tr 𝜌!(𝑡)ln𝜌!(𝑡)
with 𝜌'(𝑡) = Tr'(&,'($,..,+|𝜓(𝑡)⟩⟨𝜓(𝑡)|





Bosonic Schwinger Model
Time evolution…

1. Light-cone bends.
2. Coherent oscillation of the string.
3. Partial string breaking.
4. String inversion.
5. Radiation of lighter mesons.
6. Two domains — confined core  and deconfined outer 

region.
7. Slow depletion of coherent core.

Pa
rt

ic
le

 a
nd

 g
au

ge
 se

ct
or



Bosonic Schwinger Model
Lack of thermalization…

Thermalization

⟨𝑂
̂
(𝜓(𝑡))⟩ → 𝑂#$%&'%()). as 𝑡 → ∞… Described by only one parameter (T)… no 

memory

𝒮(𝑡) should grow proportional to the bipartition size for sufficiently long 𝑡

Expectation…

Confined domain.
Coherent oscillations.
Memory effect.
Should remain non-thermal. 
Entropy should not grow proportional to the bipartition 
size, but slower.

Deconfined domain. 
Populated by freely propagating lighter mesons.
Should ‘thermalize’. 
Should show volume-law of entropy.



Bosonic Schwinger Model
Lack of thermalization…

N = 60, 80, 100 sites, with R = N/10
Extensive energy in the initial state: 
required for thermalization

Low mass

Higher mass

𝒮,- =
1

2𝑅 + 1 ∑
'.+/$0#

+/$(#
𝒮'

Logarithmic growth of entropy
Ala many-body localization
Lack of thermalization…

Perfect area-law of entropy
Lack of thermalization… Non-thermal



Bosonic Schwinger Model
Lack of thermalization…

N = 60, 80, 100 sites, with R = N/10
Extensive energy in the initial state: 
required for thermalization

𝒮( ∝ log
𝑁
𝑗

')
log𝑁 '*with𝛼 ≈ 1

For fixed N:
1. Sub-linear in j for small j.
2. Linear for intermediate j: volume-law.
3. Super-linear before saturating into the confined domain.

Deconfined domain behaves like a thermal state



Key Points

1. Bosonic Schwinger model shows strong confining dynamics.

2. Trajectories of the bosons bends inwards.

3. As a result, asymptotic states are exotic and highly non-thermal.

4. These states are made of —
i. Strongly correlated confined core that obeys area-law of 

entropy.
ii. Almost thermal outer region (for lower masses) or vacuum 

(higher masses).

Bosonic Schwinger Model



Abelian-Higgs Model

Maciej Lewenstein Luca Tagliacozzo

Lagrangian…. from…   ℒ = −[𝐷/𝜙]∗𝐷/𝜙 −𝑚%|𝜙|% − $
1
𝐹/2𝐹/2

Now…  ℒ = −[𝐷/𝜙]∗𝐷/𝜙 + 𝜇%|𝜙|% −
$
1
𝐹/2𝐹/2 −

4
%
|𝜙|1

the potential term … 𝑉(𝜙) = −𝜇%|𝜙|% + 4
%
|𝜙|1

In 3+1 dimensions… Spontaneous symmetry-breaking triggers Higgs mechanism… Gauge fields become massive

What about 1+1 dimensions…?

Titas Chanda



Abelian-Higgs Model
ℒ = −[𝐷/𝜙]∗𝐷/𝜙 + 𝜇%|𝜙|% −

1
4
𝐹/2𝐹/2 −

𝜆
2
|𝜙|1

What about 1+1 dimensions…?

𝐻
̂
= ∑

/
[𝐿
̂
/
! + 2𝑥Π

̂
/
.Π
̂
/ + (4𝑥 −

2𝜇!

𝑞!
)𝜙
̂
/
.𝜙
̂
/ +

𝜆
𝑞!
(𝜙
̂
/
.)!𝜙

̂
/
! − 2𝑥(𝜙

̂
/1+
. 𝑈

̂
/𝜙
̂
/ + h.c.)]

Hamiltonian after discretization…

No Higgs phase in the continuum theory… only confined phase…

On lattice ??



Abelian-Higgs Model
ℒ = −[𝐷/𝜙]∗𝐷/𝜙 + 𝜇%|𝜙|% −
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4
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What about 1+1 dimensions…?

No Higgs phase in the continuum theory… only confined phase…

On lattice ??
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Abelian-Higgs Model

Tu
nn

el
in

g 
am

pl
itu

de

En
ta
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Higgs phase?

Only on lattice with finite lattice spacing 𝑎
For smaller and smaller 𝑎, the Higgs phase shifts towards the right
For 𝑎 → 0, the Higgs phase disappears
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Higgs phase?

1. For smaller ⁄𝜆 𝑞+, two phases are separated by first 
order quantum phase transition (FOQPT)

2. FOQPT line ends at a critical second order quantum 
phase transition (SOQPT) point

3. Beyond SOQPT point, two phases are smoothly 
connected by a crossover

Why Higgs phase??

1. In the confined phase, var(𝐿
̂
) ≈ 0. In the 

Higgs phase, var(𝐿
̂
) is large.

2. Tunneling amplitude 𝒪tunn is ≈ 0 in the 
confined phase, while in the Higgs phase 
𝒪tunn is large as confinement disappears.

3. Entanglement entropy is also large in the Higgs 
phase.
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Newly discovered critical point is a special one…

Scaling of entanglement entropy: 𝒮(𝑙, 𝐿) = %
,
𝑊(𝑙, 𝐿) + 𝑏-

𝑙 →Bipartition size
𝐿 →System size
𝑊(𝑙, 𝐿) = log +.

/
sin(𝜋𝑙/𝐿) , the cord length

𝑐 →The central charge of the CFT

𝑐 = 3/2 critical point

We characterize it using the machineries of conformal field theory (CFT)
Scale invariant critical systems in 1+1D are described by CFT…
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Newly discovered critical point is a special one…

𝑐 = 3/2 critical point

Smoking gun for Higgs mechanism

Our picture…

1. 𝑐 = 1/2 + 1. The Ising criticality gives 𝑐2 = 1/2. 𝑐3 = 1 comes from free bosons.

2. Due to Higgs mechanism, the complex Higgs field separates into amplitude and phase.

3. The amplitude part → real 𝜙4 theory → Ising transition in 1+1D (𝑐2 = 1/2 part).

4. The phase is absorbed by the gauge bosons → massless at the critical point (𝑐3 = 1 part).
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How to verify this and detect

these gapless modes?
Maciej Lewenstein Luca Tagliacozzo Marcello Dalmonte

What is the Luttinger parameter 𝐾 for the bosonic part?

Scaling of Local Fluctuations: ℱ(𝑙, 𝐿) = 0
+/"

𝑊(𝑙, 𝐿) + 𝑑-

𝑙 →Bipartition size
𝐿 →System size
𝑊(𝑙, 𝐿) = log +.

/
sin(𝜋𝑙/𝐿) , the cord length

𝐾 →Luttinger parameter for the free bosonic theory

Local Fluctuations: ℱ(𝑙, 𝐿) = ⟨ ∑!12𝑄!
+⟩ − ⟨∑!12𝑄!⟩+= ⟨𝐿

̂
2
+⟩ − ⟨𝐿

̂
2⟩+

𝐾 ≈ 2

Song, Rachel, Hur, Phys. Rev. B 82, 012405 (2010)
Rachel, Laflorencie, Song, Hur, Phys. Rev. Lett. 108, 116401 (2012)

Titas Chanda
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How to verify this and detect

these gapless modes?
Maciej Lewenstein Luca Tagliacozzo Marcello Dalmonte

Spectral analysis…  equilibrium 

Ising Spectrum with fixed boundary condition
bosonic part hidden in different gauge sectors

Titas Chanda

Conformal towers
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How to verify this and detect

these gapless modes?
Maciej Lewenstein Luca Tagliacozzo Marcello Dalmonte

Only one gapless signal… the other one is gapped

Out-of-equilibrium dynamics to find the dispersion 
relations of this non-integrable model…

Titas ChandaNeutral and charge gaps



Key Points

1. Bosonic Schwinger model shows strong confining dynamics.

2. Trajectories of the bosons bends inwards.

3. As a result, asymptotic states are exotic and highly non-thermal.

4. These states are made of —
i. Strongly correlated confined core that obeys area-law of 

entropy.
ii. Almost thermal outer region (for lower masses) or vacuum 

(higher masses).

1. Higgs phase can be observed in 1+1D after lattice discretization.

2. Higgs phase is separated from the confined phase by a line of 
first order transition, a second order critical point, and then a 
smooth crossover.

3. The newly discovered critical point is very special with 𝑐 = 3/2.

4. The origin of 𝑐 = 3/2 can be explained by the Higgs 
mechanism.

Bosonic Schwinger Model

Abelian-Higgs Model

Titas Chanda


